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Abstract

A graph labeling is a mapping that carries a set of graph elements onto a set of numbers
called labels(usually the set of integers). In this paper we prove the existence of graph labeling
such as E- cordial, total E- cordial, product E-cordial , total product E-cordial, Prime E- cordial
and E;- cordial labeling for the extended duplicate graph of Comb graph by presenting
algorithms.
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1. Introduction

Graph labeling is an interesting area of research in graph theory which was introduced by
Rosa [6] in 1967 . It is an assignment of integers to the vertices or edges or both subject to
certain conditions. Yilmaz and Cahit [10]considered a weaker version of edge graceful called E-
cordial andEy- cordial.
Definition 1.1

A graph G(V,E) is said to admit E-cordial labeling if there exists a function
f + E — {01} such that the induced function f* on V defined by
) = {2f (vivj) | vi vieE}(mod 2) satisfies the property that the number of edges labeled
with ‘0’ and the number of edges labeled with ‘1’ differ by at most one and number of vertices
labeled with ‘0’ and the number of vertices labeled with ‘1’ differ by at most one. A graph that
admits E-cordial labeling is called E-cordial. It admits total E-cordial labeling if it satisfies the
property that the number of edges and vertices labeled with ‘0’ and the number of edges and

vertices labeled with ‘1’ differ by at most one.



It was proved that trees with n vertices if and only if n#2(mod 4) ; K,, if and only if n # 2(mod
4) ; K if and only if m+n# 2 (mod 4 ) ;regular graphs of degree 1 on 2n vertices if and only if
n is even are E- cordial. They generalized E- cordial labelings to Ex - cordial (k > 1).
Definition 1.2
Let G be a graph with vertex set V and edge set E. An edge labeling f: E — Z3 where
75={0,1,2} induces a vertex labeling f* : V— Z3 defined by f*(vi) = { > f( vivj) Iviv;EE}(mod3)
for all vertex vEV . For i€ Z3; , let m;(f) = {e€E/f(e)=i} and
n(f*)={vev/ f*v)=i}.
If lmy (f) — m(f) | <1 and | ni(f*) — n;(F*)I < 1, (1 #j) for all i,j€ Z3 , it is called
E; - cordial labeling . A graph G is called E;3- cordial if it admits E3 - cordial labeling. An Es-
cordial labeling is said to be total E; -cordial labeling of G if for all i,j€ Z3 : | {m; (f) + n;(f*)} —
{mj () + n; (f*)} 1 <1 . A graph G is called total Es- cordial if it admits total Es- cordial
labeling.
In the literature , it has been proved that the following graphs are Es- cordial:(i)Stars S, if and
only if nZ 1(mod 3). (ii)) K,(n>3) (iii) Cy(n > 3) [4].
In [7] Thirusanguet.al.,have introduced the concept of extended duplicate
graph.Definition 1.3
Duplicate graph of a path graph G(V,E) is DG=(V,E;) where the vertex set V; = VUV’
and VNV'=dand f: V—V'is bijective (for v €V, we write f(v) = v' for convenience) and the edge
set E; of DG is defined as follows: The edge viv; is in E if and only if both v;v;' and v;'v; are edges
in E;. Clearly duplicate graph is disconnected. In order to make it as connected, add an edge
vivi for any 1’. This graph is called the Extended Duplicate Graph of a path graph G.
They proved that the extended duplicate graph EDG(P,,) is E- cordial ,total E- cordial,
product E- cordial and total product E-cordial.
In [1] Bala and Thirusangu establish the concept of Product E- cordial and Prime E- cordial
labelings.
Definition 1.4
A Graph G(V,E) is said to admit product E-cordial labeling if there exists a function
f + E — {01} such that the induced function f* on V defined by
i) = {I1f (vivy) / vivie E} satisfies the property that the number of edges labeled with ‘0 and

the number of edges labeled with ‘1’ differ by at most one and the number of vertices labeled
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with ‘0’ and the number of vertices labeled with ‘1’ differ by at most one. A graph that admits
product E-cordial labeling is called product E-cordial. It is said to admit total product E-
cordiallabeling if it satisfies the property that the number of edges and vertices labeled with ‘0’
and the number of edges and vertices labeled with ‘1’ differ by at most one.

Definition 1.5

A prime E-cordial labeling of a graph G with edge set E is a function
f:E—{l1,2,3,...,q} such that the induced function f*: V — N defined as f*(vi) is assigned the
label 1, if ged (f(vivj),f(vivi)) = 1 and 0O, if gcd (f(vivj),f(vivk)) > 1, then the number of edges
labeled with ‘0’ and ‘1’ differ by atmost 1.

It was shown that the extended triplicate graph ETG(P,,,) admits Product E- cordial and Prime E-
cordial.
In[8]Singh et.al., proved some results on Comb graph.
Definition 1.6
Let Py be a path graph.Comb graph is defined asP,,;;O (m+1)k;. It has 2m+2 vertices and
2m+1 edges
In this paper, we prove that, the extended duplicate graph of Comb graph admits E- cordial, total
E- cordial, product E-cordial , total product E-cordial, prime E-cordial and E;3- cordial labeling
by presenting algorithms.
2. Main Result

In this section, we prove the existence of E-cordial, total E- cordial, product E-
cordial and total product E- cordial prime E-cordial and Es-cordial labeling for the extended
duplicate graph of a Comb graph by presenting algorithms.
Definition ( Structure of extended duplicate graph of comb graph).

LetG(V,E) be a comb graph .DG(comb)= (V,E;) be the duplicate graph of combgraph
with 4m+4 vertices and 4m+2 edges.

Denote the vertex set as Vi= {vi,va.......... Vom+2,V1 sV oo, Voms2'} and the edge set
as Ei= {vivis1'U vi'viyp for 1 <1 <m) U (Vi'Vimsis1r U Vivinsisl’ for 1 <1 < m+1)}. Clearly
DG(comb) is disconnected. The extended duplicate graphof a comb, EDG(Comb) is obtained
from DG(comb) by adding the edges (i) ViVm+1 and Vo' Vome2' if m = 1(mod 2).(i1) vivme” and
V2 Vomaoif m= 0(mod 2) .

Thus the extended duplicate graph of comb graph has 4m+4 vertices and 4m+4 edges.



Algorithm 2.1
Procedure :(E-cordial labeling for extended duplicate graph of comb graph ).
/I assignment of labels to the edges
fori=1 to m do
{ vivii!  «— 0, wvi'vin “— 1
}
end for
fori=1 to m+1 do
{ Viviist” 0, Vi'Viin «— 1
}
end for
if m=0(mod 2)
Vivmsl — 1 5 Vme2'Vomez  «— 0
if m=1(mod 2)
Vivmer < 1 5 Vme2'Vome! — 0
end procedure
output :edge labeled extended duplicate graph of comb graph .
Theorem 2.1

The Extended duplicate graph of comb graph , EDG (comb) , m > 2 is E-cordial.
Proof :

From the construction of Extended duplicate graph of comb graph , it is clear that
EDG (comb) (V,E) graph has 4m + 4 vertices and 4m + 4 edges.

In order to label the edges, define a function f : E  — {0, 1} as given in algorithm
2.1.Clearly, the number of edges labeled with ‘1’ is 2m + 2 and number of edges labeled
with ‘0’ is 2m + 2.Thus the number of edges labeled with ‘0’ and ‘1’ differ by atmost one.

To obtain the labels for vertices, define the induced map f : V. — N such that f*(v) =
[Xuene) f (uv)] (mod 2)

The labels for the vertices are given below.

For 1<i<m, f(v)=1, f(v)=0, Forl <Si<m+1, fVmeie1)=1 , £ (Vmsist) = 0
For m = 0(mod 2), we have f*(vipe1) =1  : *(vme) =0

For m = 1(mod 2), we have f*(vp. 1) =1 : %(vp1) =0
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m+m+1+1=2m+2

Thus the number of vertices labeled with ‘1’
The number of vertices labeled with ‘0’ = m+m+l+1=2m+2
Hence the number of vertices labeled with ‘1’ and ‘0’ differ by atmost one.
Therefore EDG (comb) graph is E-cordial.
Theorem 2.2

TheExtended duplicate graph of comb graph, EDG (comb), m = 2 is total E-cordial.
Proof :

By theorem 2.1, the number of edges labeled with ‘1’ and ‘0’ are same as 2m +2. The
number of vertices labeled with ‘1’ and ‘0’ are same as 2m + 2 .Thus the total number of vertices
and edges labeled with ‘1’ is 4m+4 and ‘0’ is 4m+4 respectively. Hence the total number of
vertices and edges labeled with ‘1’ and the total number of vertices and edges labeled with ‘0’
are differ by atmost one.Therefore theExtended duplicate graphof comb graph is total E-cordial.
Example 2.1

E- cordial labeling of EDG(comb) graph for m=5 and m=6 are given in figure 1 and

figure 2 respectively.
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Figure : 2

Procedure :(product E-cordial labeling for extended duplicate graph of comb graph ).

/I assignment of labels to theedges

Vm’Vm+1
fori =1 tom—-1do

{ vivig '

!.
Vi Vit

1 otherwise

}

end for
fori =1 tomdo

{ ViVintisl

!.
Vi Vim+i+l

1 otherwise

}

!
s VmVm+1

«— 1

— 0 ifi = 1(mod?2)
1 itherwise
—0 {f i 0 (mod 2)
— 0 ifi = 1 (mod?2)
1 {therwise
0 (mod 2)

“— {0 if i



end for
if m= 0(mod 2)
Vint1Vome2' — 1
Viviel 5 Vmsl'Vame2 5 Vms2' Vome2 «— 0
if m = 1(mod 2)
Vsl Vome2 1
ViVintl, Vir1Vome2' 5 V2 Vams2' — 0

end procedure
output : edgelabeled extended duplicate graph of comb graph .
Theorem 2.3

TheExtended duplicate graph of comb graph , EDG (comb), m > 2 is product E-cordial.
Proof :

From the construction of extended duplicate graph of comb graph, it is clear that
EDG (comb)(V,E) has 4m + 4 vertices and 4m + 4 edges.

In order to label the edges, define a functionf: E — {0, 1}, using algorithm 2.2
Clearly,
The number of edges labeled with ‘1” = 2m+2.
The number of edges labeled with ‘0’ =2m+2.
Thus the number of edges labeled with ‘1’ and ‘0’ differ by atmost one.

In order to get the label for vertices, define the induced map f°:V — N such that
£') = [[Tu e newy )]
The vertex labels are obtained as follows :
Let 1<i<m

Then *(v;) = f*(viyiz1) = O wheni =1 (mod 2)
{ 1 otherwise

f*(vi") = f*(Vm+is1) = 1 wheni=1 (mod 2)
0  otherwise {
For m = 0(mod 2) , we have f*(vi,1) = f*(vomn) = 1 and £*(vipy1') = ¥ (Vo) =0
For m = 1(mod 2), we have f*(vi,y1) = f%(vomen) =0 and  £*(vipe1") = (Vo) = 1

Thus the number of vertices labeled with ‘1° =2 + % + % + % + % =2m + 2.



Number of vertices labeled with ‘0’ =2+ % + % + % + % =2m + 2.

Thus the number of vertices labeled with ‘1’ and ‘0’ is same as 2m + 2.
Hence the number of vertices labeled with ‘1’ and ‘0’ differ by atmost one.
Therefore EDG (comb) graph is product E-cordial.
Theorem 2.4

The Extended duplicate graph of comb graph , EDG (comb) , m > 2 is total product
E-cordial.
Proof :
By theorem 2.3, the number of edges labeled with ‘1’ and ‘0’ are same as 2m + 2. The number
of vertices labeled with ‘1’ and ‘O’ are also same as 2m + 2 .Thus the total number of vertices
and edges labeled with ‘1’ is 4m+4 and ‘0’ is 4m+4 respectively.

Hence the total number of vertices and edges labeled with ‘1’ and the total number of
vertices and edges labeled with ‘0’ differ by atmost one.
Therefore the extended duplicate graph of comb graph is total product E- cordial.
Example 2.2
Product E- cordial labeling of EDG(comb) graph for m=5 and m=6 are given in figure 3 and

figure 4 respectively.
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Algorithm 2. 3

Procedure :(prime E-cordial labeling for extended duplicate graph of comb graph ).

/l assignment of labels to theedges

vivo' — 4 ViV 6

fori=2tomdo

{ vivis' —4i+2 ifi= 1(nlfd 2)
4i+3  otherwise
ViVititl «—4i {f 1 = 1(mod?2)
iﬂ otherwise
}
end for

fori =1 to m do

{ Vi'Visl —4i+3 ifi= ;‘{(mod 2)

i+2  otherwise



VilVisis1  «4it] {if i = 1(mod 2)
41 otherwise

}
end for
if m = 0(mod 2)
Vel Vome2 < 1, Vv 2, VmVome < 3, VmuVomed' < 4m+4
if m = 1(mod 2)
VmiVome2' < 1 ViV 2 5 VimoVome2' < 3, Vinel Vamez  — 4m+4
end procedure
output :edge labeled extended duplicate graph of comb graph.
Theorem 2.5
TheExtended duplicate graph of comb graph admits prime E- cordial labeling.
Proof :
EDG(comb) (V,E) graph has 4m+4 vertices and 4m+4 edges.
In order to label the edges , define a functionf: E —{ 1,23,............ Am+4} as
given in algorithm 2.3.Clearly all the 4m+4 edges are labeled.
Let Vi={Vm+2,Vm+3s ++-sV2m+1,Vime2 s Vim+3's --.»Vome1' } and Vo=V -V,

The induced map f*:V—-N is defined such that,

For all v esz*(v):l{f ng(éC (e)) =O§hgﬂf$;eee e N(v)

iff(e) =0 (mod 2)wheree € N(v)

Forall veV,, f*(v)= 0{ 1 otherwise

By the induced function , the vertex labels are obtained as follows:
Letl <i<m+l
Then f*(vi) = f*(Vmus1) = 1 wheni { 1 (mod 2)

0  otherwise

f*(vi) = f*(Vmeis1) = 0 wheni=1 (ijd 2)
1 otherwise

Thus in case of m = 0(mod 2)
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The number of vertices labeled with ‘1’ = % + 1+ ? Fl+m+ 2 =2m+2

2

The number of vertices labeled with ‘1’ = % + % 1+ % +1=2m+2

In case of m = 1(mod 2)

m+1 m+1 m+1 m+1

The number of vertices labeled with ‘1’ = . + . + > + = 2m+2
The number of vertices labeled with ‘1’ = m;1 + m2+1 + m;l + m;1 =2m+2

In both the cases, the number of vertices labeled with ‘1’ and ‘0’ is same as 2m+2.
Hence the number of vertices labeled with ‘1” and ‘0’ differ by atmost ‘1’

Therefore EDG (comb) graph is prime E — cordial.

Example 2.3

Prime E- cordial labeling of EDG (comb) graph for m=5 and m=6 are given in figure 5 and

figure 6 respectively.
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Figure : 6
Algorithm 2. 4

Procedure :( E; -cordial labeling for extended duplicate graph of comb graph ).

/l assignment of labels to theedges

’ 1A !.
Vivme2' < 0, vivoa" ViV — 2
ifm=2n

’ [ !. O
ViVim+l 5 Vm+l V2m+2 5 Vm+2 V2m+2 <

Vi1 Vome2'  — 2
vi'vo <0 if m=3n+1
1  otherwise
ViVl «— 0 if m=3n
1 if m=3n+1

2 if m=3n-1
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VIn’Vm+1 «~0if m=3

1 if m=3n-1
2 if m=3n+1
Fori =2 tom-1 do
{
ViVis1' «—0 ifie€{ 6n,6n-1

1 ifie{ 6n-2,6n-3}
2 ifie{ 6n—4,6n-5}
Vi'Visl «—0 ifie{ 6n,6n-F}
1 if ie{ 6n-4,6n-3}
2 ifie{ 6n—2,6n-1}

}

end for
fori=2tom do
{ ViVisit1’ «— (0 ifie{ 6n,6n-5}
1 if ie{ 6n-4,6n-1}
2 ifie{ 6n —2,6n-3}

Vi’Vm+i+1 «— 0 ifi E{ 6n -2 6[1—3}
1 ifi €{6n-4,6n-1}
2 ifie{ 6n,6n-5}

end for
ifm=2n+1

’ !. 1 O
ViVm+l > Vm+1V2m+2 5 Vme2 Vome2 <—

vi'vo — 1{ if m=3n+1
0 otherwise
Vi Vint1 «— 1 if m=3n {

2 otherwise
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V1 Vom+2 «— 1 ifm= {1+1

2 otherwise

VinVimt1 «—0ifm=3n-1
1 if m=3n

2 if m =3n+2

fori =2 tom-1 do

{ ViVis1' «—0 if1€{ 6n-1,6n}
1 if ie{ 6n-3,6n-2}

2 ifie{ 6n -4,6n-5)

Vi'Visl «—0 ifie{ 6n,6n-3}
1if ie{6n-3,6n-4}

2 ifie{ 6n— 1,6n-2)

}

end for
fori=2tom do

{ ViVinsiel — (0 ifie{6n,6n-5)
1 ifie{ 6n-1,6n-4) {
2 ifie{ 6n—3,6n-2)
Vi'Vintisl «— 0 ifie{ 6n-B,6n-2})
1 if ie{ 6n-1,6n-4) J
2 ifie{ 6n,6n-5)
}

end for

end procedure

output :edgelabeled extended duplicate graph of comb graph.

Theorem 2.6

The Extended duplicate graph of comb graph, EDG (comb) graph m= 2, admits E; — cordial
labeling.

14



Proof:
EDG (comb) (V,E) graph has 4m+4 vertices and 4m+4 edges.
To label the edges, define a function f : E— {0,1,2} as given in algorithm 2. 4.
Denote m; (f) ={e€ E/ f(e)=i}.
Clearly the edge labels are as follows:
If m = 3n, the number of edges labeled with 0 i1s 4m+6 /3 and labeled with 1 and 2 are same
as 4m+3/3.
If m = 3n -1, the number of edges labeled with 0,1 and 2 are same as 4m+4/3.
If m=3n+ 1, the number of edges labeled with 1 is 4m+2 / 3 and labeled with O and 2 are same
as 4m+5/3.
Now all the 4m+4 edges are labeled.
Thus for all 1j€ {0,1,2} ; | mi(f) — m;(f) | <1.
The induced function f*:V—{0,1,2} is defined such that ,
f*(vi) = {3 f(vivj) / viv;€E} (mod 3) for all vertex vEV
Denote n;(f*) = { veV: f*(v) =i }.
Using the induced function , the vertex labels are obtained as follows:
v = (V) =2 5 F(vm2) =0
f*(vo) = 0 if m = (6n-1) or (6n-2) or (6n-3)
1 otherwis{
For3<i<m
f*(vi)= 0ifi€{6n-1,6n{4}
1 ifi €{6n-3,6n-2}
2 ifi €{6n,6n-5}
For2<i<m-1
f*(vi") = 0ifi ¢{6n-3,6nf2}
1 ifi €{6n-1,6n-4}
2 ifi e{6n,6n+1}

For2<i<m
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P (Vimsis1) = O ifi €{6n-3,64-2)
1 ifi e{6n-1,6n-4)
2 ifi €{6n,6n+1}

*(Vmsiv1) = 0 ifi e{6n+1,60}
lifi €{6n-1,6n¢4}
2 ifi e{6n-3,6n-2}
In case of m = 1(mod 2),
f*(vams2) =0
If m=3n, Then f*(vie1) =1 , (V) =*(Vomsr) =2 ;3 *¥(Viet) = F(v) = 0
If m =3n -1, then f*(vi+1) = F¥(vi") = F(vams2) = (V1) =2, £*(vi') =1.
fm=3n+1,then f*(vp)=2 ; f5(v)) = (Vi) =0 FF(Vome2) = FF(vi') =1
In case of m = 0(mod 2)
f(vams2) = 0 ; £ (vame2") = 2
If m=3n,then f*(vp)=*(Vme) =2 ; (Vi) = (V') =0
If m=3n-1,thenf*(vp) =1 ; (V) = (v =0 ; *(vime) =2
Ifm=3n+1,then f*(vy,)= 0; (V) =)= 1 5 £5(vy) =2
Thus we have ,
For m = 3n, the number of vertices labeled with 0 is 4m+6 / 3 and labeled with 1 and 2 are
same as 4m+3/3.
For m = 3n — 1, the number of vertices labeled with 0,1 and 2 are same as 4m-+4/3.
For m =3n + 1, the number of vertices labeled with 1 is 4m+2 / 3 and labeled with O and 2 are
same as 4m+5/3.
Thus foralli,j € { 0,1, 2}, I ni(f*) —n;(f*) [ < 1.
Hence EDG (comb ) graph admits E; — cordial labeling.

Theorem 2.7
The extended duplicate graph of comb graph admits total E; — cordial labeling.
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Proof :

In theorem 2.6, the number of edges labeled with ‘0’ is 4m+6 / 3 and labeled with ‘1’ and
‘2’ are same as 4m+3 / 3 for the case m = 3n. The number of edges labeled with 0, 1 , 2 are
same as 4m+4/3 for the case m = 3n — 1. The number of edges labeled with ‘1’ is 4m+2/3 and
‘0’ and 2’ are same as 4m+5/3. It was shown that the number of vertices labeled with ‘0’ is
4m+6 / 3 and labeled with ‘1’ and ‘2’ are same as 4m+3 / 3 for the case m = 3n. The number of
vertices labeled with O , 1 , 2 are same as 4m+4/3 for the case m = 3n — 1. The number of
vertices labeled with ‘1’ is 4m+2/3 and ‘0’ and ‘2’ are same as 4m+5/3 and satisfies for all
i,j €Z3

| {mi(f) + ni(£)}-{my() + my(F)} 1< 1.

Hence the extended duplicate graph of comb graph is total E; — cordial.

Example 2.4

Es-cordial labeling of EDG(comb) graph for m=5 and m=6 are given in figure 7 and
figure 8 respectively.
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Conclusion:

In this paper we have presented algorithms and proved that the extended
duplicate graph of Comb graph admits E- cordial, total E- cordial,product E- cordial,total

product E-cordial,prime E- cordial, E; cordial, and total E3 cordial labeling.
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