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Abstract

A graph labeling is a mapping that carries a set of graph elements onto a set of numbers
called labels(usually the set of integers). In this paper we prove the existence of graph labeling
such as E- cordial, total E- cordial, product E-cordial , total product E-cordial, Prime E- cordial
and Ez- cordial labeling for the extended duplicate graph of Comb graph by presenting
algorithms.
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1. Introduction

Graph labeling is an interesting area of research in graph theory which was introduced by
Rosa [6] in 1967 . It is an assignment of integers to the vertices or edges or both subject to
certain conditions. Yilmaz and Cahit [10] considered a weaker version of edge graceful called
E-cordial and Ex- cordialand establish some interesting theorems for these graphs.
Definition 1.1

If there exists a function f : E — {0,1}for a graph G(V,E) such that the induced function
f* on V defined by f*(vi) = {&f (vivj) | vivjeE}(mod 2) satisfies the property that the number of
edges labeled with ‘0’ and the number of edges labeled with ‘1’ differ by at most one and
number of vertices labeled with ‘0’ and the number of vertices labeled with ‘1° differ by atmost
one is said to admit E-cordial labeling or E- cordial graph. It admits total E-cordial labeling if it
satisfies the property that the number of edges and vertices labeled with ‘0’ and the number of

edges and vertices labeled with ‘1” differ by at most one.
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Definition 1.2
Let G be a graph with vertex set V and edge set E. An edge labeling f: E — Z3 where
Z3={0,1,2} induces a vertex labeling f* : V— Z3 defined by f*(vi) = { 3 f( viv; ) [vivi€E}(mod3)
for all vertex veV .If the number of vertices labeled with 0,1,2 differ by at most one with
each other and the number of edges labeled with 0,1,2 differ by at most 1 with each other, it is
called E3 - cordial labelingor Ez - cordial graph. An Es- cordial labeling is said to be total Es -
cordial labeling of G if the total number of vertices and edges labeled with 0,1,2 are differby at
most one with each other . Such graph G is called total Es- cordial graph.
In [7] Thirusanguet.al.,have introduced the concept of extended duplicate graph.
Definition 1.3
Nuplicate graph of a path graph G(V,E) is DG=(V1,E1) where the vertex set Vi =VUV'
and VnV'=dand f: V—-V' is bijective (for v €V, we write f(v) = v' for convenience) and the edge
set E1 of DG is defined as follows: The edge vivj is in E if and only if both vivj' and vi'vj are edges
in E1. Clearly duplicate graph is disconnected. In order to make it as connected, add an edge
vivi' for any 'i’. This graph is called the Extended Duplicate Graph of a path graph G.
Definition 1.4
A Graph G(V,E) is said to admit product E-cordial labeling if there exists a function
f : E — {01} such that the induced function f* on V defined by
f*(vi) = {I1If (vivj) / vivje E} satisfies the property that the number of edges labeled with ‘0’ and
the number of edges labeled with ‘1’ differ by at most one and the number of vertices labeled
with ‘0’ and the number of vertices labeled with ‘1’ differ by at most one. A graph that admits
product E-cordial labeling is called product E-cordial. It is said to admit total product E-
cordiallabeling if it satisfies the property that the number of edges and vertices labeled with ‘0’
and the number of edges and vertices labeled with ‘1 differ by at most one.
They proved that the extended duplicate graph EDG(Pm) is E- cordial ,total E- cordial,
product E- cordial , total product E-cordial, Ez- cordial and total Es- cordial.
In [1] Bala and Thirusangu establish the concept of Product E- cordial and Prime E- cordial
labelings.
Definition 1.5
A prime E-cordial labeling of a graph G with edge set E is a function
f:E— {1, 2,3, ...,q} such that the induced function f* : V — N defined as f"(vi) is assigned the



label 1, if gcd (f(vivj),f(viv)) = 1 and 0, if gcd (f(vivj),f(vivk)) > 1, then the number of edges
labeled with ‘0’ and ‘1’ differ by at most 1.
It was shown that the extended triplicate graph ETG(Pm) admits Product E- cordial and Prime
E- cordial.
In[8] Singh et.al., proved some results on Comb graph.
Definition 1.6
Let Pm+1 be a path graph. Comb graph is defined asPm+10 (m+1)Ks. It has 2m+2 vertices and
2m+1 edges.
Motivated by the above study in this paper, we prove that the extended duplicate graph of
Comb graph admits E- cordial, total E- cordial, product E-cordial , total product E-cordial,
prime E-cordial , E3- cordial and total Es- cordial labeling by presenting algorithms.
2. Main Result

In this section, we prove the existence of E-cordial, total E- cordial, product E-
cordial and total product E- cordial prime E-cordial, Ez-cordial and total Es - cordial labeling for
the extended duplicate graph of a Comb graph by presenting algorithms.
Definition ( Structure of extended duplicate graph of comb graph).

Let G(V,E) be a comb graph . DG(comb)= (V1,E1) be the duplicate graph of combgraph
with 4m+4 vertices and 4m+2 edges.

Denote the vertex setas Vi= {vi,va,.......... Vom+2,V1, V2 ..o vom+2'} and the edge set
as E1= {vivix1' U Vi'visr for 1 <1 <m) U (Vi'Vm+isz U ViVmsist” for 1 <1 < m+1)}. Clearly
DG(comb) is disconnected. The extended duplicate graphof a comb, EDG(Comb) is obtained
from DG(comb) by adding the edges (i) ViVm+1and Vm+2'vom+2' if m = 1(mod 2).(ii) viVm+1' and
Vm+2'Vom+2 if m=0(mod 2) .

Thus the extended duplicate graph of comb graph has 4m+4 vertices and 4m+4 edges.
Algorithm 2.1

Procedure :(E-cordial labeling for extended duplicate graph of comb graph ).

Il assignment of labels to the edges

fori=1 to m do

{ vivii'  «— 0, vi'Vin — 1

}

end for



fori=1 to m+1 do

{ ViVm+ist'  «— 0, Vi'Vm+i+t — 1
¥

end for

if m = 0(mod 2)

ViVm+l' «— 1 5 Vm+2'Vom+2 — 0
if m = 1(mod 2)

ViVma 1 ; Vme2Voms2'!  «— 0
end procedure

output :edge labeled extended duplicate graph of comb graph .
Theorem 2.1

The Extended duplicate graph of comb graph , EDG (comb) , m > 2 is E-cordial.
Proof :

From the construction of Extended duplicate graph of comb graph , it is clear that
EDG (comb) (V,E) graph has 4m + 4 vertices and 4m + 4 edges.

In order to label the edges, define a function f: E — {0, 1} as given in algorithm
2.1.Clearly, the number of edges labeled with ‘1’ is 2m + 2 and number of edges labeled
with ‘0’ is 2m + 2.Thus the number of edges labeled with ‘0’ and ‘1’ differ by at most one.

To obtain the labels for vertices, define the induced map f* : V. — N such that
(V) = Ruene) f(uv)] (mod 2).
The labels for the vertices are given below.
For i=1tom , f(v) takes the value 1 and f"(vi") takes the value 0.f (Vm+i+1 ) receives the
label 1 and f'(Vm+i+1") receives the label 0 if *i’ varies from 1 to m+1.
For all even m, we have f*(vm+1) @as1l and f*(Vm+1') as 0 and for odd m, f¥*(vm+1') as 1
and  f*(vm+1) as 0.
Thus the number of vertices labeled with ‘1’ is 2m + 2 and "0’ is 2m+2.
Hence the number of vertices labeled with ‘1° and ‘0’ differ by at most one.
Therefore EDG (comb) graph is E-cordial.
Theorem 2.2
The Extended duplicate graph of comb graph, EDG (comb), m > 2 is total E-cordial.



Proof :

By theorem 2.1, the number of edges labeled with ‘1’ and ‘0’ are same as 2m +2. The
number of vertices labeled with ‘1’ and ‘0’ are same as 2m + 2 .Thus the total number of vertices
and edges labeled with ‘1’ is 4m+4 and ‘0’ is 4m+4 respectively. Hence the total number of
vertices and edges labeled with ‘1’ and the total number of vertices and edges labeled with ‘0’
are differ by at most one. Therefore the Extended duplicate graph of comb graph is total
E-cordial.

Example 2.1
E- cordial labeling of EDG(comb) graph for m=5 and m=6 are given in figure 1 and

figure 2 respectively.
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Algorithm 2. 2

Procedure :(product E-cordial labeling for extended duplicate graph of comb graph ).
I assignment of labels to theedges

Vm'Vm+1 , VmVm+1' «— 1

fori =1 tom—-1do

{ ViVist ' — 0 ifi 1 (mod 2)
{ 1 otherwise
Vi'Vis1 — 0 ifi = 0(mod?2)
{ 1  otherwise
¥
end for
fori =1 tomdo
{ ViVmsist’ — 0 ifi 1 (mod 2)
{ 1 otherwise
0 (mod 2)

Vi'Vin+i+1 «— 0 ifi =
1 otherwise

end for



if m = 0(mod 2)
Vm+1Vam+2' — 1
ViVm+1' , Vm+t'Voms2  ,  Vme2' Vome2 — 0
ifm = I(mod 2)
Vm+1'Vome2 1
ViVm+1, Vm+1Vom+2' , Vm+2'Vom+2' — 0
end procedure
output : edge labeled extended duplicate graph of comb graph .
Theorem 2.3
The Extended duplicate graph of comb graph, EDG (comb), m > 2 is product E-cordial.
Proof :
From the construction of extended duplicate graph of comb graph, it is clear that
EDG (comb)(V,E) has 4m + 4 vertices and 4m + 4 edges.
In order to label the edges, define a functionf: E — {0, 1}, using algorithm 2.2
Clearly,
The number of edges labeled with ‘1° = 2m+2.
The number of edges labeled with ‘0’ = 2m+2.
Thus the number of edges labeled with ‘1’ and ‘0’ differ by at most one.
In order to get the label for vertices, define the induced map f*: V. — N such that
f'(v) = [Hu e N(V) f(UV)]-
The vertex labels are obtained as follows :
Let i=1tom. For all odd values of ‘i’ , f*(vi) and f*(vm+i+1) receives the label * 0’ and is
‘17if 1’ is even. Also  f*(vi’) and f*(vm«+i+1) takes the value *1” if 'i’ is odd and is "0’ if "i’ is
even.
f*(vm+1) and f*(vom+2") receives the label ' 17 if 'm’ is even and the label '0” if m’ is odd.
f*(vm+1") and f*(vam+2) receives the label * 0’ if 'm’ is even and the label "1’ if m’ is odd.
Thus the number of vertices labeled with ‘1° is 2m + 2 "0’ is 2m+2.
Hence the number of vertices labeled with ‘1’ and ‘0’ differ by at most one.

Therefore EDG (comb) graph is product E-cordial.



Theorem 2.4

The Extended duplicate graph of comb graph , EDG (comb) , m > 2 is total product
E-cordial.
Proof :
By theorem 2.3, the number of edges labeled with ‘1’ and ‘0’ are same as 2m + 2. The number
of vertices labeled with ‘1’ and ‘0’ are also same as 2m + 2 .Thus the total number of vertices
and edges labeled with ‘1’ is 4m+4 and ‘0’ is 4m+4 respectively.

Hence the total number of vertices and edges labeled with ‘1’ and the total number of
vertices and edges labeled with ‘0’ differ by at most one.
Therefore the extended duplicate graph of comb graph is total product E- cordial.
Example 2.2
Product E- cordial labeling of EDG(comb) graph for m=5 and m=6 are given in figure 3 and
figure 4 respectively.
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Algorithm 2. 3

Procedure :(prime E-cordial labeling for extended duplicate graph of comb graph ).

/ assignment of labels to theedges

Vv — 4 ViVm2'«— 6
fori=2tomdo

{ ViVis — { 4i+2 ifi= I(mod 2)
4i+3  otherwise
ViVime+is1' — 4i if 1 = I(mod 2)
4i+1 otherwise
}
end for

fori=1tomdo

{ Vi'Vi+1 <—{ 4i+3 ifi= 1(mod 2)

4i+2  otherwise



Vi'Vinsisl — { 4i+1  if i = 1(mod2)
4i otherwise

}
end for
ifm=0 (mod 2)
Vm+'Vome2z <« 1, viVmel! «— 2, vme2'Vomi2z «— 3, VmaiVoms2'  «— 4m+4
if m = 1(mod 2)
Vm+iVom+2'  «— 1 | ViVmar <« 2 5 vme2'Vome2' <« 3, Vmsl'Vome2z «— 4m+4
end procedure
output :edge labeled extended duplicate graph of comb graph.
Theorem 2.5
TheExtended duplicate graph of comb graph admits prime E- cordial labeling.
Proof :
EDG(comb) (V,E) graph has 4m+4 vertices and 4m+4 edges.
In order to label the edges, define a function f: E —{ 1,2,3,............ ,Am+4} as
given in algorithm 2.3.Clearly all the 4m+4 edges are labeled.
Let V1= {Vm+2,Vm+3, ....,.Vom+1,Vm+2',Vvm+3', ...,vom+1’ } and V2=V — V1.

The induced map f*:V—-N is defined such that,

For all v Esz*(V):{l if ged(f(e)) = 1 where e € N(v)
0 otherwise.

Forall veVi, f*(v)= { 0 if f(e) T Ooglnetxjs);/vhere e € N(v)

By the induced function , the vertex labels are obtained as follows:

Let i=1to m+1, f*(vi’) and f*(vm+i+1) receives the label "1’ if 'i” is odd and "0’ if
17 is even. Also for all odd values of i f*(vi) and f*(vVm+i+1) takes the value ‘0’
and is 1’ if 1’ is even.

Thus the number of vertices labeled with ‘1’ is 2m+2 and "0’ is also 2m+2.

In both the cases, the number of vertices labeled with ‘1’ and ‘0’ is same as 2m-+2.
Hence the number of vertices labeled with ‘1’ and ‘0’ differ by at most ‘1’

Therefore EDG (comb) graph is prime E — cordial.
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Example 2.3

Prime E- cordial labeling of EDG (comb) graph for m=5 and m=6 are given in figure 5 and
figure 6 respectively.
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Algorithm 2. 4

Procedure :( Es -cordial labeling for extended duplicate graph of comb graph ).
/I assignment of labels to the edges
V1 Vm+2' 0, viva' , vi'Vm2 «— 2.
ifm=2n

ViVm+1' , Vm+1'Vom2, Vme2'Vomez <0

Vm+1Vom+2' «— 2

Vi'vy 0 ifm=3n+l
1  otherwise
VmVm+1' — 0 if m=3n
1 if m=3n+l
2 if m=3n-1

12



Vm'Vm+1

fori=2tom-1 do

{

ViVi+1'

Vi'Vis1

}

end for

fori=2tom do

{ ViVm+i+1'
Vi’Vm+i+1
}
end for
ifm=2n+1

0if m=3n

if m=3n-1

if m=3n+1

0 ifie{6n,6n-1}
1 if ie{6n-2,6n-3}
2 ifie{ 6n—4,6n-5}
0 ifief 6n,6n-5}

1 if ie{ 6n-4,6n-3}

2 ifie{ 6n-2,6n-1}

0 ifie{ 6n,6n-5}
1 if ie{ 6n-4,6n-1}
2 ifie{ 6n—2,6n-3}

0 ifief{ 6n—2,6n-3}
1 if ie{6n-4,6n-1}
2 ifie{ 6n,6n-5}

ViVm+l , Vm+iVom+2', Vm+2'Vom+2 '«<—0

V1'v2

Vm'Vm+1

— { 1 ifm=3n+1

0 otherwise

- { 1 ifm = 3n

2 otherwise
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Vm+1'Vam+2 — {1 ifm=3n+l
2 otherwise
VmVm+1' — (0ifm=3n-1
< 1ifm=3n
2 ifm=3n+2
fori=2tom-1 do
{ ViVis1/ — ( 0 ifie{ 6n-1,6n}
1 if ie{6n-3,6n-2}
2 ifief 6n-4,6n-5}

A

~

Vi'Visl — 0 ifief6n,6n-5}
1 if ie€{6n-3,6n-4}
2 ifie{ 6n-1,6n-2}

ks

end for
fori=2tom do

{ ViVmeist' — 0 ifie{ 6n,6n-5}
< 1 ifie{6n-1,6n-4}
| 2 ifie{6n-3,6n-2}
Vi'Vin+i+1 — ( 0 ifie{6n-3,6n-2}
< 1 if ie{6n-1,6n-4}
2 ifie{6n,6n-5}

}

end for
end procedure
output :edge labeled extended duplicate graph of comb graph.
Theorem 2.6
The Extended duplicate graph of comb graph, EDG (comb) graph m> 2, admits Es—

cordial labeling.
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Proof:

EDG (comb) (V,E) graph has 4m+4 vertices and 4m+4 edges.
To label the edges, define a function f : E— {0,1,2} as given in algorithm 2. 4.

Denote m; (f) ={e€ E/ f(e)=i}.

Clearly the edge labels are as follows:

If m = 3n, the number of edges labeled with 0 is 4m+6 / 3 and labeled with 1 and 2 are same
as 4m+3/3.
If m=3n- 1, the number of edges labeled with 0,1 and 2 are same as 4m+4/3.
If m=3n+ 1, the number of edges labeled with 1 is 4m+2 / 3 and labeled with 0 and 2 are same
as 4m+5/3.
Now all the 4m+4 edges are labeled.
Thus for all i,je {0,1,2}; | mi(f) —m;(f) | <1.
The induced function f*:VV—{0,1,2} is defined such that ,
f*(vi) = {3 f(vivj) / vivieE} (mod 3) for all vertex veV
Denote ni(f*) = { veV: f*(v) =i }.
Using the induced function , the vertex labels are obtained as follows:
f*(v1) and f*(vm+2) receives the label '2” and  f*(vm+2') as' 0°. If m = (6n-1) or (6n-2) or
(6n-3) f*(v2) receives the value * 0’ otherwise it takes the value "1°.
For i =3to m, f*(vi) is " 0’ ifie{bn-1,6n-4} andis ' 1’ ifi e€{6n-3,6n-2}. f*(v;) takes the
value * 2’ if'i e{6n,6n-5}.
For i=2tom—1, f*(vi') receives the label * 0’ ifi e{6n-3,6n-2} and receives 1
Ifi €{6n-1,6n-4}. Also f*(vi’) takes the value * 2’ if'i e{6n,6n+1}.
For i=2tom, f*(Vm+i+1) receives ' 0’ and f*(vm+i+1 )receives 2’if if'i € {6n-3,6n-2 }.
f*(Vme+i+1) and f*(Vm+i+1’) takes the value 1 if i e{6n-1,6n-4} Also f*(Vm«+i+1) receives "2’ and
f*(Vm+i+1”) receives "0’ if i e{6n,6n+1}.
In case of m = 1(mod 2),
f*(vom+2") receives 0.
Ifm=3n, f*(vm+1) receives “1° , f*(v1’) and f*(vom+2) is2 ; f*(vm+1) and f*(vm') is 0.
Ifm=3n-1, f*(Vm+1), *(v1"), F*(vom+2) ,and f*(vm+1") receives 2 and f*(vm') receives '1°.
Ifm=3n+1, f*(Vm+)is2 ; F*(vi) and f*(vm+1") receives’ 0’ ; F*(vom+2) and *(vm')

receives 1’.
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In case of m = 0(mod 2)
*(Vom+2) is' 0” and f*(Vom+2') is * 2°.
Ifm=3n, f*(vm’) and f*(vm+1) takes the value” 2° and f*(v1') and f*(Vm+1') is" 0.
Ifm=3n-1, f*(vm)is 1 ; f*(Vm+1) and f*(v1’) receives ' 0’ and f*(Vm+1) is * 2.
Ifm=3n+1,f*(vm')is 0and f*(vm+1) and f*(vm+1) receives the label "1’ and  *(v1') is’ 2°.
Thus we have ,
For m =3n, the number of vertices labeled with 0 is 4m+6 /3 and labeled with 1 and 2 are
same as 4m+3/3.
For m = 3n - 1, the number of vertices labeled with 0,1 and 2 are same as 4m+4/3.
For m=3n+ 1, the number of vertices labeled with 1 is 4m+2 / 3 and labeled with 0 and 2 are
same as 4m+5/3.
Thusforalli,j € {0,1,2},|ni(f*) —nj(f*) | < 1.
Hence EDG (comb ) graph admits Ez — cordial labeling.
Theorem 2.7
The extended duplicate graph of comb graph admits total Ez — cordial labeling.

Proof :

In theorem 2.6, the number of edges labeled with ‘0’ is 4m+6 / 3 and labeled with ‘1 and
‘2’ are same as 4m+3 / 3 for the case m = 3n. The number of edges labeled with 0, 1, 2 are
same as 4m+4/3 for the case m = 3n — 1. The number of edges labeled with ‘1’ is 4m+2/3 and
‘0’ and ‘2’ are same as 4m+5/3. It was shown that the number of vertices labeled with ‘0’ is
4m+6 / 3 and labeled with ‘1’ and ‘2’ are same as 4m+3 / 3 for the case m = 3n. The number of
vertices labeled with 0 , 1 , 2 are same as 4m+4/3 for the case m = 3n — 1. The number of
vertices labeled with ‘1’ is 4m+2/3 and ‘0’ and ‘2’ are same as 4m+5/3 and satisfies for all
1j €Zs  [{mi(f) + ni(F*)}-{m;(f) + nj(F)} | < 1.

Hence the extended duplicate graph of comb graph is total Es — cordial.
Example 2.4

Es-cordial labeling of EDG(comb) graph for m=5 and m=6 are given in figure 7 and

figure 8 respectively.
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Conclusion:

In this paper we have presented algorithms and proved that the extended duplicate graph

of Comb graph admits E- cordial, total E- cordial, product E- cordial ,total product E-cordial,

prime E- cordial, E3 cordial, and total E3 cordial labeling.
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