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Original Research Article

Semilocal Convergence Newton Method Applied to Kepler
Equation: New Results

Abstract

The idea of this paper is to consider as a starting point the value E; = =, also proposed by Charles
y Tatum [Charles (1998)], in the theorems of semilocal convergence of Kantorovich, Gutiérrez,
a—teoria of Smale an the o—teoria of Wang-Zhao, fo compare the convergence conditions
obtained. Once set By, They should calculate the-pararieters Tisted-in. the statement of these
theorem. So, we will generalize the stugy i {Dllone—Gutlerrez 2011)] for t the Case-Ep = M. The
choice of starting point for the Newtoit Method as Eq = M. It| i5. quité common in thig mathemazzcal
literature, but not the only /Eer”’ xample in Avendano [Avendano (2014)], It is a collection of classie: -

starting points. i -
In the Table we do B camparlson of the{wlr}egeasmg functions of the Kantorovich, Gutiérrez, }i)\h aady! ‘t‘i}
Theorem, c-ttecria f Smale and the a teoria iof Wang-Zhao, applied to the Kepler equation,| ™
k depending on ints Ep = My Eo = 3 a.,md'l their respective parameters 4. In the Table 2 the
- convergence conditions of the ;héor ms mentioned above are compared depending of the starting

\ points, of the parameters /f:fnd the maximum value of e theorems for which guarantee convergence

of the Newton Meth/df‘(o a solution of the Kepler equation. Numerics calculations were obtained by
... Applying M Mathetfiatica 1/10.

Keywords: Newton method, semilocal convergence theorem, Kepler equation
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1 Introduction

In this article we analyze the behavior of the famous Kepler's equation,

f{(E)=F —esinE — M, (1.1)



where eccentricity ¢ € (0,1} and the mean anomaly A4 € [0,#] are known parameters. We have
selected this equation as a function test in the analysis of various semilocal convergence results for
the Newton-Raphson method, which when is applied fo (1.3) gives the sequence

En+1 = En - M n >0, (12)

fH{En) o

The idea of this paper is to consider as a starting point the value Ey = =, also proposed by
Charles and Tatum [Charles (1998)]. So we prove different semilocal convergence theorems for
Newton’s method. In particular, we consider the results given by Kantorovich [Kantorovich (1948)],
Gutiérrez [Gutierrez (1995)], a-theory of Smale [Smale (1886)] an «-theory of Wang-Zhao [Wang
(1997}]. In addition, we obtain new results of existence and uniqueness of soiution for the equation
{1.3). In this way, we generalize the study in [Dilone-Gutierrez {2011)] for the case Fy = M.

We present now the semilocal convergence theorems that we use in this paper. Although they
can be siated in a Banach space setting, we show here the versian for real valued functions.The
details of the demonstration of the previous theorems can be found in [Dilone {2009)].

In this article we analyze the behavior of the famous Kepler's equation,

f(BE)=FE—esinE — M, (1.3}

where eccentricity e € (0,1) and the mean anomaly A & [0, 7] are known parameters. We have
selected this equation as a function test in the analysis of various semilocal convergence results for
the Newton-Raphson method, which when is applied to {1.3) gives the sequence

iy
B~y "0 (1.4)

The cholce of starting point for the Newton method as £, = M is quite common in the mathematical
fiterature, but it is not the only one. For example, in Avendano [Avendano (2014)], we can find a
collection of different starting points for Newton’s method applied to Kepler's equation. The idea of
this paper is to consider as a starting point the value Ey = =, also proposed by Charles and Tatum
[Charles (1998)]. So we prove different semilocal convergence theorems for Newton's method. In
particular, we consider the results given by Kantorovich [Kantorovich (1948)], Gutiérrez [Gutierrez
(1995)], a-theory of Smale [Smale {1986)] an «a-theory of Wang-Zhao [Wang (1997)]. in addition,
we obtain new results of existence and uniqueness of solution for the equation (1.3). In this way, we
generatize the study in Dilone-Gutierrez (2011) for the case Eq = M.

The main idea of the paper is to construct the corresponding majoring function for the mentioned
theories for the case Ey = « and then to give conditions on the eccentricity e that guarantee that these
majoring functions have real roots. In this way, we establish conditions for the solution for Kepler 's
equation in terms of eccentricity e.

We present now the semilocal convergence theorems that we use in this paper. Although they
can be stated in a Banach space setting, we show here the version for real valued functions.The
details of the demonstration of the previous theorems can be found in Diloné [Dilone {2009)].

Ernp1 =

Theorem 1.1 (Kantorovich Theorem’s ). Let us consider f : T — R, where I is an open interval in
R, a differentiable function in I. Let us assume, without loss of generality that f(zq) # 0 and

0 xg € 1.

i) f'{mo) #0.

e

) | Frtaoy| < -

iv) ‘ ey ()
S ima)

<Alz—yl, Yr,yel

v) h=~B8<1/2
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vi) t* = L2 s such that (zo — ¢, wo + ) C I
Then, the Newtan-Raphson method

oy = — Ry (1.5)

flan}™ 7

is well defined and {z.}72, converges ax* ¢ I, where [(2") = 0. In addition, this solution is located
in the range

[zo — *, 70 + £7]. (1.8)
and it is unique in
(zo — t"",mg + ). {1.7)
where
g LHVT 2R
= %7 )

Theorem 1.2 (Gutiérrez’s theorem or Kantorovich’s theorem under sirong conditions). Let us
consider f : I — R, where I is an open interval in R, a differentiable function in I. Let us assume,
without loss of generality, that f(zo) # 0 and that

F(En)

I | ey | S
i | (B
i) | Frieay| = b-

s | £T(BY =T (Ba)
”’)I F{Ea)

< K|E — Ey|.

If the majorizing polynomial

dell)=a—t+ gt2+ —[65#, (1.8)
has two positive real roots t* and t™* then the Newton-Raphson method
F(za)
tn — fn — y 2 ’ .
Tnt1 = T Filan) n >0 {1.9)

well defined and {z }i2o converges a ¢* € I, where f(z*) = 0. In addition, this solution is located
in the range
[Zn—t*,mg-i-t*]. (110)
and it is unigue in
($D—t**,l‘q +t**). (111)

Theorem 1.3 (Smaie «a-theory). Let us consider f : D C R —+ R a continuous and differentiable
function in an interval D where tha following conditions hold:

P |EFRE < B f () £0.
i) G| <1 ok,
i} o= py<3-2v2
If the maforizing function
2
oty =p—t+ P gt 2 pro<i< L (1.12)
= L=t v
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has two positive real roots {* and t™* then the Newton-Raphson method

S{@n)

;o n20,
I'(za)
is well defined and {z, }olo converges az® € I, where f(z*) = 0. In addition, this solution is located
in the range

(1.13)

T+l = Tn —

[Bg — ", 70 + £7]. (1.14)
and it is unique in
(:Iﬁu-—t**,l'g—l-fi**). (1.15)

Theorem 1.4 (Wang-Zhao a-theory). Letus consider f : D C R — R a conlinuous and differentiable
function in an imterval D where the following conditions hold:

i) f{Eo) #0.
i _ 1 F(Ey)
i) B{Eo, f} = |f,(E”D) .
()
i) & ff,(éf';) <y, k22
If the majorizing function
pur(t)=B—t+  wtt. (1.16)
k>2

has two positive real roots t* andt** , then the Newion-Raphson method

Tnp1 = Bn — ﬁ((z:)) n>0, (1.47)

is well defined and {z,}, converges az™ &€ I, where f(z™) = 0. In addfition, this solution is located
in the range
[zo —t*, @0 + 7). (1.18)
and it is unique in
{mo — ", o + 7). (1.19)

2 Main Results

Applying the conditiohs of the semilocal convergence theorems of Kantorovich (1.1), Gutiérrez (1.2),
Smale (1.3) and Wang-zhao (1.4) 1o the Kepler's equation, we have obtained, from Ey = =, the
foliowing results on the &xistence and uniqueness of solution in terms of the eccentricity e.

Theorem 2.1 (Kantorovich's conditions). /fe < 0.247808, then Kepler's equation has a solution. This
solution is located in the range
[r =t 7 +£7). 2.1)

and it is unigue in
(m—t"" 7 +t7), (2.2)
where § = 1/(1+ ¢} and
1—+/1— 7ed?
ed ’

P 14 /1 —7ed?
ed !

T =
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are the roots of the majorizing polynomial
pr(t) = %65152 —t+ wd.
In addition, the Newton-Raphson method, defined by

En+1 - En - ff,u{(%;))i n >0, (23}

starfing in £o = =, converges to this soiution.

Proof. We take Ey = & in Kaniorovich's theorem to check the following conditions:

i) f'(Eo) # 0.

ii) I S(Eg}
(o)

i) [—‘—f (f,)(;g)('v>| <yYE-y), VE yel
W) h=v8< 1.
In this case, we see that
5 = EfesinE&fM'#f(Eo):ﬂ'AM’%\»[f( o)| < 7.
FiE l—ecoskE= fl(E))=1+e
, [
fly) = 1—ecosy

A

P = 1+e:ﬁ:”&
|mf(f)(ﬂg€(y)| ~ 178 |cosEfcﬂsy|<7@Jli’"f* =ed

so the majorizing polynomiat is given by (2.3). Then

we 1
= <= < (.247808.
h=fvy= wed” (1+e)2_2$>6_02 7808
The rest of the proof follows immediately from the theorem of Kantorovich. O

Theoremn 2.2 (Gutiérrez’s conditions). /fe < 0.129927 then Kepler's equation has a solution. This
solution is located in the range
-t 7+ 1], (2.4)

and it is unique in
(7 —t™,w + "), {2.5)

where t* andt** are the positive roots of the majoring polynomial
1
pa(t) =78 —t + Eedta, {(2.6)

whit 5 = 1/(1 + e). In addition, the Newlon-Raphson method, defined by (2.3), starting in Ex = m,
converges fo this solutfon.

Proof. We take Fa = & in Gutiérrez’s theorem to obtain the following conditions:

) ‘f’(Eu) sa
R Fide:)
DN ke

<b.
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i) LL%J,-(—TE%)(—@ < K|E — Eq

and to calcufate the parameters a, b y K. As in the previous result, we have

fBa) | o 7 _
F'(Eo) ‘ i5e * @7
(2.8)
In addition,
FUE) = esinE= f(Eo) = esinw = ['(Fp) = 0.
B — ()] = elsinf —sin By| < e|E —xl.
then
F{Ea)
< 0=b 2.9
|| < @9
FE) — () e @ -
| F(Eo) | - 1+e|E Eol = K = 1+e (2.10)
Substituting (2.7), (2.9) and (2.10) in {1.8} it is obtained (2.6} Let's analyze the polynomial (2.6).
dolt) = —1+ %eaﬁ.
$alt) = 06 —1+2es® =0 e t = /= (2.11)
el = 26 = . = 85' .
{2.12)
Let us consider f = /2/(ed), then
i . _g_
¢G(ﬂ —85",‘ Y >0
and ¢ {#) has a local minium at £. Note that
3
[2 1 2 22 1
So the polynomial ¢ (f) has positive roots if ¢ (£) < 0, that is
2v2 1 1

2
R R (5
Accordingly, when e < 0.129927, Kepler's equation (1.4) has a solution and the rest of the test is

a direct application of Theorem 1.2,

< e <0.129927

O

Theorem 2.3 (Smale’s conditions). #f ¢ < 0.142599, then Kepler's equation has a solution. This
solution is located in the range

5 —t*,m+ ], (2.14)
and it is unigue in
(w— ", +t*"), {2.15)
where t* and t** are the positive roots of the majorizing function
ebt?

whitd = 1/(1 + ). In addition, the Newton-Raphson method, defined by (2.3), slarting in Ey = =,
converges to this solution.
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Proof. We take to By = « in Smale's a-theorem. So we must find the parameters 3, v and & that
appear In the following conditions:

) f'(Fo) #0.

It Jf EO
N 7| =8
(k)(Eg)

) | s
) a=pfy<3-2v2
As in Theorem 2.1 we have

<4Fl ko

f(Eo) T
< =
f’(E()) | - ]. + e 'B
Furthermore
[(E)=esinw = F{Eo) =1
fY(E) = ecosw = [P (Bo)| <e.
" 0, k=2nvYnel;
If (E‘)”S{ e, k=24+1,YpeN.
Then we must find a constant + such that
1 7% Fo) |v2x 1 e 7%t
— < | = < A .
|5 By ool <o (2.17)

Let us introduce the sequence

1 e =
p = | ——— > 2.
Tk [Ia!1+e] k=2

As e € [0,1], {z+} is a decreasing monotone sequence that converges to 0. So we can choose

= @p = €
R T Ty
Now we must prove
e 7
= e . .
o ﬁvﬁg(lﬂ)zmd V2. (2.18)
This inequality is true for e < 0.142599, so the hypothesis of Smale’s theorem 1.3 are satisfied and
the rest of the proof is a consequence of this theorem.
O

Theorem 2.4 {Wang-Zhao's condition). /f e < 0.018826, then Kepler's equation has a solution. This
solution is located in the range

[7— &, 7+ 7] (2.19)
and it is unique in
(r— £, m +1*%), (2.20)
where t* andt** are the positive roots of the majorizing polynomial
dw..z(t) = de exp(t) — {1 + ed) 4 8(x — &), {2.21)

whit § == 1/(1+ e). In addifion, the Newfon-Raphson method, definad by (2.3), starting in Ey = =,
converges to this solution.
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Proof. Once again, we take Ey =  in the a-theorem of Wang-Zhao to check the following conditions:
i} f(En) # 0.

. E
g lf'((Eﬂo)) <8

iy 1| £9 ()
i) 51) ey

We proceed as in the previous theorem to obtain the parameters g = #»d and v, = ed/kl. So the
corresponding majorizing function is

qbuf_z(t) =md—t+ Z’Ykirk

<y, k22

(BT PPT

E>2 k>
- t*
= mi—t+edy o
Py
= dleexp(t) + (x — e)] - {1 + ed). {2.22)
Let's analyze (2.22)
¢w—z(t) = dleexp(t)] — (1 +ed). (2.23)
So, the critical point of equation (2.23) is attained when
T D L

G B =00 i=m(1+ ), (2.24)

We check if there is a minimum or maximum. Note that
Bz (t) = edexp(t). (2.25)
subsiituting (2.24) en (2.25) it follows that
1 : 1
$w_z(t) = ed exp[ln (1 + p_ﬁ)] =ed+1>0,

then, there is a minimum at £ defined by (2.24),
Then the majorizing function ¢w_z (¢) has positive solutions if

g 2(l) = (L4 70) ~In (14 =) (1 +ed) <0 (2.26)

or equivalently, if e < 0.018826, where 0.018826 is the only positive solution of the equation

1+e+w 1
¢ e | — = — .
CXP( 1+ 2e ) e <0

The rest of the proof follows immediately.
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3 Numerical experiments for comparison of resuits from
the theorems proved above

Table 1:

Majorizing functions for different theories of semilocal convergence
according to the starting points and the parameter 4.

Theory Ey=M, b= 1% Eg=m 6= 11
Kantorovich dr(t) = 20t° — ¢+ dx(t) = 5e6t> —t +nd
Gutiérrez da(t) =06 —t+ 16t 1 16t° | golt) = md + b
3
Smale’s a-theory gg{t) =46 1+ 76\/1&}3? ¢s(t) =76 —t -+ ?%/%
Wang-Zhao’s c-theory | ¢wz(t) = dexp(t) — (1 4+ )t | dwz(t) = edexp(t) — (1 + ed)t + &(x ~e)

Table 2: Values of 4§ and e that guarantee the existence of solution for Kepler's
equation by applying different semilocal convergence techniques for Newton's
method, according to the starting poinis

Theory Ey=M FEy=m Ey=M Lo=~x
Kantorovich e < 0.4142 | e <0.2478 & =0.707107 | § = 0.801416
Gutiérrez e < 03759 [ e<0.1299 d = 0.6023 0 = 0.885074
Smale’s a-theory e < 0.3594 | e < 0.00397 | & = 0.561069 | § = 0.99616
Wang-Zhao'’s a-theory | e < 0.3678 | e < 0.018826 | § = 0.581977 | § = 0.981527

4 CONCLUSIONS

Given all the results obtained in the previous sections, both the starting point Ey = M{y/Fo = 7, 1t is
concluded that Kepler's equation (1.3), the best results are deduced from the Kantorovich theory. In
fact, regarding the values of the eccentricity e, Kantorovich theorem gives the highest value among
the considered theorems. For more detail, in the table 2 the different theories discussed in this article
are shown, and the correspending values for the parameter § and eccentricity e. In addition, 1t is found
that for the starting point By = =, eccentricity values that ensure convergence of Newton’s method
applied to the equation of Kepler, become more restrictive.
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