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1 Introduction

Toeplitz matrices have important applications in various disciplines including image processing,
signal processing, and solving least squares problems [1, 16]. It is an ideal research area and hot
topic for the inverses of Toeplitz matrices and the special matrices with famous numbers. Due to the
special structre, it is desirable that the inversion of Toeplitz matrices can be reconstructed by use
of a low number of its columns and the entries of the original Toeplitz matrix. The first result was
presented by Trench [17] from its first and last columns of 7!, on condition that the first element
in the first column is not zero. The Trench’s algorithm for the inversion of Toeplitz matrices is
shown with a detailed proof in [15]. The authors [8] observed that if the last component of the
first column is not zero, then T~ can be recovered from its first and second columns. Labahn [7]
proposed that formulas for the inverse of layered or striped Toeplitz matrices in terms of solutions
of standard equations. Citations of a large number of results have been made in a series of papers
and in the monographs Iohvidov [9] and Heining and Rost [6].

In addition, some scholars showed the explicit determinants and inverses of the special matrices
involving famous numbers. In [13], M. Akbulak and D. Bozkurt treated originally Fibonacci
and Lucas Toeplitz matrices with entries from Fibonacci and Lucas numbers, and they gave
the upper and lower bounds for the spectral norms of the Fibonacci and Lucas Toeplitz matrix.
Jaiswal [3] evaluated some determinants of circulant matrices whose components are the generalized
Fibonacci numbers. Lind considered the determinants of circulant and skew-circulant matrices
involving Fibonacci numbers in [5]. Lin showed the determinant of the Fibonacci-Lucas quasi-
cyclic matrices in [4]. Circulant matrices with Fibonacci and Lucas numbers are discussed and
their explicit determinants and inverses are proposed in [14]. The authors provided determinants
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and inverses of circulant matrices with Jacobsthal and Jacobsthal-Lucas numbers in [2]. The explicit
determinants of circulant and left circulant matrices including Tribonacci numbers and generalized
Lucas numbers are shown based on Tribonacci numbers and generalized Lucas numbers in [10].
In [22], circulant type matrices with the k-Fibonacci and k-Lucas numbers are considered and
the explicit determinants and inverse matrices are presented by constructing the transformation
matrices. Jiang et al. [23] gave the invertibility of circulant type matrices with the sum and
product of Fibonacci and Lucas numbers and provided the determinants and the inverses of these
matrices. And for the RSFPLR circulant matrices and the RSLPFL circulant matrices involving
Padovan, Perrin, Tribonacci and the generalized Lucas numbers by the inverse factorization of
polynomial in [18]. It should be noted that Jiang and Zhou [21] obtained the explicit formula
for spectral norm of an r-circulant matrix whose entries in the first row are alternately positive
and negative, and the authors [11] investigated explicit formulas of spectral norms for g-circulant
matrices with Fibonacci and Lucas numbers. The authors [20] proposed the invertibility criterium
of the generalized Lucas skew circulant type matrices and provided their determinants and the
inverse matrices. Furthermore, in [19] the determinants and inverses are discussed and evaluated
for Tribonacci skew circulant type matrices.

In this paper, we will show the remgle formulas of determinants and inverses of the Fibonacci
skew symmetric Toeplitz matrices involving Fibonacci numbers, and Lucas skew symmetric Toeplitz
matrices involving Lucas numbers.

Here the Fibonacci and Lucas sequences are defined by the following recursion relations, respectively:

Fn+1 = Fn + Fn—l (n 2 1) where F(] = O, F1 = 1,
Lpnti = Ln + Lpoi (n>21) where Lo=2, Li=1.

Definition 1.1. An n x n Fibonacci skew symmetric Toeplitz matrix is meant a square matrix of
the form as

0 F F3 e Foo1  Fy
_F2 O F2 Fn—2 Fn—l
7F3 7F2 0 Fn73 Fn72
Trg, = , (1.1)
—Fn1 —Fh_2 —Fh_3 - 0 F,
7Fn —I'n-1 —L'n—-2 7F2 0 nxn
where F», F3,---, F, are the Fibonacci numbers.
Obviously, this matrix is completely determined by its first row, and T};n =-Tg,.

Definition 1.2. An n X n Lucas skew symmetric Toeplitz matrix is meant a square matrix of the
form as

0 Lo L3 e Ln1 Ly,
_L2 O L2 e Ln—? Ln—l
—Ls —L, 0 e Lyp_3 Lp_o
Tr, = . . ) . . . , (1.2)
—Ln,-1 —Lp—2 —Lp_3 .- 0 Lo
7Ln 7Ln—1 7Ln—2 e 7L2 O nxn
where Ls, Ls,---, Ly, are the Lucas numbers.
Obviously, this matrix is completely determined by its first row, and TEn =-Tg,.
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Lemma 1.1. Assume that aa,--- ,an are all positive integers, then the matriz W1 and Wi ' are
of the forms as

a1 0 0 ﬁl 0 0
o2 o1 B2 B1
Wi = , Wit = ;
o1 - . o0 Boa . . 0
(7% Qn—1 et a2 a1 nxn 571 577.—1 e ﬁQ 61 nxn
where
(1) 'ps — " ~
Bi = Ty 0 T I, pr=az, pi=api1+ Y (—1)ajajropioi—y, (i=3,4,5,--,n).
j=1

2 Determinant and Inverse of the Fibonacci Skew Symmetric
Toeplitz Matrix

In this section, we will give the determinant and the inverse of the matrix Tg, .

As we know that if n is an odd number, the determinant of an n-dimension skew symmetric matrix
is zero. So in this section we always assume that n is an even number.

Theorem 2.1. Let Tr, be a Fibonacci skew symmetric Toeplitz matriz as the form of (1.1), we
have

det Tg, = Fyla1 det Co25([0:] 5, —1,-1,0,1,1) — by detl)ggn,2 [Filin_1,—1,-1,0,1,1)] (2.1)

where
n—2 n—4
Fn—i— Fn— Fn_
a1 = ; Fitoyn—i—1, b1 = ;(_Fn—i—2 + %)yn—i—l + Fn1y2 + Y1,
Fn* Fanf .
b2: 1’ bi:7i71+717 (7’23547"'5”71)7 311:1 y3:y§7 y3+2y2+3:07
F, F,
i—3
Yi = —Qyifl — 3yi72 — ZQFJ?F?yifij, (7, =4, 5,67 ceen— 1)7
j=1
b2 b3 b4 bn—3 bn—2 bn—l
3 2 1

1]1=2 ">

(:n,g;([ly]”*1 -1,-1,0,1,1)=| -1 -1 0 1 1. : ,

(n—2)x(n—2)
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Fn_s
0
1
1 1
0 1

Foy Fno
2 1
3 2
—1 0
Dp 5(Fi)n_1,—1,-1,0,1,1)= | -1 -1
0
0
biliss =ba,bs, - sbu1s [Flimno1 = Fao1, Fua, -, Fa,
det C;([b:)/ 15, —1,-1,0,1,1) =

(—1)j+1bj+1 det gj_l(—l, —1,0,1, 1) + det Cj_1([bi]g:2,

det D]‘([Fi]?:]’+1, -1,-1,0,1,1) =

Fy F3

_17 _1707 17 1),

(=17 Py det &-1(=1,-1,0,1,1) + det Dj_1([Fi]i—; 11, —1,—1,0,1,1),

2 1 0
3 2 1

-1 0 1 1

0 -+ - 0 -1

0

0

. .1
-1 0 1

X1

Fy
0

(n—2)x(n—2)

(2.2)

(2.3)

det £(—1,-1,0,1,1) = det & _4(—1,—1,0,1,1) — det &_3(—1,—1,0,1,1) + det &_1(—1,—1,0, 1, 1),
(i=5,6,--+,n—3),

det & (—1,-1,0,1,1) = 2,
det &(—1,-1,0,1,1) = 0,

det &(—1,-1,0,1,1) =1,
det £4(—1,-1,0,1,1) = —1.

(2.4)
(2.5)
(2.6)

Proof. Let Tr, be an n x n Fibonacci skew symmetric Toeplitz matrix. In the case n > 4, let

1 0
1
F,_
1 e
11 1

A= 1 1 -1

11 -1
01 1 -1

Yn—1
Yn—2
Yn—-3

Y3 1
Y2 1
Y1
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be two n X n matrices, which are invertible. And
i—3

yi=1, ys=u3, ya+2y2+3=0,ys=—2yi1—3yi2— » 2Fjroyij2 (i=4,56,--- ,n—1).
j=1

Multiplying Tr, by A; from the left, then multiplying B, from the right, we obtain

0 a1 Fno1 Fho Fh_3 - Fy F3 Fy
-y a2 —F —I3 —Fy —Fh3 —F, 2 —Fn

0 b1 bo b3 bs e e brn_3 b2 br-1

: 0 25 F 0 0
Fy 2F5

AlTFnlgl: 2F3 F4 )

2Fy 2F3

: 2Fn_4 2F,_5 2F,_¢ --- e 2F, Fi 0

0 0 2F,.3 2F,_.4 2F,_5 --- ce Fy 2F5 F

where

n—2 n—3
ar = E Fitoyn—i—1, a2 =— E FroiciYn—i—1,
=0 7=0

n—4
anilenfl Fn*l
by = E —Fn ot —————)Yn—i— ,
1 Z':0( 2+ . )y 1+ e, Y2 + Y1
_ Faa _ FiFo1 .
b2 - Fn ) bl - i—1 + Fn ) (7' - 33 47 ,’I’L 1)

and from the last matrix we can easily get,

det(AlTFnsl) = Fn det Mn—l(a17 [Fi}zzznfh [bl]?:_ll)v

where
ai Fn—l Fn—2 Fn—3 F4 F3 F2
b1 ba b3 ba e coo bp—g bp—2 bn—1
Fy 2F>
Mui(an, (Bl i) = | 00 208 fa
© 2F,  2F;
2F,_4 2F, 5 2F, ¢ --- e 26 R 0
0 2F,.3 2F,.4 2F,_5 --- cee Fy 2F5 F

(n—1)x(n—1)
In order to simply compute the determinant of M,_1 (a1, [Fi]?—,._1, [b:]}=}'), we apply methods of
elementary row transformation to this matrix, then we can obtain M,,L,l(al, [Fi2 1, b7, it
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is of the form as,

a1 Fno1 Fa2 Fno3 e Y 2 F3 F
b1 bo b3 by L. L. cer bp_sz bn_a bp_1
0 2 1 0 - - - . - 0

3 2 1

-1 0 1 1

Mnfl(ah [Fi}zz:nfh [bz]?:_ll) - 1 1 0 1 1
0
0

0 0 0 -1 -1 0 1 1

then we can obtain
det M, (a1, [Pz, i]7)) =
a1 det Cn—Q([bi};L:_Qla _17 _17 07 17 1) — by det Dn—Q([Fi]?:nflv _17 _17 07 17 1)7

where Cp—2([bi]", —1,—1,0,1,1) and Dy—2([bi]’=,', —1, 1,0, 1, 1) are the forms as in the interpretation
of Theorem 2.1.

To obtain determinants of matrices Cn—2([b:]"=, =1, —1,0,1,1) and Dp—o([Fi]?=p_1, —1,—1,0,1,1),
develop them in accordance with the last column, and in turn it, we can get recursive formulas (2.2)-

(2.6). And observe that
(n71)2(7172)

det Ay =det By =(-1) 2,

we can obtain det Tr, , which completes the proof. O

Theorem 2.2. Let T, be a Fibonacci skew symmetric Toeplitz matriz as the form of (1.1). If
TF, is a nonsingular matriz, then

0 P12 P13 P14 Pln—1 Pin
—p12 0 P23 P24 xx P2,n—1  Plin—1
—p13 —p23 0 P3,4 P2,n—2 Pln—2
Ty, = —p1a —p24 —P3.4 0 T P2ee3 Plnes (2.7)
—P1n—1 —P2n-1 —P2n-2 —P2n-3 °* 0 P12
—P1,n —Pln—1 —P1,n—2 —Pln-3 —p12 0

that is to say T}i is skew symmetric about diagonal and symmetric about secondary diagonal as
well, where

Fr_
p12 = O1n, P13 =01,n—1 + 01n, P23 =02,n—1+ d2n, pPin =011 — 7 1513 — 014,

n

Pmj :5m,n+27j +6m,n+37j _6m,n+47j7 (m: 1725"' 7’”’7.7 :4a57“' y L — 1)7
1 d d n—3 n—3
1 2 z : 4 4 : : .
o1 = TE) 012 = ar’ 013 = A + im1 dit2§;, 015 =d2mj 3+ =1 dit20i-3, (j =4,5,--+,n),

6m1:07 (m:2737"',n)7 61’n2:yn-‘;$7 (777/2273,"',77,)7
1
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n—3
€2Yn+1—m ’ ’
67713 = 23/[;11 + Z ei+2yn+1*m§i + gn—l—mv (m = 27 37 o 7n)a
=1
, n—3
Omj = €2Yn+1—mj—3 + Z €it2Ynt1-m0i,j—3 + On—1-m,j—3, (M =2,3,--- ,n; j=4,5,---,n),
i=1
a2 —a2Fh_iy1 — a1 F; —Fn_iy1 .
di = — dz: ) _2737'“7 _17 T = T :2737"'7 _17
= (i N n-1)
b _
€1 :7i1 n71+b27V1W1 1U17 Ul = (2F27F472F37'“ 72Fn*4’2Fn73)T’
ai
b b b b
Vi= (—*1 n—2 + b3, —*an—:s + by, —*IF:; + bn—2, _iFQ + bn-1),
al al al ai

-1 _ n—3 _ /81'—.7'+17 Z> j7 s L =1
W, = (alﬁj)i,j:lv Ai,j = { 0, i< 7, (Zvj =12 ,n— 3)7 Bi = (_1) Di,

i—2
pr=1, p2=2, pi=2pi—1—3pi—2+ Z(—I)JQFjJrlpi,j,l, (i=3,4,5,---,n—3),
=2

’ ’ 1
Nm = _ln’mv (m:1a27 3n_3)7 fm:_igmv (m:1727 7n_3)7
61 él
n—3 b
1
m = ——L'n—-1—4 bz i+1—m, :1727'“7 737
n ;ﬂ( o, i +2)Bit1 (m n—3)
m—2
6=281, &£=28+4341, &n=2Bm+3Bm-1+ > Bm-1-i 2F2, (m=3,4,---,n—3),
i=1
1 .
Oi,j = /Bi—j+1 + Zé-i’r/j: (27.] = 1727' N = 3)7
a1, az, b, yi, (1=1,2,---,n—1) are the same as in Theorem 2.1.

Proof. Let Az and Bz be two n X n invertible matrices, defined by

O 1 1 dl d2 d5 e dn—2 dn—l

. 1 es €3 ctt €ep—2 en—1

1
N |

ay

A = 1 ., By=
1
1
nxn 1
—agFp_jp1—a1 F; —Fn_, .

where di = 22, d; = 2 al;i = a1+1,(z:2,3,--~,n71).

Let A; and B; be as in the proof of Theorem 2.1, multiplying A1 Tp,B1 by Az from the left
and by Bs from the right, we obtain

nxn
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A2 A1 TF, B1B2
—F, 0
0 al
0 0 -
0 0

b1
ay In—1+ b2

2F,
Fy
2F3

2Fn—3

b1
a1 n—2 + bS

Fy 0
2F,
Fy

2Fn—4

— 2P+ by

Fy 2Fy

F

this matrix admits a block partition of the form as
A2 A1 Tr, BiB:=Nad R,
where N @ R is the direct sum of N and R. N = diag(—F,, a1) is a nonsingular diagonal matrix,

b b _b
a n—1+ b2 @ n—2 + b3 @ n—3 + ba

ay

_%FS +bpo —LF4b,

2F; F 0 0
Fy 2F, F
R =
2F3 Fy 2F>
: : : . . 0
2F,_3 2Fn_4 2F,_5 cee 2F, Fy
Let A = A2.A; and B = B1B2, we can get,
T, =B(N"'e&R ')A,
where
0 0 0 1
1 0 0 0
b Fp_
i 1 - Fn1
0 1 1 -1
A= ,
0
0 1 —1
0 1 1 -1 0 0
and
1 dl d2 d3 dn—3 dn—2 dn—l
0 Yn-1 €2yn-1  €3Yn—1 en—3Yn—1 €n—2Yn—1 en—1Yn—1+1
0 yn-2 e2yn—2 e3Yn—2 €n—3Yn—2 en—2Yn—2 +1 en—1Yn—2
5 0 Yn-3 €2Yyn—3  €3Yn-3 en—3Yn—3 +1 €n—2Yn—3 €n—1Yn—3
0 ys e2ys3 e3ys + 1 €n—3Y3 en—2y3 en—1Y3
0 y2 exy2+1 e3y2 en—3Y2 en—2y2 en—1Y2
0 Y1 €2 €3 €n—3 €n—2 €n—1
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Observe that the inverse matrix of N is of the form as,

N~' =diag(—F, ", ai").

_b
Let R = ( a1 FZ*I +0 Vi‘f ) be an (n — 2) x (n — 2) matrix, where Uy = (2F2, F4,2F3, -,
1 1
2F,_4,2F,-3)T, Vi = (—% n—2 + bs, —% n—3+ba, - ,—%F2 + bn-1),
Fy
2F; Fi
Fy 2F, F
W oF, |
2F, _5 . . . F
2Fn_4 2F,_s --- 2F3 Fy 2F> F

as F1 = 1, so Wi is an invertible matrix. Use Lemma 1.1 we can obtain the inverse matrix of W7y,

Wit = (am)z;jl, as in the interpretation of Theorem 2.2.

Use Lemma 5 in [12], we obtain,

1 1 _Lvlwl—l
R = Lo T S “1 |
AW W AW Wy

where £; = —% w—1 + b2 — ViW;*Uy, and simply we can get (N @ R)™},

—F 0 0 0 0 0 0
" 1
0 - 0 0 0 0 0
ay
1 ! ’ ’ ’
0 0 5 Uit T2 et MNn—a Mn—3
0 0 §1 011 g12 O1,n—4 01,n—3
’
-1 N
(N ® R) = 0 0 f? 021 g22 02,n—4 02,n—3 ,
0 0 &3 031 032ttt O3n-4 03n—3
: E
0 0 §n74 On—4,1 On—42 **°* ce On—4,n—4 On—4n-3
’
0 0 &-3 0On-31 On-32 -+ -+ On-3n-4 On-3n-3

then multiplying (N @ R)™" by B from the left, we can obtain

511 612 513 e 51,1171 61,77.
621 622 523 e 62,n71 62,71
531 532 633 e 53,71—1 63,71
BI(NoR) ' = .
67171,1 677,71,2 571,71,3 e 5n71,n71 6n71,n
5n,1 671,2 6n,3 o 6n,n—1 (Sn,'n



Sujathakumari et al.; BJIMCS, X(X), XX-XX, 20YY; Article no.BJMCS.22764

In the end, we can obtain T;i,

0 P12 P13 P14 s Pln—1 Pin

—p12 0 P23 P24 s P2,n—1 Pla—1

—p13 —p23 0 P3,4 ce pP2n—-2 Pln-2

T;l =B(N® R)_l.A _ —p14 —p24 —p3,4 0 cr+ P2,n—3  Pln-3 ,
—Pln—1 —P2;n—1 —P2,n—2 —P2,n—3 °* 0 P12
—pP1,n —Pi,n—-1 —Pln-2 —P1n-3 " —pP12 0
where

p12 = 61n, P13 =01,n—1 + 0in, P23 =02n-1+ d2n, pPin =011 — nol 013 — 014,

n

Pmj = 5m,n+2—j + 6m,n+3—j - §m,n+4—j7 (m = 1? 27 T 7n;j = 47 57 = 1)’

which completes the proof. O

3 Determinant and Inverse of the Lucas Skew Symmetric
Toeplitz Matrix

In this section, we will give the determinant and the inverse of the matrix Ty, . And in this section
we always assume that n is an even number, as well.

Theorem 3.1. Let T, be a Lucas skew symmetric Toeplitz matriz as the form of (1.2), we have

det TLn =Ly [&1 det én 2 1]21:217 _17 _5, 07 57 1) - 61 det i -2 [Li]?:nfl, _17 _57 07 57 1)] (31)

where
n—2 n—4
~ 7 Ln—i—an—l 3 n—1
a1 = ; Litoxn_i—1, b1 = ;(—Ln_i_g + T)mn_i_l + L. T2 + 3x1,
~ Lo ~ L;L,_ .
b2:3L 1’ b =—Li 1+ L 17(123,4,"',71*1), 1'1:1, 1'3:.7837 l'3+6f172+7:(),
1—3
Xr; = —6%»;71 — 7IZ‘72 — Z 2Lj+2561‘7j72, (7, = 4, 5,67 e, — 1)7
j=1
by b3 by cor bp_s bn—o  bn_1
6 1 0 . . cee . 0
7 6 1
-5 0 5 1
én_Q%i i, —1,-5051)=| -1 -5 0 5 1
0
0 0 -1 =5 0 5 1

(n—2)x(n—2)

10
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Ln71 Ln72 Ln73 . e - L4 L3 L2

6 1 0 B 0

7 6 1

-5 0 5 1 .
ﬁn_Z%J?:n,l,—l,—ao,al): -1 -5 0 5 1

0 . . .

: . . . . . .0

0 e 0 -1 =5 0 5 1

(b)) = bo, b3, ,bn—1; [Lil—n_1 = Ln—1,Ln—2,--- , L2,
det C;([b:)2 15, —1,-5,0,5,1) =
(=1 b1 det £5-1(—1,-5,0,5,1) + det Cj—1 ([bi))_y, —1,—5,0, 5, 1),
det D ([Li]7—j41, —1,-5,0,5,1) =
(=1 Ly_jdet&;—1(~1,-5,0,5,1) + det D;_1 ([Lil;=; 1, —1,—5,0,5,1),

7 6 1
-5 0 5 1 . :
&!gl—],—ao,an: -1 -5 0o 5 1 - 1 ,
0 .. .o .o .. .. " .
0
. . . . . . 1
O -+ .- 0 -1 -5 0 5

X1

det £ (—1,-5,0,5,1) = det & _4(—1,—5,0,5,1) — 5det & _3(—1,—5,0,5,1) + 5det &_1(—1, —

(2:5765 7”73)7
det£,(—1,-5,0,5,1) =6,  det&(—1,-5,0,5,1) = 29,
det £3(—1,-5,0,5,1) = 140,  det £4(—1,—-5,0,5,1) = 671.

Proof. Let Tr, be an n X n Lucas skew symmetric Toeplitz matrix. In the case n > 4, let

1 0 1 0
1 In—1
Ly_ e
L= o
11 —1 n—
1= 11 -1 W= :
.. .. .. J;3 1
1 1 -1 w1
01 1 -1 o

(n—2)x(n—2)

(3.2)

(3.3)

5,0,5,1),
(3.4)
(3.5)
(3.6)

11
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be two n X n matrices, which are invertible. And

i—3

1 =1, x3= .T; 3+ 6x2+7=0, z;, =—6x;—1 — Txi 02— ZQLJ#Z]H*J;Q (’L =4,5,6,---,n— 1).

Jj=1

Multiplying T'r,, by ®1 from the left, then multiplying ¥; from the right, we obtain

¢, T, V1 =

where

0 a1 Ln-i Ln2 Lpz --- e Ly L3 Lo
—L, az —L2 —Ls —Ly - coo —=Lp-3 —Lp2 —Ln
0 bl b2 b3 b4 e Tt bn—S bn—2 bn—l
0 2L, L 0 0

Ly 2L,
2L3 Ly R . - )
2L4 2L3

: : 2Lh—4 2L,_5 2L,_¢ --- cee 2L5 L1 0

0 0 2Lp,-3 2Ljp—y4 2L,—5 --- cee I 214 L1

n—2 n—3
ay = E Li+2xn—i—17 a2 = — E Ln—¢—1$n—i—1,
1=0 =0

n—4
fod Ln7i7 Lnf 3Ln*
by = E (=Ln—i—2 + %)xn—i—l + i3 Sz + 3a1,
1=0 " "

~ 3Ln_1 - LiLy_1
= by = —Li_
Lo vt

’ (223,4,,?1—1)

and from the last matrix we can easily obtain,

where

Myp—1(a1, [Li]

det(q)lTLn\Ill) = L" det Mn—l(&h [Li]?:nflv [(;l]:lz_ll)v

(}1 Lil—l L@—Q LKL—S Tt ~L4 ~L3 ~L2
b1 b b3 ba coo bp—g bp—2 bn—1
0 2L, L 0 . R . 0
Ly 2L,
b1 =
i=n—1> [b’b]z=l ) 2L3 L4
2014 2L3
. : . . . . . 0
0 2L,—3 2Lp_4 s cee Ly 2L, L1

(n—1)x(n—1)

We apply methods of elemg{ltary row transformation to this matrix for computing the determinant
of it, thus we can obtain M, _; (a1, [L:]?—n_1, [bs]7=1), it is of the form as,

12
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(}1 LIL—I LP—Q Lzl—3 ~L4 ~L3 ~L2
b1 b b3 ba brn—3 bn—2 bn_1
0 6 1 0 0
7 6 1
-5 0 5 1
Mn—l(d17 [Li]i:n—la [b’b]?:ll) = -1 -5 0 5 1
0
0 0 0 -1 =5 0 5 1

so we can obtain
det M, _y (@, [Lilin, s, [b)i5)) =
a det én—z([l;i}?;217 -1,-5,0,5, 1) - l;l det ﬁn—Q([Liﬁ:nflv -1,-5,0,5, 1)7

where (fn_g([l;i}f:}l, —1,-5,0,5,1) and f)n_z([Liﬁ:n_l, —1,-5,0,5,1) are the forms as in the interpretation
of Theorem 3.1.

To obtain determinants of matrices Cn—a([b:]"=, —1, —5,0,5,1) and Dy, o ([Li)?-,_1, -1, —5,0,5, 1),
develop them in accordance with the last column, and in turn it, we can get recursive formulas (3.2)-

(3.6). And observe that
(7L71)2<n72)

det @1 = det U1 = (—1)
so we can get det Ty, , which completes the proof. O

Theorem 3.2. Let T, be a Lucas skew symmetric Toeplitz matriz as the form of (1.2). If T,
is a nonsingular matriz, then

0 P12 013 P14 s Plin—t1 Pin
—p12 0 P23 P24 cor P2n—1 Pla—1
—p13 —p23 0 P34 ceo P2n—2  Pln-—2
Tio | hw P a0 B s | @)
_ﬁl,n—l _ﬁQ,n—l _ﬁQ,n—Q _ﬁQ,n—S Tt 0 ﬁlQ
—Pl,n —Pl,n-1 —Plm—2 —Pln-3 -  —P12 0

that is to say Tzi is skew symmetric about diagonal and also symmetric about secondary diagonal,
where

o L
p12 = O01n, P13 = O01,n—1 + O1n, P23 =02n—1 + d2n, Pin =011 — 7 1513—514,

ﬁmj = S’m»’"«“’Q*j + Sm,n+37j - 6m7"+4*j5 (m = 172a e ,'I’L;j = 4757' M= 1)7

5 s n-3 n—3

. S A o - ,

du=—— o= ETI’ 013 = 72 + > digody, b1y =doil_s+ Y ditaGijos, (j=4,5,---,n),
o 1 L =1 i=1

Sm1 =0, (m=2,3,---,n), Smfz:x"*aﬁ, (m=2,3,-,n),
1

13
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~ n—3
< €2Tn+1—m ~ Il Il
5m3 = g + E 6i+2xn+1*m§i + én—l—'ma (m = 27 33 e ,TL),
1 i=1

n—3

~ ’

5mj = 62$n+1—m77j73 + E €i+2Tn+1-m0Ti,j—3 + On—1-m,j—3, (m = 27 35 Ny )= 47 55 o ,TL),
=1

5 az 5 —GeLpy1—i—aal; . . —Lnyi-i .

d1:77 d; = = 7(7,:2,3,"',"1—1), € = = 7(7':2733"'7n_1)3

Ly, ai1Ln a

€1 = _dianfl + 62 - %Wlﬁlﬁla ﬁl = (2L27L452L35 e 72Ln*4’ 2Ln73)T
1

Vi= (*%Ln72+53,*$Ln73+54,'“ b1
1

s T~
al ai

- b -
L3 +bp_a,— Lo+ bn_1),
ai
_ N _ . B P> . ~ i1~
Wit = (@i)i52s, am‘:{ Piget 20 =12 0 -3), fi= (-5,
, i<y,

i—2
Pr=1, P2=6, Pi=06pi—1—Thi2+ > (~1)2L;11pi—j—1, (i =3,4,5,--- ,n—3),
j=2

’ 1 ~ 1~
ﬁm:_TﬁTVH (m:1,2,~--,n—3), gm:_TEWM (m:172>"'7n_3)>
41 [1
n—3 B
- 1 = =
Nm = Z(_EL"—I—I' + bi+2)ﬁi+l—m7 (m = 1727 e, — 3)7
&1 =601, & =602+T761, &m =60m + TBm+1 + Zﬂm+1—i'2Lz‘+27 (m=3,4,---,n—-3),
i=1
- = 1. .
Oi,j = Bi*j+3 + ?5“777 (7'7.7 =12,---,n— 3)7
1
a1, az, bi, i, (:i=1,2,---,n—1) are the same as in Theorem 3.1.

Proof. Let ®2 and ¥y be two n X n invertible matrices, defined by

0 1 1 di do ds dn—2 dn-1
1 1 €2 é3 én— énfl
. !

a1

by = 1 , Yo =
1
1
1
7 a 7 —agLnp4i1—i—a1l; ~ —Lnt1-—i .

where di = 72, di = 2 ;IL" Lo g = &Yl , 1=2,3,---,n—1).

Let ®; and ¥; be as in the proof of Theorem 3.1, multiplying ®; Tz, V1 by ®2 from the left
and by ¥, from the right, we obtain

14
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20, T, V1V

—-L, O
0 ay
0 0
0 0

; _
7(711 n—1 + b2
214
Ly

2L3

2Ln73

,% o + by ,%LBJFBR_Q
Ly 0
205
Ly
2LT’L74 in 2L.2

this matrix admits a block partition of the form as

Oy®, T, U, ¥, =N&R,

where N @ R is the direct sum of N and R, N = diag(—Ln, a1) is a nonsingular diagonal matrix,

and
*%Ln—1+l~?2 *% n—2 +bs *l% nes+bs o *%L3+5n—2
21> L 0 0
_ Ly 21> L
R =
2L3 L4 2L2
2L,_3 2L, 4 2L,—5 2Lo
Let & = ®2®; and ¥ = ¥ ¥y, we can get,
T,'! =¢(N"'eR "o,
where
0 0 0 1
1 0 0 0
5 Loy
~a N
0 1 1 -1
q) = 9
0
C0 1 -1
0 1 1 -1 0 0

15
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and
1 di da ds dn—3 dn—2
0 ZTn-1 €E2Tn—1 €3Tn—1 €n—3Tn—1 €n—2Tn—1
0 ZTn_2 €E2Tn—2 €3Tn—2 €n—3Tn—2 €n—2Tn—2+1
0 Zn—3 €E2xn_3 €3Tn—3 €n—3Tn—3+1 €n—2Tn—3
U = .
0 =x3 €273 esxrs + 1 €n—3T3 €n—23
0 T2 éaxs + 1 e3T2 €n—3T2 €n—2%2
0 1 €211 €3T1 €n—3%1 €n—2T1

Observe that the inverse matrix of N is of the form as,

N~ =diag(—L,", a; ).

- _b 5 Y _
Let R = aln-1tbz W be an (n —2) x (n — 2) matrix, where U; =
Ui Wi
2L, 4, 2Ln—3)T, ‘71 = (*%Ln—Q + 53, *%Ln—3 + 54, B *%LQ + l;n—l)y
Ly
2L, L
Ly 21> Ly
Wl — 2L3 ,
2L s - ST
2Lp—4 2Ln_5 2Ls Lg 2L I,

d'nfl
€n—1Tn-1+1
é'n,—lxn—2
énflmnfii

én—le’)
€n—1T2
€n—1T1

(2L, L4,2L3,-- -,

as L1 = 1, so Wi is an invertible matrix. Use Lemma 1.1 we can obtain the inverse matrix of W7,

Wit = (@)} 72, as in the interpretation of Theorem 3.2.

Use Lemma 5 in [12], we obtain,

L ~
R ! = L - 41
< f%W1_1U1 Wt -

1

where f1 = —%11 no1—+ by — f/lﬁ/flfh, and simply we can get (N ®R),
< 0 0 0 0 0
0 & 0 0 0 0
0 0 % ﬁl ﬁ2 ﬁn74
0 0 & 011 012 O1,n—4
(NeR) ' = 0 0 & G21 Ga2 G2,n—1
0 0 &3 031 032 03,n—4
0 0 & 4 On—4,1 On—42 Gn—dmn—4a
0 0 &.-3 0On-31 On-3.2 On—3,n—4

51,n—3
02,n—3

03,n—3

5’1174,7173

6’n—3,n—3

16
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then multiplying (N P ﬁ)*l by ¥ from the left, we can get,

(511 (512 §13 (?1,n—1
§21 (§22 (§23 (52,77.71
- o 031 032 033 03,n—1
UY(NeR) = :
57}'71,1 87171 2 51171,3 87}'71 n—1
67L,1 5n,2 5n,3 5n,n71
In the end, we can obtain T;}L,
0 D12 P13 P14
—p12 0 P23 P24
—p13 —p23 0 P3,4
T _yReR) e | —hu —pu a0
—Pl,n-1 —P2n-1 —P2,n-2 —P2,n-3
—Pin —Pin—1 —Pin-2 —Pln-3
where
P12 = Sln7 p13 = Sl,n—l + Slny p23 = SZ,n—l + SQn, Pin = 511 -
Pmj = gm,n+2—j + gm,n+3—j - Sm,n+4—j7 (m=1,2,---,n;j

which completes the proof.

4 Numerical Example

i=4,5, -

Pln—1 Pin

ﬁQ,n—l ﬁl,n—l
P2.n—2 Pln—2
P2,n—3  Pl,n—3

0 P12
—p12 0
Lp_ 1= <
“o13 — dua,
y 1 — 1)7

In this section, an example demonstrates the method introduced above for the calculation of
determinant and inverse of the Fibonacci skew symmetric Toeplitz matrix. Here we consider a

6 X 6 matrix:

0
-1
—2
-3
)
-8

Tr, =

1
0
—1
-2
-3
-5

2

1

0
-1
-2
-3

3
2
1
0

-1
—2

Use the corresponding formulas in Theorem 2.1, we get a1

we can obtain

5 8
3 5
2 3
1 2
0 1
-10 6x6
=14+v2i, by

= —1 and from

8

det Ca([bi]i—2, —1,-1,0,1,1) = 0, det Da([Fi]7=5,—1,-1,0,1,1) =1,

from (2.1), we obtain

det Tp, = Fslar detC4( bl ?:2, —1, —1,0, 1, 1) — by detD4( F; 12:5, —1, —1,07 1, 1)
6

=1.

(2.2), (2.3)

17
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As the inverse calculation, use the corresponding formulas in Theorem 2.2, we get p12 = 0, pi3 =
=1, p1a =2, p1s=—1, p16 =0, paz =1, pasa = =3, p25s = 3, p3s = 0, so we can get

5

0 o -1 2 -1 0
0 0 1 -3 3 -1
1

-1
Tr =

Conclusion

In this paper, by constructing the special transformation matrices we give the determinant and
inverse of the Fibonacci skew symmetric Toeplitz matrix in section 2, and give the determinant and
inverse of the Lucas skew symmetric Toeplitz matrix in section 3.
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