The Domination Number of P, XP,

Abstract. A mixed graph @(V, E, A) is a graph containing unoriented edges (set E) as
well as oriented edges (set A), referred to as arcs. In this paper we calculate the domination

number of the Cartesian product of a p&h with directed pathF;n (mixed-grid graph

|:>me;n ) for 8< m< 10 and arbitrary.
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1. Introduction.

All graphs and digraphs are assumed to be loopless and without duplicate edges or arcs.
A mixed graph G(V, E, A) is a graph containing unoriented edges (set E) as well as oriented
edges (set A), referred to as arcs. This notion was first introducgd in [
Let G = (V1, E) be a graph anB = (V,, A) be a digraph. The Cartesian prodGetD is the
mixed-graph with vertex setV(GxD) = V1(G)*V»(D) and edge (arc) set (§u1,v1),(Uz,V2) /7
E(GxD) if and only if eitherv;, = v, and(uy, Up) ZE(G) or up = up and(vy, Vo) ZA(D). A subset
Sof the vertex se¥(GxD) is a dominating set @&&xD if for each vertex/GxD there exists
a vertexu/s such that(u, v) is an edge (arc) d6xD. The domination number d&xD,
KGAD), is the cardinality of the smallest dominating seGeD.

Let R, be a path with vertex set VifP= {1, 2,..., m}, and edge set E{P={(i,1+1) : 1
<i<n-1}, and IetF;n be a directed path with vertex setli(() ={1, 2, ..., n}, and arc set
A(Pr) ={(, 1 +1) : 1<i < n -1}. Then for Cartesian prodult, and |5n iIs mixed-grid graph
PuxP, with V(PmxP, ) = {(i, j): 1< i< m, 1<j < n}, such that there is an arc from (i, j) to
(p, q) ifand only ifi = p and g—j = 1 and is an edge from (i, j) to (p, q) if and only if j = g and
p — i =1. The i'th row of Pux P, ) is R = {is a directed pattP, (i, j) :j = 1, 2,..., n}, and
the j'th column K= {(i, j) : is a pathPy, (i, j) : i =1, 2, ..., m}. If S is a dominating set for

Pmx |5n , then we denote W SnK;. Let § = |W|, where the sequence,(s, ..., $) is called a

dominating sequence corresponding to S. Bgrdn, the vertices of j-column are dominated
by vertices of j-column or (j-1)-column. The vertices of the first column are dominated only
by vertices of K. Also, for ki < m, the vertices of i-row are dominated by vertices of i-row,



(i-1)-row or (i+1)-row. The vertices of the firsbw are dominated only by vertices of &
R2. Thus the following is true:

y(mePn) =< y( me Pn ) < y( Pn X Pn )
For finding domination number of grid grapR,xP,, Jacobson and Kinch in [2], were
calculated the domination number of cartesian pcodd undirected paths,Pand R for
m =1, 2, 3, 4. The cases m =5, 6 were calculaye@hang and Clark [3]. Also, Chang et al.
[4], established the upper bounds of cartesianymoof undirected pathsj/and R for 5 m
< 10 and arbitrary n. In [5], Gravier and Mollardvgn un upper and lower bounds of general
cartesian product of two undirected paths. Gonsaéteal., [6] proved Chang’'s conjecture

saying that for every 16 n <m, y(PnxPy) =|(n+2)(m+2)/9-4.
For domination number of directed grid graphs, &tual. [7], they studied the domination

number of |5m>< |5n form =2, 3, 4, 5, 6 and arbitrary n. Also, in B author studied the

domination number oﬁmx |5n for arbitraries m and n. Also, in [9] we have flodowing
results: y(PxP,) = y(P,) = E} Y(PxP.) = n. y(PsxP,) = n. y(P4><I5n):P7n—|.

y(PsxF?n):[?’?n}l- y(P,xP,)=2n . y(P,xP,)=2n+2.

2. Main results.

In this section we calculate the dominatiamber of the Cartesian product of a pBth

and a directed patl@ﬂn form =8, 9, 10 and arbitrary n.

Observation 2.1. Since for each vertex (i, QN (Pmx |5n) has two undirected degrees in
V(Kj), one outdegree in V() and one indegree from V(K), then can it dominates at must

four vertices oPyx |5n with itself. Thus implies thag(Pm* I5n ) > mn/4. O

Observation 2.2. Let S be a dominating set Bfx F;n . Since the vertices of the first column

are dominated only by vertices of;.KAlso, for 2< j < n, the vertices of j-column are
dominated by vertices of j-column or (j-1)-coluniren the following are holds:

1. s.>[m/3l

2.5+3ga>mforallj=1, ..., n. O
Lemma 2.1. There is a minimum dominating set S fegx |5n with dominating sequence
(51, & ..., §) such that forall j= 1, 2, ..., hm/5] < 5 <[ m/2], where m > 1.

Proof. Let S be a minimum dominating set fx F;n with dominating sequence; (%,



...,S). Assume that for some j, is large. Then we modify S by moving some vertitem

column j to column j +1, such that the resultingisestill dominating set foP,x F;n (because

each vertex in 8K; is dominates only vertices from End K.1). For Ki<mand ¥ <n,
let W = {(i, j), (i+1, j), (i+2, )), (i+3, ))}. If |W| > 3, then we have three cases:

Case 1. If {(1, )), (2, )}TS or {(m-1, j), (m, D}IS. Then we can moving (1, j) to (1, j +1) or
(m, j) to (m, j +1). Furthermore, S is still domiimey set ofPx I5n .

Case 2. |W| = 4, then we put;S (S-W)YI{(, j), (i+1, j +1), (i+2, j+1), (i+3, j)}.
Case 3. |W| = 3, then we have two sub cases

SubCase 3.1. |[W| =3 and W = 8{(i, ), (i+1, ), (i+2, ), (i+3, D}={(, j), (i +1, ), (i+2, j)} or
W ={(i+1, ), (i+2, j), (i+3, j)}. Two cases aramilar by symmetry, for the first we put
Si= (S-WI(, ), (i+2, )), (i+1, j+1)} and for the second evput S= (S-W)YI{(, j), (i+3, )),
(i+2, j+1)}.

SubCase 3.2. |W| =3 and W = 8{(i, ), (i+1, ), (i+2, ), (i+3, D}={(, j), (i +1, )), (i+3, j)} or
W ={(, j), (i+2, j), (i+3, ))}. Also, two casesra similar by symmetry. Then we change S,
respectively as follows: 1S (S-WY{(, j), (i+3, j), (i+1, j+1)}, S;= (S-WYI{(, j), (i+3, )),
(i+2, j+1)}, see Figure 1 for cases 2, 3. We repkt process if necessary eventually leads to

a dominating set with required properties. Also,geé S is a dominating set fd?x F;n with

|S| = |9]. Thus, we can assume that every four consecuéiiteces of the j'th column include
at most two vertices of S. This implies that km/2], for all 1<j<n.

To prove the lower bound, we suppose thai | is be a maximum, i.e.;1s= [m/2]. Then
for each five vertices in jKmust include at last one vertex from S, otheridseontain three
successive vertices from S. This contradiction Wi upper bounds. Thus we ggt [sn/5]

forall 1<j<n. O
i i+l i i+l i i+l i i+l i i+l i i+l
| | I | | |
i+1 - i+1 i+l i+1 i+1 i+1
i+2 i+2  1+2 - i+2  i+2 - i+2
i+3 i+3  1+3 i+3  i+3 i+3
Case?2 Case3.1 Case3.2

Figure 1. Modify S

By Lemma 2.1, always we have a minimum dominatiag $ with dominating sequence
(S1, S..-,), such thatm/5] < 5 <[m/2], for all j = 1, 2, ..., n. So, for all the next, we



consider a minimum dominating set Bfxx |5n with dominating sequences(s.., ) with
[m/i5l<s<[m/2] forallj=1,2, ..., n.

Proposition 2.1.
1' y(Pm xF;n)Zy(Pr >(F;n)-'-y(l:)m—r—Zxl:;n)'

-

2. y(P. xP)<y(P. xP )+ (P, xP.).

Proof. For 1 and 2, the proofs are easy.
. - 5n
Proposition 2.2. y(P, x Pn)s[7w +1.

Proof. Let S be a set defined as follows:

S={(1, 1), (3, 1), (5, 1), (7, WK, 2j), (7, 2)) : 1<j<Ln/2h
O{(1, 2j+1), (5, 2j+1), (8, 2j+1) : k¥ j <L(n-1)/2}}.

We have |S| = n, also S is a dominating sétgaiﬁn (see Figure 2, foy(R, ><I511)). Thus
Y(PsxP, ) < 4 + 3n/2] + 4 (n-1)/2] =[5n /2] + 1. .

Proposition 2.3.

1. The case (59, &) = (3, 3, 2) is not possible.

2. The case (59, ) = (4, 2, 2) is not possible.

3. There are four possibilities for(s+1) = (2, 2).

4. The case (sS+1, S+2) = (2, 2, 2) is not possible.

5. The case (sS+1, S+2, S+3) = (2, 2, 3, 2) is not possible.
Proof. 1 and2 by drawing.

3. For (3, s+1) = (2, 2) we have four cases are:
a {(1,)), (2,)), 4 j*+1), (7.j+1}b. {(1, )), (5, )), (3, j*+1), (7.j+1)},
c.{(1,)), 8 1), (3,j+1), (6,j+1)}d. {(4, )), (5. )), (2, j+1), (7,j+1)},
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4. For all cases in 3, we get,(S+1, S+2) = (2, 2, 2) is not possible.

5. By Completed drawing of cases, &.1) = (2, 2), we results that;($:1,5+2,5+3) = (2,2,3,2)
is not possible.

Proposition 2.4.
ls+$>6.

2.5 +9+3>0.

g+ +gts>11.
dg+tstsgtatt+ts=>1a

Proof. 1. We have s> 3 and 2<5<4. If 5 = 4, then 8> 2 and sos+ $> 6. Let 5 = 3,
then needs [{(1,1), (2,1), (7,1), (8,0)%| = 2, at the same time {(1,1), (2,1), (7,1), (BS #
{(1, 1), (8, 1)}. Suppose {(1, 1), (2, 1), (7, 18, }nS ={(1, 1), (7, D} or {(2, 1), (7, 1)}
where two cases {(1, 1), (2, 1), (7, 1), (8,48 = {(1, 1), (7, 1)} or {(2, 1), (8, 1)} are
similar by symmetry. If {(1, 1), (2, 1), (7, 1), ,8)}nS ={(1, 1), (7, 1)}, then we need
(4, 1Y1S and s> 3. Thus we get;st > 6. Let {(1, 1), (2, 1), (7, 1), (8, 1)}S = {(2, 1),
(7, 1)}, then (4, 1)JS or (5, 1S, the two cases are similar by symmetry. Assuna¢ th
(5, 1)3S, then > 3. Thus we get;st $ > 6.

2. From 1 we have;st $>6.If s+ $>7,then s+ $ + $> 9 {because;js> 2 for all j = 1,
..., N}. Suppose s+ $ = 6, then immediately from Proposition 2.3 (1 &)d i

3. Itclear from 2 andjg 2 forallj=1, ..., n.

4.From 3,8+ 9+ $>9.If 5 + $+ $> 10, then finis{becausej$ 2}. Let s+ S+ =9
5
and suppose thaZsj <14. Then we must have s s = 2, By Proposition 2.3(3), we have

j=1
four cases for (5 ) = (2, 2). But for all cases we get $ $ + $ > 10, and this a

5
contradiction. Finally we geﬁsj =214, i
j=1

Theorem 2.1. y(P, % F;n):F?ﬂ +1.

Proof. By Lemma 2.1, X 5§ < 4. Observation 2.2, gets 8 3 and s+ 3.1 > m. Which
implies that, if = 2 is g1 > 2 and if = 3 is 1 > 2. By Proposition 2.3, for each four
columns including 10 vertices from S. We consiaeirfcases:

Casea. n= 0(mod 4). By Proposition 2.4, 3 $+ $>9 and s+ $ + $ + %> 11{because;s
>2forallj=1, .., n} Then
- n 4 n
V(PxP)=Y's, 2>'s, +> s, 211+100 - 4)/ 4= (Bi+ 2)/..
j i=5

i=1 j=1
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5
Caseb. n=1(mod 4). By Proposition 2.425i >14. Thus
j=1
n 5 n
s 2) s +>'s, 214+100 - 5)/ 4= (B+ 3)/L
1 j=6

i=1 i= j

Casec. n=2(mod 4). By Proposition 2.4; $ $ > 6. Also, gets
o n 2 n
V(PxP)=>'s, 2>'s, +>'s, 26+1001- 2)/ 4= B+ 2)/ ..
i=1 i=3

j=1

Cased. n= 3(mod 4). By Proposition 2.4, 3+ $>9.Then
N n 3 n
Y(PxP)=>'s 2>'s, +>'s, 29+10(1 - 3)/ 4= (h+ 3)/-.
=1

j=1 j= j=4
> on
For all the cases, we ge(P, x P,Jz[;} +1.

Finally, Proposition 2.2 together with the lastulegets
AR et -

Proposition 2.5.

y(P9><F;n)£3n ‘n<3.

y(ngF;n)sF?n}Z ‘n=4.

Proof. For n< 3, let S ={(2,)), (5,]), (8,)) forj=1, ..., n}.
If n >4, we define Sas follows:
S, ={(3,1), (7,1)¥0{(1, 2j-1), (5, 2j-1), (9, 2j-1): & j <[ n/2[} D{(3, 2)), (7, 2j): = j<Ln/2]}.
The set $is a dominating set d¥ox I5n for n< 3 with |§] = 3n.
Also, S is a dominating set dex P, for n> 4 with |S| = 2 + 3 n/2] + dn/2l =[5n /2] + 2.
(see Figure 3, foy(P, x PL)). Thus
y(PexP,)<3n:n< 3. (1)
Y(PexP,)<2 + 3[n/2] + dn/2] =[5n/ 2] + 2. )



Figure 3. A dominating set of PgxP;2.

Proposition 2.6.

1. If s, =2 then §=5.

2. 1f s3=2then g+ $> 8.

3.If(st, 2 ....9 =@, 3, ..., 3) thenjs > 3 for j> 2.

j-1
4. If K; the first column, such thats |KinS| = 2, thenst 23(j —D+1forj>1.
d=1

Proof. 1 and2, immediately by drawing.

3. There is one possible fors 3is KknS ={(2, 1), (5, 1), (8, 1)}. This implies that s 3. If
s, =3 then KNS ={(2, 2), (5, 3), (8, 3)}. Furthermore, if s £ = ...= 3= 3, then KnS =
{(2,1), (5,]), (8,))} Thus gets;s > 3.

4. Immediately from 3. i

Theorem 2.2.
V(P ><I5n) =3n:n<3.

y(ngF?n):{%”}z ‘n>4.

Proof. From Observation 2.2 and Lemma 2.1, we have3and X 5 < 5. Furthermore, ifjs
= 2 then 5 > 3, i.e,, (§ S+1) = (2, 2) is not possible. This implies that, jf=s2 then

j+r +
ZSJ- 2{502 DJ for r> 1. We consider two cases:
d=j

Cassa. If>3forj=1, ..., n, theny(ngF;n):Zsj >3nfor n < 3. Also for n> 4 is
j=1

y(P9><|5n)23n 2[5—;}2. Then, (1) and (2) together with last resultssdgle required.



Caseb. 5 = 2 for some } 2. Suppose Kis the first column, such thats2. We consider the
following subcases:

SubCaseb.1. j = 2. By Proposition 2.6,;5= 5 and > 3. Theny(P, ><F;n):25j >3n where
j=1
n<3. For n> 4, by Proposition 2. 6(4) we have

y(P, x P )>Zs =s +Zs >5+P(n2 DJ [ 2}2.

SubCaseb.2. j = 3. By Proposition 2.6, $ > 8. Thus y(P, x F;n):Zsj >3n where n = 3.
j=1
For n> 4, Proposition 2.6(4), implies

V(P XP,)2Y s, =5,+5,+ ) s, 28+{5(”2_ Z)Jz[ikz.
i=1 i=3

SubCaseb.3.j > 4. From Proposition 2.6(4), we get

j -

Y(PyxP, )>isd =Z st 23(j — D+ 1+{MJ {becausey( PP, ) is

natural number}, thery(P, xP )>[52n]+2.

Thus, for all cases, gets

y(P xP )>|7 > —l+2

The last result together with (2), gets
V(P ><P )= { 5 W+2 O

3n+1:n=0(mod2)

P ition 2.7. V(P xP,)<
roposition 4 10 n) {3n+2;n51(m0d 2)

Proof. Let S be a set defined as follows:

S ={1.1), (4.1), (7,2), (10,1), (3,2), (5,2), 2B,
0{(1, 2j+1), (5, 2j+1), (6, 2j+1), (10, 2j+1) <j<[n/2] -1}
0{(3, 2j), (8, 2j) : 2<j <Ln/2l}.

S is a dominating set &ox P, with |S| = 7 + 4[(/2] -1) + 2 [n/2] -1) = 3n + 1 for n is even

and |S| = 3n + 2 for n is odd (see Figure 4/, x |512)). Thus



WP x|5)< 3n+1:n=0(mod 2)
17130+ 2:n=1(mod 2)

Ki Ky Kjs Ki Ks Ks K7 Ksa Ko Kio Kiu Kp

Figure4. A dominating set of P;cxPy,.

Proposition 2.8.
1. If s, =2 then g=6.
2. If s, = 3 then $> 4.

Proof. 1 and 2, immediately by drawing.

Theorem 2.3.
V(P X F;n)=3n +1:n=0(mod 2),

3n+1< y(PloxF;n )<3n+ 2n= 0(mod 2)

Proof. By Observation 2.2 and Lemma 2.1, we have ¢l and 2< 5 < 5. Furthermore,
(S, S+1) = (3, 2) is not possible {Observation 2.2(2)}.erhby Proposition 2.8, gets

V(P X F;n)23n +1. Proposition 2.7 together with the last resulgduces
V(P % F;n )=3n+1:n=0(mod 2)
3n +Ky(P10><F;n )<+ 2n=1(mod2

In another way, by Proposition 2.1 we g&P,, x I5n)22y(P4>< I5n )= 2[37“—‘ Thus

V(P X F;n)22y(P4>< F;n )= 2[%”} =3n+ 1forn=1(mod 2). Then Proposition 2.7, including

3n+1<y (P, xP, )< 3+ 2n = 1(mod 2. o



3. Conclusion

In this paper, we find the domination nunsbef the Mixed-graphP,x F;n form =8, 9,

10 and arbitrary n. As a future work, we would ltkework on the bounds of(P,, XF;n) for
arbitraries m and n.
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