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GENERALIZED HYERS-ULAM STABILITY OF A
RECIPROCAL-CUBIC FUNCTIONAL EQUATION

ABSTRACT. In this paper, we obtain the generalized Hyers-Ulam stability of a

new cubic reciprocal functional equation of the form
41 (@) f(y) [47() + 3@ )}
2 2 3
(47 = 1()?)

with f(y) # £f(z). We also extend the results related to Hyers-Ulam stability,

fQx+y)+ f(2x —y) =

Hyers-Ulam-Rassias stability, Ulam-Gavruta-Rassias stability and J.M. Rassias
stability controlled by the mixed product-sum of powers of norms for the same

equation.
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1. INTRODUCTION

The classical theory of stability of functional equations is instigated by the
question of S.M. Ulam [I] in 1940. In the subsequent year, D.H. Hyers [2] was the
foremost mathematician to establish the result connected with the stability of func-
tional equations. The result obtained by D.H. Hyers is called as Hyers-Ulam stability
of functional equation. Later in 1950, T. Aoki [3] made further simplification to the
theorem of D.H. Hyers. In 1978, Th.M. Rassias [4] took a broad view in the Hyers’
result by taking the upper bound as sum of powers of norms. The theorem proved
by Th.M. Rassias persuaded a lot of mathematicians to work on the stability of var-
ious functional equations and the result obtained by Th.M. Rassias is recognized as
Hyers-Ulam-Rassias stability of functional equation. J.M. Rassias [5] provided fur-
ther generalization of the result of D.H. Hyers by using weaker conditions controlled
by a product of different powers of norms. The result proved by J.M. Rassias is
termed as Ulam-Gavruta-Rassias stability of functional equation. Further, in 1994,
P. Gavruta [6] provided a generalization of Th.M. Rassias’ theorem by replacing
a general control function as upper bound. The stability result ascertained by P.
Gavruta is celebrated as generalized Hyers-Ulam stability of functional equation. In
2008, K. Ravi et al. [7] investigated the stability of a quadratic functional equation
using mixed product-sum of powers of norms. This stability result acquired by J.M.
Rassias is known as J.M. Rassias stability involving mixed product-sum of powers

of norms.

In the year 2010, K. Ravi and B.V. Senthil Kumar [§] proved Ulam-Gavruta-

Rassias stability for a new reciprocal type functional equation

flo+y) = ff(w)f(y) (1.1)

(z) + f(y)

where f : X — R is a mapping with X as the space of non-zero real numbers. The

C

reciprocal function g(x) = £ is a solution of the functional equation ({1.1]).



The other results pertaining to stability of different reciprocal type functional

equations can be found in ([9], [10], [11]).

A. Bodaghi and S.O. Kim [I2] introduced and studied the Ulam-Gavruta-Rassias

stability for the quadratic reciprocal functional equation

2f (=) fW)4f(y) + f(@)]
4f(y) — fx)*

The quadratic reciprocal function f(x) = -5 is a solution of the functional equation

2.

A. Bodaghi and Y. Ebrahimdoost [13] generalized the equation (1.2)) as

2f(2)f(y) [(a+1)*f(y) + a*f(z)]
((a+1)2f(y) — a2f(x))

where a € Z with a # 0 and established the generalized Hyers-Ulam-Rassias stability

fRr+y)+ f2r —y) =

(1.2)

flla+ )z +ay)+ f((a+ 1)z —ay) = (1.3)
for the functional equation (|1.3]) in non-Archimedean fields.

K. Ravi et al. [I4] investigated the generalized Hyers-Ulam-Rassias stability of a

reciprocal-quadratic functional equation of the form

r(z)r(y) [57“( )+ 5r(y) + 8\/7]
[27’( +2r(y) + 5\/7]

in intuitionistic fuzzy normed spaces.

r(x+42y)+r2x +vy) =

In this paper, we obtain the generalized Hyers-Ulam stability of a cubic reciprocal

functional equation of the form

wIn

Af(2)f(y) [4f(y) +3f(2)3 f(y )%}
fRx+y)+ f(2x —y) = 2 = _ (15)
(47@)? - f()?)

in the skeleton of non-zero real numbers with f(y) # & f(z). We extend the re-

sults concerning Hyers-Ulam stability, Hyers-Ulam-Rassias stability, Ulam-Gavruta-

Rassias stability and J.M. Rassias stability controlled by the mixed product-sum of



powers of norms for the equation ([1.5)). It is easy to see that the reciprocal-cubic

function f(z) = x—ﬂ is a solution of the functional equation (|1.5)).

2. GENERALIZED HYERS-ULAM STABILITY OF EQUATION ([1.5))

In this section, we investigate the generalized Hyers-Ulam stability of equation
(1.5) in the schema of non-zero real numbers. We also establish the results pertain-
ing to Hyers-Ulam stability, Hyers-Ulam-Rassias stability, Ulam-Gavruta-Rassias

stability and J.M. Rassias stability controlled by product-sum of powers of norms.

Throughout this paper, we assume that X is the set of non-zero real numbers.
For notational pragmatism, we define the difference operator Dy : X x X — R such

that
AF @)1 () [4F() + 3 (@) F ()]
(4w - f@)?)

Di(w,y) = f2x +y) + f(2x —y) —

w

for all z,y € X.

In the following results, we will set % = 0 and assume f(z) # 0 and x +y # 0 for
all xz,y € R.

For proving our main results, we necessitate the following definition.

Definition 2.1. A mapping f : X — R is called as reciprocal-cubic mapping if f

satisfies equation [1.5]

Theorem 2.2. Let ¢ : X x X — R be a function satisfying

=1 T Y
> g% (g gm) <+ (2.1)

Jj=0

for all x,y € X. If a function f : X — R satisfies functional inequality

1Dz, y)| < plz,y) (2.2)



for all x,y € X, then there exists a unique reciprocal-cubic mapping R. : X — R
which satisfies and the inequality

@)= R £ 3 o (o) 23)

7=0

forallz € X.

Proof. Plugging (z,y) by (z,z) in (2.2), we obtain

(60) = 5)| < ol (2.4

for all € X. Now, substituting = by % in (2.4, we find

- (@) <0 33 o9

for all z € X. Now, replacing x by 3 in (2.5)), dividing by 27 and then adding the
ensuing inequality with (2.5)), one finds

‘f(x)—% (%)

for all z € X. Similarly, continuing further and applying induction arguments on a

1
1 T €T
<> 55¢ (5m 371

=0

.

positive integer n, we arrive

1

1 x x
5% (57 5m) (26)

n

‘f()—ﬁf( E

<.
I
o

for all x € X. For any positive integer k and z € X, we have

! (55) ~ ! (50) | = e 1 (50) ~ ! (55%)

< 1 T x
= ok <3k+1’ 3k+1) :




Hence for any integers n,m with n > m > 0, we obtain by using the triangular

inequality

‘2771 3n _27_mf< m)‘
T 1 T 1 T
a )ﬁf (3_n> ~gt! (3n—1> b= <3n—1> B
1 T 1 T
 ggmrid <3m+1) ~ ! <3_m> ‘
< 1 ( T T ) n N 1 < T T )
= 971 (30 30 o7m ¥ \ g+t gt
n—1
1 T T
<D gt (3k+1’ 3k+1> 27
k=m
for all z € X. Taking the limit as n — 400 in and considering (12.1]), it follows

that the sequence {# ( 3")} is a Cauchy sequence for each z € X. Since R is
complete, we can define R. : X — R by R.(z) = lim 5/ (3). To show that
n—oo

R, satisfies (|1.5)), replacing (x,y) by (37"x,3 "y) in (2.2) and dividing by 27", we

obtain

127" D¢(37"x,37"y)| < 27 "p(37 "z, 37 "y) (2.8)

for all z,y € X and for all positive integer n. Using ([2.1) and . in . we
see that R, satisfies ) for all x,y € X. Taking limit n — oo in , we arrive
. Now, it remains to show that R. is uniquely defined. Let R’C X - R
be another reciprocal-cubic mapping which satisfies and the inequality .
Clearly, R.(3™"z) = 27"R.(z), R.(37"z) = 27" R.(z) and using (2.3)), we arrive

|Ri(x) — Re(x)| = 277" |R(37"x) — R(37"x)]
<277 (|RL(3™"x) — f(37"x)| + | f(37"x) — R(37"x)])

> 1 T x
<2 Z 27n+k90 <3n+k+1’ 3n+k+1>
k=0

1 x T
< 22 o7k <3k+1’ 3k+1> (2.9)
k=n



for all x € X. Allowing n — oo in (2.9), we find that R, is unique. This completes
the proof of Theorem

Theorem 2.3. Let p: X x X — R be a function satisfying
> 2T (3, 3y) < +oo (2.10)
i=0

forall x,y € X. If a function f : X — R satisfies the functional inequality for

all x,y € X, then there exists a unique reciprocal-cubic mapping R, : X — R which
satisfies and the inequality
() = Re(z)| <27 (302, 37z) (2.11)
§=0

forall x € X.

Proof. Switching y to x in (2.2]) and multiplying by 27, we find
27f(3x) — f(x)| < 2Tp(x, x) (2.12)

for all x € X. Again letting x as 3z in (2.12) and multiplying by 27 and then
summing the resultant inequality with (2.12]), we obtain

1
272 f(3%) — f(x)| < 27) 27 (3, 37x)
§j=0

for all z € X. Analagous to the previous steps, ensuing further and using mathe-

matical induction, one can find

n—1

27" f(3"x) — f(x)] <> 27 o (3, 3x)

J=0

for all z € X. The left over part of the proof is obtained by akin arguments as in
Theorem 2.2

The following theorem proves Hyers-Ulam stability (e-stability) of equation (|L.5]).



Theorem 2.4. Let f : X — R be a mapping for which there exists a constant € > 0
(independent of x and y) such that the functional inequality

26¢
D 2.1
Dyl )] < o (2.13)
holds for all x,y € X. Then the limit
- b et (2) i

for allz € X, n € N and R.(x) : X — R is the unique mapping satisfying the
reciprocal-cubic functional equation , such that

|f(z) = Re(x)| <€

for every x € X. Moreover, the functional identity

Re(z) = 27nf< ) (2.15)

holds for all x € X, n € N.

Proof. Putting y = x in (2.13]), we get

26¢
- — 2.1
1(60) - 510 < 5 (2.16)
for all # € X. Now, substituting z by § in (2.16), we find
26€
_ 2.17
105t (5)| < 5 (2.17)
for all z € X. Replacing = by % in |D and then dividing both sides by 33, we
have
1 x 1 x 26€
# () -5/ (7)< (218)
for all x € X. Tt follows from (2.17)) and (2.17)) that
1 T 26€ 1
—— =) <=1+ = 2.1
'f(x) 36 (32) =7 ( +33) (2.19)

for all x € X. The above process can be repeated to obtain

1 sz %6e 11 1
‘f(x) BEED (3_”)‘ =97 (1 TR 33<nl>) (2.20)



for all x € X and all n € N. In order to prove the convergence of the sequence
{(1/3%) f (x/3™)}, we have if n > k > 0, then by ([2.21])

! (52) = g ()| = g g (55) =1 (5]

; 33(ik>f (5%) 1 (y)‘

3%k

< 1 26¢ 1 1 1 1
Sgor T3 e T T gy

< 37 (2.21)

for all z € X in which y = 3. The above result shows that the mentioned sequence
is a Cauchy sequence and thus limit exists for all x € X. Taking that n tends
to infinity in (2.21)), we can see that inequality holds for all z € X. Replacing
(x,y) by (3%7 3%), respectively in and dividing both sides by 3%*, we deduce
that

n 26¢
Dy (3", 3"y)| <

33n
holds for all z,y € X. Taking that n tends to infinity in (2.22)), we see that R.(x)
satisfies for all z,y € X. To prove that R.(z) is a unique cubic reciprocal
functional satisfying subject to (2.16]), let us consider a R.(z) : X — R to
be another cubic reciprocal function which satisfies and inequality .

Clearly R.(z) and R.(z) satisfy (2.16) and using ({2.15)), we get
Rew) — Rea)| = i oo | (5) = R (50 )|

n_>oo33 3n
< g (IR () =7 () + | () - = (39) 1}
=0

for all x € X, which proves that R. is unique. Hence the proof is complete.

Corollary 2.5. For any fized ¢; > 0 and p # —3, be fived constants. If f: X — R

satisfies

1Dy, y)| < e (2" + [yl")



for all x,y € X, then there exists a unique reciprocal-cubic mapping R. : X — R

satisfying and

3p5f§1_1|x|p forp> -3

|f(z) = Re()] <

1E§§is|m|p forp <=3

forall z € X.

Proof. If we choose ¢p(z,y) = ¢ |z’ + |y|"), for all z,y € X, then by Theorem [2.2]
we arrive

f(z) = Re(z)] <
for all # € X and p > —3 and using Theorem [2.3] we arrive

d4c
|f(z) = Re(z)] < 1_—3;3’95|p

|z

for all z € X and p < —3.

Corollary 2.6. Let f : X — R be a mapping and there exist o, 3 with p = a+ 3
such that p # —3. If there exists co > 0 such that

1Ds(,9)] < 3 2] [yl
for all x,y € X, then there exists a unique reciprocal-cubic mapping R, : X — R
satisfying the functional equation and

p273c2 z|?  for p> —3
f@) = Ro(w)| < 4 Foal Jor

13?;13 |z|P for p < —3

forallx € X.

Proof. Considering o (x,y) = ¢ |z|* |y|°, for all 2,y € X, then by Theorem , we

arrive

2702 p
|f(z) — Re(x)| < mm
for all € X and p > —3 and using Theorem [2.3, we arrive
2702

|f(z) = Re(z)| < 1_—3P+3|$|p

for all x € X and p < —3. UJ



Corollary 2.7. Let ¢35 > 0 and r # —3 be real numbers, and f : X — R be a
mapping satisfying the functional inequality

D)) < es (Il y]> + (o] + [y]"))

for all x,y € X. Then there exists a unique reciprocal-cubic mapping R. : X — R
satisfying the functional equation and

3§ﬂ§3_1]x\r forr > —3

£(2) — Rula) <
Selal forr < -3

forallz € X.

Proof. Choosing o(z,y) = c3 <|x|% |2 + (Jz]” + |y|T)>, for all z,y € X, then by
Theorem 2.2 we arrive

8163 r
|f(z) = Re(z)] < mm
for all # € X and r > —3 and using Theorem [2.3] we arrive

8lc ,
|f(x) = Re(x)] < 1_—33%’9‘7‘

forall z € X and r < —3.
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