A Comparative Study for Solving Nonlinear Fractiond
Heat -Like Equations via Elzaki Transform

Abstract:

In this paper, the Homotopy Perturbation ElzakinBfarm Method (HPETM) and Homotopy
Decomposition Method (HDM) are used to solve nadinfractional Heat - Likeequations.
Both methods are very efficient techniques andtegcapable, practicallyor solving different
kinds of linear and nonlinear fractional differehtequations .The results reveal that the (HDM)
has an advantage over the (HPETM) which is thedlites the nonlinear problems using only the
inverse operator which is basically the fractiomaégral. Additionally there is no need to use
any other inverse transform to find the componeitshe series solutions as in the case of
HPETM. As a consequence the calculations involvedHDM are very simple and easy
execution
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l. Introduction :

Fractional calculus [1-3] is a generalization dffedentiation and integration to non-integer
orders. Many problems in physics and engineering @odulated in terms of fractional
differential and integral equations, such as acosist diffusion, signal processing,
electrochemistry, and many other physical phenomeoang the past few decades, a great deal
of interest appears in fractional differential efipras. The solutions of fractional equations [4-
15] are investigated by many authors using powerhdthods in obtaining exact and
approximate solutions, Among these numerical methalde Variational Iteration Method (
VIM) [Biazar and Ghazvini (2007)], Adomian Decomposition Method (ADM)Hashim,
Noorani, Ahmed. Bakar. Ismail and Zakaria, (2006)p-17] ,and the Differential Transform
Method( ADM) are the most popular ones that areduse solve differential and integral
equations of integer and fractional order.

The Homotopy perturbation method (HPM) is proposgdie in 1999 [18-22]. This method is a
coupling of traditional perturbation method and lmbopy in topology.. In recent years
Homotopy perturbation method has been extensiveigoduced by numerous authors, and
implemented to obtain exact and approximate armallysolutions to a wide range of both linear
and nonlinear problems in science and engineerihng FHomotopy decomposition method
(HDM) was recently proposed by [23-24] to solve t@undwater flow equation and the
modified fractional KDV equation [26] . The Homotodecomposition method [25] is actually
the combination of perturbation method and Adonid@composition MethodRecently Tarig

M. Elzaki and Sailh M. Elzaki in [27-32], showedzBki transform, was applied to partial
differential equations, ordinary differential eqoat, system of ordinary and partial differential
equations and integral equations.

In this paper, the main objective is to introduceoeparative study of nonlinear fractional Heat
-Like equations by using the Homotopy Perturbation ElZa&nsform Method (HPETM) which
is the coupling of the Elzaki transform and the HB$ihg He’s polynomials. And the Homotopy
Decomposition Method (HDM) .

2. Fundamental facts ofElzaki Transform:



A new transform called the Elzaki transfodefined for function of exponential order we

consider functions in the sat defined by:
Itl

A= {f(t):3IM,k;,k, >0,[f(t)] < Me" ,ift € (=1)) x [0, ) (1)
For a given function in the set , the constdnnust be finite numbeét,, k, may be finite or
infinite. The Elzaki transform which is defined the integral equation

E[f0] =Tw) = v ["f()ev dt >0,k <v<k, )
ELF@®),v] =T@) = v [} f©evdt , v e (kg ky)

The following results can be obtained from the migbn and simple calculations

1) E[t"] = n! v™*?
T(v)

E[f ()] = vf (0)
3) E[f"(t)] = ””—f@)vfm)
) E[f™ )] = T2 - gpzt vz 0).

3.Fundamental Facts of the Fractional Calculus :

Definition 1 : A real function {x),x > 0, is said to be in the spaCg , 1 € R if there exists a
real numbep > p, such thaf (x) = xPh(x) , wheréi(x) € [0,0) and it is saidto be in space
crif f(™ec,,meN.

Definition 2 : The Riemann-Liouville fractional integral opeyabf ordera > 0, of a function
f € Cp, u = —1, is defined as

J5f () = 7 [y (e = DL f(BdE @ > 0,x > 0(3)

Jef(x) = f(x)

Let's consider a some of properties for operato/* (e.g.,[1-3]):

If f€Cn u=-1,a,8=0andy>—1then]*Ff(x) =J*"*Ff(x),J*Ff(x) = JF]f (%)
avy — T+ a4y

] - I'(a+y+1)

Lemmal :

fm—-—1<a<m,meNandf € Cp,,u=—-1 thenD%J%f(x) = f(x) and,
JEDg f (x) = f(x) — Xk f(k)(O)— x>0 (4)

Definition 3: (Partial Derivatives of Fractional order)

Assume now thaf (x) is a function oh variablesy; ,i = 1, ..., nalso of clas€ on D € R,,. As
an extension of definition 3 we define partial dative of orderr for f(x) respect tox;



1 Xi —a—
g f = s Jy e =Mt o f(xj)|xj=tdt (5)
If it exists, wheredy is the usual partial derivative of integer order

Theorem 1:

If T(v) is Elzaki transform of (t) , one can take into consideration the Elzaki fiamns of the
Riemann-Liouville derivative as follow :

T[D*f(t)] = v *[T(v) — Tp_, v¥ K2 [DkF(0)]] ;-1<n—-1<a<n (6)
Proof: Let us take Laplace transformationfdft) = % f(
LIDYf ()] = S¥T(s) — Xk=p s“[D**7£(0)]
= 5°T(s) - Z SKUDAKF(0)] = 59T (s) - Z sk=2[D%KF(0)]

k=1
—z L= DT (0)] = 59T (s) — ERoo mmiame [P £ (0)]

= ST (5) = Zies 5% oo [D“FF(0)]

LD F O] =5 [1) - Ties () DHF ()]

=s%T(s) —

Therefore , when we substituﬁe fors , we get the Elzaki transformation of fractionader of
f(t) as follows:

E[D*f(0)] = v™¥[T(v) — Lioa v* 2D X £ (0)]] (7)
Definition 4:

The Elzaki transform of the Caputo fractional dative by using Theorem 1 is defined as
follows :

E[DEf()] = v eE[f(t)] = T tv* k2K (0) ym-1<a<m (8)

4 Basic ldea:
4.1. Basic Idea of HPETM:

To illustrate the basic idea of this method, we sider a general form of nonlinear non
homogeneous partial differential equation as ttiew

Dfux,t) = L(u(x, ) + N(ul(x, ) + f(x,t) , a>0 (9)
with the following initial conditions
Dku(x,0) = gp,k=0,..,n—1, DMu(x,0) =0 andn = [a] (10)

where Df denotes without loss of generality ti@aputo fractional derivative@perator,f is a
known function,N is the general nonlinear fractional differentiglerator and. represents a
linear fractional differential operator.



Taking Elzaki transform on both sides of equaf@y to get:

E[D&u(x,0)] = E[L(u(x,t))] + E[N(u(x, )] + E[f(x, D] (11)
Using the differentiation property of Elzaki trémsn and above initial conditions, we have:
Elu(x,t)] = v*E[L(u(x,t))] + v*E[N(u(x,t))] + g(x, t) (12)
Operating with the Elzaki inverse on both sidesauiation (12) gives:
ulx, t) = G(x,t) + E71 [U“E[L(u(x, t))] + v*E[N(u(x, t))]] (13)

where G(x,t) represents the term arising from the known fumctfx,t) and the initial
condition.
Now, we apply the homotopy perturbation method

u(x, t) = En=op"un(x,t). (14)
And the nonlinear term can be decomposed as:
Nu(x,t) = Yp=0p"Hn(w) (15)
where H, (u)are He's polynomial and given by:
H, (ug, Uy, Uy - Up) = ;a?[ 2, ptu;(x, t))]p=o ,n=012,.. (16)

Substituting equations. (15) and (14) in equati) (ve get:
im0 P"un(x,0) = G5, 0) +p [EL[VAE[L (T P n (x, )] + VBN (Er=0P un e D] (17)
which is the coupling of the Elzaki transform @hd homotopy perturbation method using He’s
polynomials. and after Comparing the coefficientiké powers ofp, we obtain the following
approximations:
p° :uy(x,t) = G(x,t),

p'iui(xt) = ETMw E[L(uo(x, ) + Ho(W]],

p? :uy(x,t) = ETHv*E[L(uy(x, ) + H; (W)]],

p? 1 uz(x,t) = ET vAE[L(up(x, ) + H,(W]],

" un(x; t) = E_l[vaE[L(un—l(x; t)) + Hn—l(u)]]: (18)

Hence, the solution can be expressed in the form
u(x, t) = lim,; up(x, t) = up(x, t)+u,(x,t) + ux(x,t) + -+ (19)
By virtue of (18) the solution (19) is convergesy rapidly.

4.2. Basic Idea of HDM :

The method consists of first step to transform ftlaetional partial differential equation to the
fractional partial integral equation which applyitige inverse operatcDf to the both sides of
equation (9), finally, solution u(x,t) can beittén in the form :

u(x,t) = Y7 r(a:q;+1) t/ + r(la) fot(t — ) L(ulx, 1) + N(ulx, 1) + f(x,7)]dr  (20)

Other side using the following
n-1_fi®)
=1 Ta—jan) ¢

teJ = f(x, )ory’= = f(x,1t)

j= 1r( ]+1)
we have



u(x,t) =T(x,t) + ﬁf (t —1)% 1[L(u(x T)) + N(u(x T)) + f(x, T)]d’[ (21)

In the method of homotopy decomposition methoe fthsic assumption is that the solutions
can be written as a power seriepin

u(x,t,p) = Xp=op™un(x,t) (22)

u(x, t) = limy_,; u(x, t,p) (23)
and the nonlinear term can be decomposed as

Nu(x,t) = Xn=op™Hy(w) (24)

wherep € (0,1] is an embedding parameter . and the He’s polyrierthat can be generated by

Hn(uor ulr uz un) —_ ;5[ (Zl Oplul(x, t))]p=0 ,n = 0,1,2, e (25)

The homotopy decomposition method is obtained bygtiaceful coupling of homotopy
technique with Abel integral and can be written as

Y=o p™Mu, (x, t) = T(x,t) = F(p)f (t =D, 1) + L n=0 " ur(x, 7)) + NOn=0 P un(x,7))]dt (26)

Comparing the terms of same powers of gives salatad various orders with the first term:
uy(x, t) = T(x,t) (27)
we include that the term is the Taylor seriethefexact solution of equation (9) of orade+ 1.

5.Applications :
In this section we solve some nonlinear partidedé@ntial equation with both methods.
Example 5.1: Let’s consider the following one dimensional fracl heat- like equation :

Dt“u(x,t)=%x2uxx(x,t),0<x<1,0<a£1,t>0 (28)
With the boundary conditions;

u(0,t) =0, u(1,t) =et
and initial condition;
u(x,0) = x?

5.1. Application method of Homotopy Perturbation Ekaki Transform:
Apply the steps involved in HPETM as presentecection 4.1 to equation (28) we obtain the
following:

B ) ~ ~ 2. 2.
ptru(x,t) =E71 [v"‘E [—xzuo(x; t)xx]] = E7 v E[x?]] = E7' [x*v**?] = xT = Fj(caﬂ) :

(1 x ta _ _1 (v2a+2)x2 _ xtha
E [F(a+1)]] E [ T(a+1) ] T Ta+1)’

2:u,(x,t) =E~ [ “E[ x%uq (x, t)xx ] E~1

Proceeding in a similavay, we have:

3 1| ap[L.2 x2t3¢
P? i us (1) = E7 v E [2x%up (0 O | = 2
2:na
pn : un(x: t) =E! [UaE Exzun(x; t)xx” = % )

Therefore the solutiou(x, t) can be written in the form:



tZa t3a tna
ulx, ) = x* (1 + r(a+1) + r2a+1) + rGa+1) ot I(na+1) + )
This is an equivalent form to the exact solutioclosed form:

u(x, t) = x2E,(t%) (30)

where E,(t%) is the Mittag-Leffler function
5.2. Application the method of Homotopy Perturbatiomn Adomain decomposition:
Applying the steps involved in HDM as presentedeantion 4.2 to equation (28) we obtain the
following

Srmop"n(6,8) = % = 2L 1t = 1) 62 (Lo P un (5, D) 1T (31)

Comparing the terms of the same powers wfe obtain:

(29)

w0 =i L 3 = DT (g b, D)1 = ;{Zi‘; ,
u, (%, t) = F( )f (t = D) Ha? (uy (x, Dyp)]dT = F(Zaﬂ)
u3(08) = = [ (¢ = D e (r, D) ldr = 5
(6, 8) = 2 (6 = 1) 2 sy D )T = i
Hence, The asymptotic solutlon can expressed by
u(xt) = x* (1 + r(a+1) + r(ztzl) F(iil) et F(Ttlzl) ) (32)

lim u, (x, t, @) = x?et
a—1

This is the exact solution of equation (28) wken .
Example 5.2: Let’s Consider the following tow dimensional friactal heat like equation :

Diu =ty tuyy, 0<x, y<2m, 0<a<2,t>0 (33)
with the initial conditions

u(x,y,0) = sinxsiny

5.3. Application method of Homotopy Perturbation Ekaki Transform:
Applying the steps involved in HPETM as presenteddction 4.1 to equation (33) we obtain the
following:

~ —2sinxsiny t%

Druy(x,y,t) =E71 [VaE [qux + uoyy” 7 Ty

4sinxsiny t2¢
Ir2a+1)

Ziuy(x,y,t) =ET [U“E [ulxx + ulyy” =

Proceeding in a similavay, we have:

—8sinxsiny t3%

3. —
Fus(x,y,t) = r3a+1) '
(-2)"sinxsiny t™*
un(x y.t) = I'(na+1) !

Therefore the solutlou(x, t) can be written in the form:



a aN2 a3 a\n
u(x,y,t):sinxsiny(l— @t7) + @) _ @t +...+&+...) (34)

I'le+1) T'(2a+1) TBa+l) I'(na+1)
For the special case when= 1, we can get the solution in a closed form
u(x,y,t) = e ?'sinxsiny (35)

5.4. Application the method of Homotopy Perturbatiomn Adomain decomposition:
Applying the steps involved in HDM as presentedaation 4.2 to equation (33) we obtain the
following

Siicop"n (6,3, 6) = 22 Lt~ )% [(Seop a3, 0, + Timop o0, Y] dr (36)

__ (=2sinxsiny )t*

1 t —
u (67, 8) = ms [ (6 = D)7 (o, + Uoy )T = =,
t

1
(@)

(4sin x sin y )t%¢
T2a+1)

u,(x,y,t) = f(t - T)“‘l(ulxx + u1yy)dT =
0

U6, 0) = = [ =D (YT = DI

I'(a) I'(na+1)
Therefore the solutiou(x, t) can be written in the form:
. . i) (2t%)? _ (2t%)3 2tH"
uCxy,t) = smxsmy(l [(a+1) + r2a+1) TI'Ba+1) et I'(na+1) + ) (37)
For the special case when= 1, we can get the solution in a closed form
u(x,y,t) = e 2t sinxsiny (38)

This is the exact solution for this case
Example 5.3: Let’s Consider the following three dimensional franal heat-like equation :
Dfu(x,y,z,t) = x*y*z* + %(xzuxx +y2uy, +z%u,,),0<x,y,z<1,0<a <1 (39)
With the initial condition;

u(x,y,z,t) =0
5.3. Application method of Homotopy Perturbation Ekaki Transform:

Applying the steps involved in HPETM as presenteddction 4.1 to equation (39) we obtain the
following:

1. Rt a i 2 2 2 — M
ptru(x,y,zt) =E [v E [36 (x Uy, T Y Uy, T2 uozz)” T T+
1 x4y4—Z4—t20_’
2. -1 2 2 2 — _
p°: uz(x, YV, Z t)=E [U“E I:% (X Uy +y ulyy +z ulzZ)” - I'Ca+1)

Proceeding in a similavay, we have:

4.4, 4,30
3 xtytzit
t UL (X Z,t) = ——
p 3( 'Y 2, ) r@a+1) '’
4,4, 4.n0Q
n xtytzit
UL X Z,t) = —
p n( 24 ') Ir(na+1) '’

Therefore the solutiou(x, t) can be written in the form:



_ 4.4 4 ta tza t3a . tna .
u(x, t) = x*y*z (1 + el + TZaiD + TGarD + -+ et D + ) (40)

5.4. Application the method of Homotopy Perturbatiomn Adomain decomposition:
Applying the steps involved in HDM as presenteddation 4.2 to equation (39) we obtain the
following

0 t —
ZTLZO pnun(x: Y,z t) = %fo (t - T)a 1

[xtytzt (i (x? Zicop™un (6,3, 2,0, +y2 Tico P"un (6,3, 2,8) | + 22 Timo P"un (1,7, 2, t)Zz))] dr (41)

1 t _ 444ta
i do t = DT (xty 2 dr = T

u (%, 6) = C(a+1)

1 ot a=1 [yt Ay L (.2 2 2 Glytzhene
w0, (67,2,0) = 2= it = 1) | cty#2%) o2 (xPunon g + ¥2tnoay, + 22U, )| dT = S

Therefore , the approximate solution of equatiarttie firstN can be expressed by:
N

( t) B (x4y4z4)tna

0250 = £, Ta+ 1)

whenN — « the solution can be expressed by
i (xtytzhyene

— T(ha+1) — (x*y*z) = (y*zM)[E. (t7) - 1]

u,(x,y,z,t) =
whereE, (t%) is the generalized Mittag-Leffler function .
Note that in the case =1

u(x,y,z,t) = (xyz)*[et — 1] (42)

This is the exact solution for casea = 1 .
6. Conclusion :
In this paper, the Homotopy Perturbation ElzakinBfarm Method (HPETM) and Homotopy
Decomposition Method (HDM) are used to solve nadinfractional Heat - Likequations
.These two methods are very efficient technique$ ajuite capable, practicallyor solving
different kinds of linear and nonlinear fractiomtfferential equations arising in different fields
of science and engineering. However, the HDM haadMantage over the HPETM which is that
it solves the nonlinear problems using only theemse operator which is simple the fractional
integral. Also we do not need to use any ordermswéransform to find the components of the
series solutions as in the case of HPETM. In aoldithe calculations involved in HDM are very
simple and easy execution.
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