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Abstract

In this paper we present some original contributions to the problem of control-
lability of bilinear systems control whose dynamics is determined by elements
that lie on the Lie algebra of special linear Lie group. Our study provides a
sufficient condition for controllability of homogeneous bilinear systems, when
the state variable dynamic modeling lies on the three-dimensional space. Such

a condition is a contribution to the theory of geometric control.
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1 Introducction

Controllability property of control systems is one of the most important
problems in control theory and there is no general criterion . For example, if

we considerer a linear system of the form
z(t) = Ax(t) + Bu(t)

where z(t) € R", ¢t € [to,T], A € M(n,R), B € M(nxm,R) and u is piecewise
constant function, there is a criterion known as Kalman’s criterion to analyze the
property of controllability. As is well know, many authors have discussed the
controllability property for bilinear control systems when the state variable lies
on the plane, see for instance [1], [7], [8]. However, when the dynamic is de-
scribed on high dimension there are many unsolved problems, and in that sense
the search conditions necessary and/or sufficient to characterize the property of
controllability have attracted great attention during the last decades, [3], [4],
[10], [14], [17].

Jurdjevic-Kupka in [11], establish conditions for matrices A and B in such a way
that the bilinear system is controllable on SL(n,R). In the same way, Gauthier
et Bornard in [5], as from [11], establish a necessary and sufficient condition for
the bilinear control system.

In this paper, we have establish a characterization of controllability for the
class of bilinear systems whose dynamics is determined by a special class of
matrices that belong to the semisimple Lie algebra s((3, R)

This paper is organized as it follows: in section 2 provides a review of theory
of control on Lie Groups, matrices and graphs. In Section 3, it is presented the

main result.

2 Preliminaries

The organization of the following definitions is presented so as this article is self-
contained, for this reason we describe some basic concepts for the understanding

of our work.

2.1 Matrices and Graphs

Definition 1 Let A = (ai;) € M(n,R) be, it defines the graph of A, denoted
['(A), as the set of n ordered points from 1 to n called vertices of the graph and

oriented arcs formed by joining o vertez i to the vertex j, if a;; # 0.



1 5 -1
Example 2 If A= 9 -3 1 |, thenT(A) is:
1 -3 0

Figure 1: T'(A) Example 2

Definition 3 It is said that a graph T'(A) is strongly connected if for every pair
(i,7) of vertices, there is exists an oriented path connecting i to j starting from

1 and ending in j.
Example 4 T'(A) of Example 2 is strongly connected.

Definition 5 A matriz A € M (n,R), is called permutation-reducible if there

s exists a permutation matrix P such that:



“igap_ [ A1 A
P AP< 0 A,

where Az € M (r,R) with 0 < r < n.

Definition 6 A matric A € M (n,R), is called permutation-irreducible if it is

not permutation-reducible.
See more [18] and [15].

Theorem 7 A € M(n,R) is permutation-irreducible matriz if only if T'(A) is

strongly connected.

Proof. See [18] and [15]. m

2.2 Lie Groups and Lie Algebras

Definition 8 A Lie group G is smooth maniflod, abstrac group and group op-

erations in G are smooth .

See more [6].

Example 9 The special linear group consists of n X n unimodular matrices:
SL(n,R)={X € M (n,R) : det(X) =1},

18 a Lie group.

Definition 10 A Lie algebra g is a vector space endowed with a binary opera-
tion
[]:gxg—0,
(Called Lie bracket) satisfying the following properties:
1. [, ] is bilinear.
2. [z,2]=0,Vz €g
3. Forallz,y,z €9, [zyz2]]+ [z =]+ lz 2] =0. (Jacobi identity)

Example 11 M (n,R) endowed of bracket defined by [X,Y]=XY —-YX, isa
Lie algebra.

Definition 12 The tangent space to a Lie group G at the identity element is
called the Lie algebra of the Lie group G. g := T14G.



Example 13 The Lie algebra of the special linear group is denoted by
sl(n,R) := Ty4SL (n,R) = {X (0): X (t) € SL(n,R), X (0)= Id} .
It is not difficult to see that sl (n,R) = {4 € M (n,R) : tr (A) =0}.

Definition 14 A subspace h of a Lie algebra g is a Lie subalgebra if [X,Y] €
h, VX,Y eb.

In order to define exponential map, we remember that one-parameter sub-

group of G is a function ¢ : (R,+) — G.

Definition 15 The function exp : § — G is called exponential map of g in
the Lie group G and is define by exp(X) := expx (1), where t — expx(t) is a

one-parameter subgroup.

If G = GL (n,R), then g = M (n,R) and exponential map is given by

A? Am
exp(A):eA:Id+A+§+...+F+...,

with n € Nand A € M (n,R).

Definition 16 Let g be a Lie algebra, its adjoint representation is the function

ad: g —  gl(g)
X — ad(X)

where ad(X)(Y) = [X,Y], for all X,Y € g.

2.3 Controllability

As is known in the theory of differential equations they are studied equations

depending on a parameter, such as
z = f(z,u), =x(0)=uxz¢€ M, (1)

with the right side depending on the parameter u, which takes values in a set
U C R™. The set U is called the set of control parameters, x € M represents the
physical state of the system, f is a regular function, and u(t) € U C R™ repre-
sents the income from the outside world, called control. When control w is fixed,
the system equation & = f(x,u) a dynamic system is defined. Thus, the control
system (1) it can be seen as a family of differential equations parameterized by

the control as parameter.



We consider in this paper, a control system when f is linear in the control
and variable states. That is, the system belongs to the class of bilinear systems.

Namely, the control system bilinear unrestricted control, given by
L(t) = (A+u(t)B) x(t), (2)

where A, B € sl(n,R), control u(t) € R and state variable x € R™ \ {0}. Equiv-
alently,
I'=A+uB Csl(n,R), uwelk

Definition 17 A trajectory of T' on G is a continuous curve o(t) in G defined
on an interval [to, T] C R so that there exists a partitionty <t; < ... <ty =T
and T'y,...,I'n € T such that the restriction of ¢(t) to each open interval
(ti—1,t;) is differentiable and

gO(t) = (p(t)Fz fOTt € (ti—lati)) 1= 1,. .. ,N.

Definition 18 For any T > 0 and any g € G the reachable set for time T of
system T' C g from the point g is the set Ar (g,T), of all points that can be

reached from g in exactly T units of time. More precisely,

Ar (9,T) ={¢(T) : ¢ () a trajectory of T', (0) = g} .

The reachable set for time not greater than T > 0 is defined as

AF(Q,ST): U AF(Q,t).

0<t<T

The reachable (or attainable) set of a system I' from a point g € G is the
set,denoted Ar, of all terminal points ¢ (T), T > 0, of all trajectories of T’
starting at g, that is to say,

Ar(9)=|J Ar(g,<T).
T>0
In terms of the notion of attainable set we can introduce the property of

controllability of a system as follows,

Definition 19 A system I' C g is called controllable if, given any pair of points
go and g1 in a Lie group G, the point g1 can be reached from go along a trjectory

of T' for a nonnegative time:

g1 € Ar (go), for anygo, g1 € G,

or in other words, if Ar (g) = G for any g € G.



See more [12], [16] [9].
If ' C g, we denoted by Lie(I') the Lie algebra generated by T, i.e, the
smallest Lie subalgebra of g containing I'.

Definition 20 A system I' C g is said to have full rank, or to satisfy the Lie
algebra Rank Condition: LARC, if Lie(T') = g.

As indicated in [5], the full rank condition is equivalent to considering that
the matrix A in the system (2), is permutation-irreducible.

The full rank condition is, in general, a necessary condition for the control-
lability of bilinear systems on Lie groups. If the Lie group G is compact for him
controllability is equivalent to the LARC.

Theorem 21 IfT is controllable, then Lie(T') = g.
Proof. See [16]. =

Definition 22 Let I'y,T's C g. The system 'y is called equivalent to the system
Iy, denoted T'y ~ T’y if
cl (AFl) =d (Arz) ’

where, cl(-) denotes the closure topological

Definition 23 The saturate of a left-invariante system I' C g is the following
systems:
Sat () = | J{I" cg:T" ~T}

Definition 24 The Lie saturate of a left-invariant system, denoted by LS (T),
is defined as follows:
LS(T) = Lie(T') N Sat (T)

Now, we will give a result that provides basic properties of Lie saturate of

acontrol system.
Proposition 25 (1) LS (T) is closed convex positive cone in g, i.¢e,
(1a) LS (T') is topologically closed:
c (LS (') = LS (I)
(1b) LS (T') is convex:

ABeLS() > aA+(1—a)BeLS(), VYacl0,1]



(1c) LS (T) is a positive cone:
AeLST)—»adecLS(T), Ya>0,
thus,
A, BeLS() - aA+pBBeLS(T), Va,8>0
(2) If A, £B € LS (I') for all v € R, then,

exp(v-ad(B))Ae LS (T)

(3) If £A,+B € LS (), then [A, B] € LS (T).

(4) If A € LS (T') and if the one-parameter subgroup {exp (tX):t € R} is
periodic (i.e, compact), then —A € LS (T').

Proof. See [12] =

3 Controllability bilinear system on sl(3,R)

In this section, we deliver a feature of controllability of bilinear systems.
The following result establishes a necessary and sufficient condition for con-

trollability of bilinear systems on special linear Lie group.

Proposition 26 The system ©(t) = (A + u(t)B)z(t), where u(t) € R and x €
R™\ {0}, A, B € sl(n,R), is controllable on SL(n,R) if only if

LS(T) = sl (n,R) (3)

Proof. See [11] m
The theorem, which is presented below, is the contribution that delivers this
work and its proof is based on using properties of Saturate, to finally apply

Proposition 26.

Theorem 27 We consider the bilinear control unrestricted system with simple
admission, given by
L(t) = (A+u(t)B) x(t), (4)
with A, B € sl(3,R), control u(t) € R and state variable x € R3 \ {0}. equiva-
lently,
I'=A+uB Csl(3,R), ueR.

We suppose that the matrices A = (a;;) and B satisfy the conditions:



1. ai3a31 <0
2. T'(A) is strongly connected.
3. B =diag (by,ba,b3), by < by <bs
4. by —bj # by — by, for (i,7) # (k,m)
Then I" is controllable.
Proof. We consider the matrices A and B in the way,

a1l a2 ais

A = as1 Qo2 G923 con ayz.az; <0
a3l a3z a33
—a 0 0
B = 0 b 0 ,
0 0 a-—0»

where V (i,7) # (r,s) = b; —b; # b, — bs. In our case, by = —a, by = b and
bs=a—"b,a>0.

Without loss of generality, we assume that a3 > 0 and a3y < 0.

We show that the Lie Saturate LS (T') = s[(3,R) . (Proposition 26)

First of all, as T'(A) is strongly connected, by Theorems 7, A is permutation-
irreducible matrix, then the system satisfies LARC.

On the other hand, as

A+uB
Jul
when u — £o0, moreover A € LS ('), then, from property (2) in the Proposi-
tion 25 We have that

€eLST)=+BeLS(T)

Ay =exp(t-ad(B))Ae LS (),
In order to compute the matrix of the adjoint operator

ad (B) : s1(3,R) —» s1(3,R)



in a basis of s[(3,R). We have,

ad (B) (E12) = - (CL + b) E12
ad (B) (Elg) = (b — 2&) E13
ad (B) (Elg) = (b — 2a) E13
ad (B) (E23) = (—a + Qb) FEo3
ad (B) (E21) = ((l + b) E21
ad (B) (Edl) = (2& — b) E31
ad (B) (E32) = (a — Qb) E32
Cld (B) (E11 — E33) = O
ad (B) (E22 — E33) = 0,
Therefore,
—a—>b 0 0 0 0 0 0
0 b—2a 0 0 0 0] 0
0 0 2b—a 0 0 0 0
. 0 0 0 a+b 0 0 0
ad (B) = 0 0 0 0 2a—b 0 0
0 0 0 0 0 a—2b 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
from here,
el-a=b)t 0 0 0 0
0 elb—2a)t 0 0 0
0 0 e(2b—a)t 0 0
0 0 0 elatd)t 0
exp(t-ad(B)) = 0 0 0 0 o(2a—D)t
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

On the other hand, in the basis of sI(3,

R) we can write

a12
a13
a21
a23
asi
asz
a1
a22

OO OO OO

O O OO O oo

_— 0 o0 oo o oo




thus,
6(_a_b)ta12
6(1772a)150113
e(2b7a)t
(a+b)t .
- . o (& a3
Ay = exp(t-ad(B))A= 2a-big.
as2

a21

e(a—?b)t

a1
a22

Denoted by AZ,8 = At — all (E11 — E33) — a92 (E22 — Egg), we have that
Az’s € LS (T) given that A; € LS (T') . Explicitly,

e(—a—b)t
b—2a)t

a2
el ais
6(21)7a)ta21

(a+b)t .
ATS = | € @23 | c1s().
t e2a=b)ty (T)
a—2b)ta32
0

0

e(

From (1c) of the Proposition 25 we have that,
e(a—2b)ta12

a13
e(b+a)ta21
3at
7.8 e’ a3
exp((2a —b)1)A; " = elda=2b)t g
e(3a—2b)t

0
0

e LS(T).

32

Now, we doing t — —oo we obtain

e LS (T).

DOOOOOgO

10



As a1z > 0, we have that Fy3 € LS (I'), similarly, we obtain that:

e—3ata12
e(2b—4a)ta13
e(3b73a)ta21
(2b—a)t
exp((b— 2a) t)AZ’S = ¢ a @23 e LS (T),
31
e(—a—b)ta32
0
0
we doing t — oo result
0
0
0
O lersm,
asi
0
0
0

as az; < Othe above expression implies that —Fs3; € LS (T').

Now, as LS (I') is a positive and convex cone, since E13 € LS (I') and —F3; €
LS (I'),it is concluded that E13 — E3; € LS (T).

We note that,

cos(t) 0 sin(t)
(M (t (E13 — Egl)) = 0 1 0 s
—sin(t) 0 cos(t)

therefore, one-parameter subgroup {exp (¢t (E13 — E31)) : t € R} is periodic, then,
from (4) of the Proposition 25 implies — (E13 — E31) € LS(I'). Therefore,
+ (Elg — Egl) e LS (F) .

On the other hand, from direct calculations, we obtain:
+[E13 — Es1,Ep — E33]) = F(Ei3+ E3) € LS(T),
+[Ei3 — Es1,E11 — Es3]) = F2(Ei3+ FE3) € LS(T),

then, £F13,+Fs31, £ (Eay — Es3) ,+ (E11 — Es3) € LS (T).
As, +[FE31, E53] = FE31 € LS (I') we have that FFE55 € LS ('), also,

+[Eoy — B33, E32] = £Ey € LS(I).

Finally7 + [E23, E32] =F (E22 — Egg) e LS (F)

11



Thus, we have shown that,

+Ey2, £ F3,+Fs3,+Fa1,+FE31, +F3p, + (E11 — Es3) , 4+ (Faa — E33) € LS (I,
(5)

as
sl(3,R) = Span {E12, Er3, Ea3, Ea1, E31, Esg, E11 — Es3, E9g — Es3},

then, by (5) is concluded that LS (T') = s[(3,R). m

4 Conclusions

In this paper  some original contributions to the problem of controllability of
bilinear systems control whose dynamics is determined by elements that lie on

the Lie algebra of special linear Lie group were presented.
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