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where eccentricity ¢ € (0,1) and the mean anomaly M ¢ [0,#] are known parameters. We have
selected this equation as a function test in the analysis of various semilocal convergence resuits for
the Newton-Raphson method, which when Is applied to (1.1) gives the sequence

Eop1=E, — f:f((g’;)) n >0 (1.2)

The main idea of the paper is to construct the corresponding majoring function for the mentioned
theoeries for the case Fy = = and then fo give canditions on the eccentricity e that guarantee that these
majoring functions have real roots. In this way, we establish conditions for the solution for Kepler 's
equation in terms of eccentricity e.

The authors consider the results given by Kantorovich {Kantorovich (1948)], Gutiérrez [Gutierrez
(1995)], a-theory of Smale [Smale (1986)] and a-theory of Wang-Zhao [Wang (1997)]. In addition,
the authors obtain new resuits of existence and unigueness of selution for the equation (1.1). In this
they generalized the study in Dilone-Gutierrez (2011) for the case Ey = M.

We present now the semilocal convergence theorems that we use in this paper. Although they
can be stated in a Banach space setting, we show here the version for real valued functions.The
details of the demonstration of the previocus theorems can be found in Diloné [Dilone (2013)].

Theorem 1.1 (Kantorovich’s Theorem ). Let us consider f : I — R, where I is an open interval in
R, a differentiable function in I. Let us assume, without loss of generality, that f{xzo) # 0 and

I) zo € 1.

i) f'{za) # 0.

flzg)

i) | | < 8.
i Hiz)=fty)
v) J I'ixn)

<vylz—yl, Yz,pel

vi h=v8<1/2.

vi} t* = i=vl=3h "21};2“ itis such thaf {wqg — ", x0 +t*) C I
Then, the Newton-Raphson method

Batl = Ly — _]{'((:ZJ’;)) , T 2 U, (1 3)

is well defined and {5, converges toz* < I, where f(z*) = 0. In addition, this solution is located
in the range
[Il:u - i*, To + t*]. (1 4)
and it is unique in
{zg — ", w0 + ™). (1.5)

As it was pointed out by Argyros et al [Argyros (2012)] the Lipschitz condiction in Kantorovich's
theorem can be weakened by combining a center-Lipschitz with the usual Lipschitz condiction.

Theorem 1.2 (Argyros-Hilout’s Theorem ). Let us consider f : I — R, where I is an open jnterval
inR and f a differentiable function defined in 1. Let us suppose that there exist zp € I, |
1 > 0 such that

U f’((;:t])) =7
i) M < Lolz —zq| foraliz e 1,
iif) IL;)(-,{—}’—) < Lle —y| forall z,y € 1,
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W 8 {z e R, |z — x| <*) < T wheret* = limpo o tr, andt, is the scalar sequence given by

Lon? L{tag1 —ta)?

tn :tn Y V’ :1,2,...
M- Loy 2t on Ty

to=0, tLi=mn =1+
Then, the Newton-Raphson method defined in (1.3) is wel! defined and {x,. }nw.o converges to
x* € I, where f(z*) = 0.

Theorem 1.3 (Gutiérrez's theorem or Kantorovich’s theorem under strong conditions). Lef us
consider f . I — R, where I is an open imterval in R, a differentiable function in I. Let us assume,
without loss of generality, that f(xe) # 0 and that

flng)
i ‘I(w)

i) If (o)

< b

7

i) ’ ”('c)—f )(m)

< K|z — zal.
ff the ma_,'orrz.'ng polynomial

b K
¢G(t):a75+ga2+gt3, (1.6)

has iwo positive real roots t* and ¢**, then the Newion-Raphson method defined in (1.3) well defined
and {z. }niq converges tox* € I, where f(z*) = 0. This solution is located in (1.4) and it is unigue
in (1.5).

Theorem 1.4 (Smale a-theory). Let f : D C R -+ R a continuous and differentiable function in an
interval D where the folfowing conditions hold:

D |#E| < 8. #iwa) £ 0.
i & fﬁszpﬁ‘)’} <A fork =2

i) o= By <3 — 2%
If the majorizing function

sity=B—t+y Y M =p- 7*2 foro<t< i (1.7)
= i ) = _}f b -
k>2
has two positive real roots £ and t** then the Newton-Raphson method {1.3) is well defined and
{zn}ais converges fox™ & I, where f(x*) = 0. In addition, this solution is located in the range
defined in {1.4) and if is unique in (1.5).

Theorem 1.5 (Wang-Zhao a-theory). Letus consider f : D C R — R a continuous and differentiable
function in an inferval D where the following conditions hold:

i) f'lze) #0.
i) Blaa, ) = | k|-

0 (4
i) ff,(;u‘)’) <qp, k>2
If the majorizing function
pw(t) = —t+ et (1.8)
k>2

has two positive real roots £ and t™* , then method defined in (1.3) is well defined and {z,}3%,
converges to x* € I, where f(z*) = 0. This solution is located in the range defined in (1.4) and it is
unique in (1.5).

102




British Journal of Applied Sclence and Technology X(X), XX=XX, 20XX

In this case, we see that

FE) E—esinlE~ M= f(Ey) =7 — M = |f(Eg)| <.
P I —ecosE= fl(Eg)=1+e
Flyy = 1—ccosy
f{Eo) il
_ < =3 = 7d.
FE < Tre =T
fiE) —fly), - ; - ¢ _,
| ) | = l+ | cos I coq'y|< \b y\=>fy—1+c——u5
so0 the majorizing polynomial is given by (2.3). Then
1 we 1
— fey— <
h=fy=nres” SRR R (EPH 6)2 < 5 = e < 0.247808, y
The rest of the proof follows immediately from the theorem of Kantoravich. O ! /

REMARK. In some cases, it is possible fo weaken the Lipschifz condiction in Kantorovich's
theorem, as it has been indicated in Theorem 1f In our case, for the Kepler's equation, f(z) =
z —esinz — M, we have f'{z) =1 - ecos=.

So, for zo =, we have N /
f’(r} - f’(y) e ff!
7"(za) = T (cosy — €8 T) \//
_ L )
E, i’yy
. ¢ ety P tafytaey’ +y° S +aty+oo+ 0 X
- 1+e[f:}é’f( a e,

and

_ e ety Pretyretyt ety o4y’ |
14 equer! 21 4l 6l B
For the Lipschitz-center condiction:

Lo = ¢ hupla‘+7r _ z* L oir fay? oAb +-TI5+.’IJ4TF+--'+7T5 _l ,f;‘
1 Jr € pel 4' 6]
\ So, it L < v = 3§y or Loy < L, then the Theorem 1.2 could be applied, obtaining better bounds

for th the ec}Qtn(:lty e.

L;f,,, j“ S

Theorem 2.2 {Gutiérrez's conditions). /fe < 0.120927 then Kepler's equation has a solution. This
soluiion is located In (2.1} and it is unique in {2.2), where £ and t** are the positive roots of the
maforizing polynomial

1
da(t) = w8 — L+ Geot’, (2.4)
whit 8 = 1/(1 + e). In addition, the Newton-Raphson method, defined by (2.3), starting in By = =,
converges to this solution.
Proof. We take £, == = in Gutierrez's theorem to obtain the following conditions:

FlEg)

) [£5] <
o |57 (B
| ey

<b
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