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Abstract

An optimal estimator in the light of future data (i.e., a predictive estimator) is obtained using
numerical simulations. The predictive estimator is assumed to be one of various functions of
the maximum likelihood estimator. We then formulate an estimator that yields better results
than the maximum likelihood estimator when the parameters are located within a specific range.
Using this method, we derive a predictive estimator for the geometric distribution. This procedure
leads to a predictive estimator that outperforms the maximum likelihood estimator in terms of

the expected log-likelihood when the parameter is known to be located within a certain range.

Keywords: expected log-likelihood; future data; geometric distribution; maximum likelihood estimator;

predictive estimator
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1 Introduction

The main purpose of statistical inference lies in finding estimates that predict future data within
the desired degree of accuracy. The maximum likelihood estimator, however, performs estimations
by fitting available data (i.e., data from the past). As this method can suffer from the “overfitting”
phenomenon, the resultant estimates do not always predict future data sufficiently well. To cope
with this problem, we require an estimator that gives a good fit to future data. We call such
an estimator a “predictive estimator” (e.g., page 35 in [1]). The exact solution of the predictive
estimator for the variance of the normal distribution is already known. This is called the “third
variance” ([2], section 5.5 in [3]). The exact solution of the predictive estimator for the parameter of
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the exponential distribution has also been derived [4], although another predictive estimator for the
exponential distribution may be available. In addition, the characteristics of predictive estimators
for the binomial distribution and the geometric distribution have been examined [5, 6]. We expect
that further research on the analytical characteristics of predictive estimators will be conducted
from various perspectives.

However, if the analytical features of a predictive estimator are largely unexplored, an approximate
predictive estimator given by numerical simulations can be a practical alternative to the maximum
likelihood estimator. Such numerically derived predictive estimators are useful for analytical studies.
As predictive estimators for estimating the variance of the normal distribution and the parameter
of the exponential distribution are described as functions of the maximum likelihood estimators,
we assume here that the predictive estimator is a function of the maximum likelihood estimator.
We then consider diverse functions as predictive estimators to calculate the expected log-likelihood.
The results of this calculation using R version 2.15.3 allow us to choose an estimator that realizes
better predictions than the maximum likelihood estimator when the parameters are located within
a specific range. Using this method, we construct the predictive estimator for the parameter of the
geometric distribution. Moreover, simple numerical simulations using R language to compare the
predictive estimator with the maximum likelihood estimator indicate that the predictive estimator
obtained here is of great practical use.

2 Construction of a predictive estimator using a numerical
method

We assume that the number of parameters is one (6). The true value of 6 is termed §. The
probability density function is represented as f(z|0), and the random variable obeying this probability
density function is called X. The realizations of X, that is, {x1,22,...,2»}, are assumed to be
available. In this setting, the likelihood function can be written as

LO{x1, 22, ..., a0}) = Hf(xi|9). (2.1)

The log-likelihood function is therefore described as

1(0{z1,22,...,2n}) = log(L(0){z1,z2,...,2n})) Zlog (z:]0)).- (2.2)

The value of 6 that maximizes [(0|{z1,z2,...,x,}) is represented as 6. This § is the maximum
likelihood estimator.

The estimator 0 fits well with the data at hand ({1, T2, ... ,Zn}). However, an estimator that

fits well with future data may be slightly different from 6. Hence, we assume that the maximum
likelihood estimator in the light of future data (i.e., the predictive estimator, denoted as 6%) is
represented as

0" = gr(0) (k=1,2,...,G). (2.3)

Then, we consider G functions of gx(-) to obtain a predictive estimator. When we assume that the
future data are {x},z3,..., 25}, the log-likelihood of #T in the light of future data is written as

1O {at, 25, . .. a0} —Zlog f(xr|o™)). (2.4)

Dividing both sides of the above equation by m and letting m — oo, we have

lim il(@ﬂ{xi,x;,...,xm}_ lim —Zlog f(zr|6)) = El[f(:c|9+)} (2.5)

m—oo M m—oo M
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E.[f(x|60")] is the average of f(z|6") when z is sampled an infinite number of times. That is, this
function gives the expectation of f(x|6"). The expectation in the sense of Eq. (2.5) is used to derive
AIC (Akaike Information Criterion). For example, E¢(x,) on page 55 in [1] is the expectation in
this sense.

When the maximum estimator is adopted, Eq. (2.5) is replaced by

lim iZ(é\{xi,x;,...,m;}: lim %Zlog(f(mﬂé)):Em[f(x|é)] (2.6)

m—oo M m—r o0

Hence, when a specific value is set as 0 and
Eo[f(«0)] > Ez[f(210)], (2.7)

we conclude that the predictive estimator (1) is better than the maximum likelihood estimator
(é) in terms of prediction on the assumption that the parameter of the population is 6.

However, in practice, the parameter of the population is unknown. Even so, we often have some
knowledge, such as “g is between Omin and Omaz,” from an experiment or survey. Therefore, when
we know that 6 is between Omin and Omas, 07 is a better estimator than 0 in terms of prediction if
Eq. (2.7) holds on the assumption that 0 is located between Omin and Omaz.

Hence, various functions gx(-) (1 < k < @) are used to calculate Eqs. (2.5) and (2.6) with 6
between Opmin and Omaz. One or more gi(-) that satisfy Eq. (2.7) are then selected. If no functions
satisfy Eq. (2.7), other functions are used for gi (). If more than one g (-) are selected, the values of
B, [f(y|6+)] are calculated using equispaced values between 6,,,i,, and 0,mqez as é, and the resultant
values are averaged. This calculation is carried out with the selected gi(-). These averages are then
compared with the average of E, [f(y|é)} with the same setting. The function gx(-) that maximizes
the difference between the average given by a predictive estimator and that given by the maximum
likelihood estimator is regarded as the optimal gx(-).

3 Construction of a predictive estimator for the geometric
distribution

A predictive estimator for the geometric distribution is now constructed using the method described
in the previous section. The probability density function of the geometric distribution is written as

f&) =p(1—p)t, £€=1,2,3,.... (3.1)

The expectation of Eq. (3.1) is represented as

RIGE

=1

(3.2)

Dl =

The random variable obeying f(£) is denoted by X. The realizations (data) of this random variable
are named {z;} (1 <4 <n). The log-likelihood (I(p|{zi})) of this data is described as

n

I(pl{x:}) = nlog(p) + log(1 —p) > (i — 1). (3.3)

i=1

To derive the value of p that maximizes the above function, we differentiate Eq. (3.3) with respect
to p and set it equal to 0. Then, we have
n Y (wi—1)

- == =0. 3.4
» 1) (3-4)



British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

Hence, the following maximum likelihood estimator is obtained:
. n
P=<n .
Do T

This p is the maximum likelihood estimator in the light of the data at hand ({z;}, 1 <i < mn).
Next, we assume that the predictive estimator p* is a function of the maximum likelihood
estimator p. Thus, Eq. (2.3) becomes

(3.5)

pT = gr(p) (k=1,2,...,G). (3.6)

When we represent future data as {z},23,...,25}, the log-likelihood of p* in the light of these
data is written in a similar form to Eq. (3.3):

*

W =i} + (N T
WD tog(p*) + tog(1 —p )(; o). (3.7)
The p" that maximizes this value (denoted as p*) is represented as
. m
. (3.8)

Ty
When we use infinite number of future data to examine the validity of an estimate, the evaluation is
more reliable than that given by finite number of future data. Then, we assume that m is infinite.
In this setting, when p* is denoted as p%,, Eq. (3.2) shows that the following holds:
= lim —m— =p. :
P = Jim s =P (3.9)

That is, the maximum likelihood estimator using infinite future data is the true parameter of the
population, p. Thus, the log-likelihood in the light of an infinite number of future data is written

as . n
lim L @)

m— oo m

=log(p") + log(1 — p+)(% - 1). (3.10)

I*(pt
Next, we consider the average of lim L
m—o0 m

Equivalently, we consider the expectation of {*(p™). However, the sampling must be conducted
again if all of the data {z;} are equal to 1. The expectation is written as

given by sampling = an infinite number of times.

m— 00 m

E, { lim m] - B, |:log(p+) + log(1 —p+)(% - 1)] (3.11)

When X; obeys the geometric distribution, ZX,' obeys the negative binomial distribution (e.g.,
i=1

87 page in [7]). Hence, Eq. (3.11) is transformed into

i (10g(p+) + (% - 1)10g(1 —p+))j—10n—113"(1 -py "

* + —
Bl im )] === N (3.12)
m—» 00 m - \j—n
> 1Cai" (1)
j=n+1
j —1)!
j—1Cpn—1 is defined as ;_1Cy_1 = ,(]—)(“!” represents a factorial. ). The summation in
(G —n)l(n—1)!
the numerator of the right-hand side of Eq. (3.12) is Z instead of Z Moreover, the right-hand
j=n-+1 j=n
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side is normalized with respect to Z jflCnflﬁ"(l — ﬁ)j_”. These modifications account for the
j=n+1
resampling when all {z;} are equal to 1. When p™ in Eq. (3.12) is replaced by p, we have

(oo}

> (1080 + (5 = 1)108(1 = ) )saCocri”(1 = 5"

E[ lim (p)] = It - (3.13)
m— 00 m o
> i1Cuap (1= py
Jj=n-+1
We represent the difference between the value of Eq. (3.12) and that of Eq. (3.13) as A:
* -+ * [ A
A=p | im L0 —EQ{ lim l(p)} (3.14)
m— oo m m—oo M

If a specific value is given as § and A is positive, p™ (= gx(p)) is a predictive estimator that
outperforms the maximum likelihood estimator. However, in practice, the exact value of p is
unknown. Instead, we often have information such as “p is between pmin and pmaz.” Therefore,
pT is a better estimator than p in terms of prediction if A is always positive (i.e., Eq. (2.7) holds)

on the assumption that 0 is between Omin and Omag.
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Figure 1: The value of A for various values of a1 for each value of p. pt = (ag+a1p)®?

is adopted. a; = 0.7 (top-left), a; = 0.8 (top-right), a; = 0.9 (bottom-left), a; =1
(bottom-right). The contour is drawn in the region of positive A. The contour is
not drawn in the region of negative and incomputable A.
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Figure 2: The value of A for various values of a; for each value of p. p™ = ag + a1p
is adopted. a; = 0.7 (top-left), a; = 0.8 (top-right), a; = 0.9 (bottom-left), a; =1
(bottom-right). The contour is drawn in the region of positive A. The contour is
not drawn in the region of negative and incomputable A.
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Figure 3: The value of A for various values of a1 for each value of p. p* = (ag+aip)'*
is adopted. a; = 0.7 (top-left), a; = 0.8 (top-right), a; = 0.9 (bottom-left), a3 = 1
(bottom-right). The contour is drawn in the region of positive A. The contour is
not drawn in the region of negative and incomputable A.
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Numerical simulations were conducted by setting the number of data n to 20 and using the
three equations below as gi(p).

g1(plac, a1) = (a0 + a1p)*?, (3.15)
92(plao, a1) = ao + a1p, (3.16)
gs(plao, a1) = (ao + arp)"*. (3.17)

The forms of the equations above are not based on deep insight into predictive estimators. They are
mere attempts to derive a predictive estimator by simple algorithm. However, if such rudimentary
derivation of a predictive estimator is successful, it implies that numerical methods are promising
tools to obtain more useful estimators than the maximum likelihood estimator.

We assumed that ap = 0.0,0.01,0.02,0.03,...,0.19 and a1 = 0.7,0.8,0.9,1.0. That is, 228
(3 x 19 x 4) functions were used to construct predictive estimators by transforming p, and the
values of Egs. (3.12) and (3.13) were calculated to obtain A. Furthermore, because we set p =
0.05,0.1,0.15,...,0.95, A was computed for a total of 4,332 (3 x 19 x 4 x 19) settings. When
the value of A was negative, we set A = 0. When A could not be computed because the
argument of the logarithm was 0 or negative, we again set A = 0. Figures 1, 2, and 3 show
the results for ¢i(p|ao,a1), g2(Plao,a1), and gs(p|ao,a1), respectively. The four graphs in each
figure correspond to the settings of a1 = 0.7,0.8,0.9,1.0. In each graph, the values of A are drawn
for ap = 0.0,0.01,0.02,0.03,...,0.19 and p = 0.05,0.1,0.15,...,0.95.
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Figure 4: Estimation of p when we have information: “p is between 0.4 and 0.7.”
(Top-left) The distribution of the predictive estimator and (bottom-left) maximum
likelihood estimator when p = 0.4. (Top-right) The distribution of the predictive
estimator and (bottom-right) maximum likelihood estimator when p = 0.5.

We assumed that we have information: “p is between 0.4 and 0.7.” We also assumed that
p = 0.4 was the real parameter in the population. Then, using Figs. 1, 2, and 3, we selected the
equations that ensured A (Eq. (3.15)) was positive when p took values of {0.4,0.45,0.5,...,0.7}.
Among the selected equations, we adopted the optimal equation that maximized the average value
of A given by setting p to {0.4,0.45,0.5,...,0.7}. This procedure found that the following equation
was the optimal predictive estimator.

g1 (Plao, a1) = (0.06 + 0.8p)"°. (3.18)

Next, 5,000 datasets (each consisting of 20 data) were generated according to the geometric
distribution with p = 0.4. Figure 4 (top-left and bottom-left) compares the distributions of the
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estimates given by Eq. (3.5) and the estimates given by Eq. (3.18). The mean of the predictive
estimator is 0.426764, and its unbiased variance is 3.237333 x 1073, In contrast, the mean of the
maximum likelihood estimator is 0.4108221, and its unbiased variance is 5.200498 x 10~2. That is,
the maximum likelihood estimator is closer to an unbiased estimator. The variance of the predictive
estimator, however, is smaller. Hence, to determine the preferred estimator, we must examine the
goodness of fit to future data (i.e., expected log-likelihood).

Thus, we derived the values of the expected log-likelihood using the following two equations
based on Eq. (3.7).

l(p}'l%f}) = log(pj') + log(1 — P;)(i % - 1)' (3.19)
MB D) — togp,) + toa(t — ) (3 25 —1). (3.20)

i=1
where pj+ is the estimate obtained using the j-th simulation datum and the predictive estimator, and
p; is the estimate obtained using the j-th simulation datum and the maximum likelihood estimator.

p; {=i})

l 5. *
We then calculated ( and w using the 5,000 sets of simulation data
m m

pt|{z; hil{a
M}andthe5,000valuesof{w}.
m

with m = 500, and averaged the 5, 000 values of {
m

I(pt xr b *
Accordingly, the average of {W} was found to be —1.702428, and that of {W
was found to be = —1.709975. Hence, the predictive estimator is better in terms of the expected

log-likelihood.

However, it is difficult to gain an intuitive feel for how the discrepancy in the expected log-
likelihood is associated with any practical advantages. Thus, we compared the maximum likelihood
estimator and the predictive estimator by calculating the sum of the squared differences between the
true value and the predictive estimator, because this squared difference is a more intuitive metric.
The sum of squared differences between the predictive estimator and the true value is defined as

5,000

_ (r; —9)°, (3.21)

1
5,000

d(p™) =

and that between the maximum likelihood estimator and the true value is defined as

| 5,000
N L2
4(P) = 5550 ;(p] p)°. (3.22)

Using these expressions, we obtain values of d(p™) = 3.952998 x 10™% and d(p) = 5.316575 x 107>.
Therefore, we can conclude that the difference between the predictive estimator and the maximum
likelihood estimator is not negligible.

Next, 5,000 datasets (each consisting of 20 data) were generated with p = 0.5. Using these data,
a simulation was conducted under the same conditions as the previous simulation. The results are
shown in Fig. 4 (top-right and bottom-right). The mean of the predictive estimator is 0.5055996, and
its unbiased variance is 3.974303 x 10~2. In contrast, the mean of the maximum likelihood estimator
is 0.5114333, and its unbiased variance is 6.619982 x 10~3. That is, the predictive estimator is not
only closer to the unbiased estimator, but its variance is also smaller. Therefore, the superiority
of the predictive estimator is intuitively clear. In fact, a comparison of the expected log-likelihood

l + x;k B - *
shows that the average of {M} is —1.402638, whereas that of {w} is —1.414519.

m m
Calculating the sums of the squared errors between the true value and the two estimators, we obtain
d(p™) = 4.004863 x 10~% and d(p) = 6.749378 x 10~3. These results are as expected.
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Figure 5: It is assumed that we have information: “p is between 0.1 and
0.6.”  71uke(pt,p) (left) and repror(p™,p) (right) are shown for p equal to
{0.1,0.11,0.12,...,0.6}.

Next, we assumed that we have information: “p is between 0.1 and 0.6.” We set p =
0.1,0.11,0.12,...,0.6, and examined whether the predictive estimator performed better than the
maximum likelihood estimator in terms of the expected log-likelihood. We obtained the following
predictive estimator:

g2(plao,a1) = 0.01 + 0.9p. (3.23)

To compare the expected log-likelihood of the predictive estimator and that of the maximum
likelihood estimator, we calculated

e Ul
P = i @iy (3.24)

The following expression was also derived to compare the sum of the squared errors between the true
value and the predictive estimator and that between the true value and the maximum likelihood
estimator:

d(p™)

d(p)
The results of Eqgs. (3.24) and (3.25) are illustrated in Fig. 5. This figure shows that when the true
value of p is around 0.2, Terror(p1, ) is less than 0.8. In practical situations such as estimation of
missile failure probability, this improvement indicates that the number of experiment to achieve a
reliable p is reduced to approximately 0.89 (= 1/0.8) times. It will generate substantial economic
efficiency gain. Therefore, this technique is not just a mathematical curiosity but have important
consequences for the real economy.

The same simulation with the information “the range of p is between 0.4 and 0.9” was carried
out. We set p =0.4,0.41,0.42,...,0.9. Then, we have Fig.6. The predictive estimator is

mke(P

Terror (p+,15) = (3-25)

g2(plao, ar) = 0.06 + 0.9p. (3.26)

Because we defined the predictive estimator as that which is better than the maximum likelihood
estimator in terms of the expected log-likelihood, the predictive estimator is inferior to the maximum
likelihood estimator in terms of the sum of squared errors based on the true value when p is close
to 0.9.
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0.8  muke(pt,p) (left) and repror(p™,p) (right) are shown for p equal to
{0.6,0.61,0.62, ...,0.8).

Next, we assumed that we have information: “p is between 0.2 and 0.4,” and set p = 0.2,0.21,
0.22,...,0.4. The results are shown in Fig. 7. We also obtained the predictive estimator

g2 (ﬁ|ao, a1) = 0.08 + 07]5 (327)

Furthermore, we assumed that we have information: “p is between 0.6 and 0.8,” and set p =
0.6,0.61,0.62,...,0.8. The results are shown in Fig. 8. Finally, we obtained the predictive estimator

g1 (Plao, a1) = (0.09 + 0.8p)°7. (3.28)

When the possible range of p is narrow, the distance to the true value tends to be shorter. If
we know that the possible range of p is narrow, then we have more information on the true value.
Hence, the above results are intuitive.

4 Conclusions

The main estimators treated in conventional statistics are the maximum estimator and the unbiased
estimator. The reason for the emphasis on these two estimators is not only their practical utility, but
also their mathematical tractability, because they allow a comparatively easy analytical treatment.
However, when we consider more diverse estimators, more reliable estimations are realized by
extracting the maximum information from the available data. In fact, quite a few studies focus
on better estimators than the maximum likelihood estimator (e.g., [8], page 414 in [9], [10], page
332 in [11], page 431 in [12], and [13]).

To show one more example of this attempt, we derived the predictive estimator for the geometric
distribution, which aims to increase the value of the expected log-likelihood. This was motivated
by the goal of obtaining an estimator that provides a good fit to future data, rather than available
data. Fortunately, this policy yields a predictive estimator with high predictability. This finding
will hopefully advance the construction and use of predictive estimators, and encourage further
studies on the analytical treatment of predictive estimators. For this purpose, parametric equations
such as Egs. (3.15), (3.16), and (3.17) should not be the only forms of predictive estimators.
Functions with many parameters should be considered, as these are often used in nonparametric
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regression. Moreover, the form of predictive estimators should not be limited to that of Eq. (2.3),
which expresses the transformation of the maximum likelihood estimator. Functions that treat the
available data directly should also be considered.

Construction of the predictive estimator for the geometric distribution is also of practical value.
For example, estimation of the parameter of the geometric distribution plays a critical role in
evaluation of system failure rate. We obtain more useful estimates of the parameter of the geometric
distribution using the predictive estimator because the predictive estimator developed here provides
a better fit to future data than the maximum likelihood estimator in many circumstances; we are
typically more interested in the system in the future than that in the past. However, the parameter
estimation of the geometric distribution uses truncated data in most of practical situations because
of limited observation time. Hence, we should develop the idea of the predictive estimator toward
more flexible ones to treat diverse problems. The simplicity of the algorithm suggested here implies
that it is not very difficult to extend this method for more general use.

The construction of predictive estimators by means of analytical or numerical methods has
gathered momentum, and so we should consider purpose-oriented estimators instead of limiting our
scope to the maximum likelihood estimator and the unbiased estimator. As the predictive estimator
is based on the derivation of estimates that fit well with future data, it directly pursues the goal
of prediction, unlike the maximum likelihood estimator and the unbiased estimator. Therefore, the
predictive estimator is expected to give better results than conventional methods in most practical
situations. However, even if our purpose is prediction, we sometimes hope that estimators should
be close to unbiased, with some slight variance. That is, the average error of many predictions
should be close to 0 in some situations if the estimator largely enhances the reliability of prediction.
From another perspective, it is crucial that the absolute value of the error should not depart from
a specific range, so a suitable estimator for this purpose is needed. Furthermore, another estimator
is required for situations in which a certain decision is made on the grounds of predicted results
and the probability of making a wrong decision must be small.

There are infinite possibilities for the form and method of creating an estimator. We should
select an appropriate form and method to construct an estimator. Then, we should create an
estimator that suits our goal using both analytical and numerical methods. This procedure allows
us to extract information efficiently from data in a certain direction; this is essential to make the
best use of opportunities and resources. We are quietly confident that our future studies will develop
reliable estimators that deal flexibly with diverse needs.
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