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1 Introduction

Toeplitz matrices have important applications in various disciplines including image processing,
signal processing, and solving least squares problems [1, 16]. It is an ideal research area and hot
topic for the inverses of Toeplitz matrices and the special matrices with famous numbers. Due to the
special structre, it is desirable that the inversion of Toeplitz matrices can be reconstructed by use
of a low number of its columns and the entries of the original Toeplitz matrix. The first result was
presented by Trench [17] from its first and last columns of T−1, on condition that the first element
in the first column is not zero. The Trench’s algorithm for the inversion of Toeplitz matrices is
shown with a detailed proof in [15]. The authors [8] observed that if the last component of the
first column is not zero, then T−1 can be recovered from its first and second columns. Labahn [7]
proposed that formulas for the inverse of layered or striped Toeplitz matrices in terms of solutions
of standard equations. Citations of a large number of results have been made in a series of papers
and in the monographs Iohvidov [9] and Heining and Rost [6].

In addition, some scholars showed the explicit determinants and inverses of the special matrices
involving famous numbers. In [13], M. Akbulak and D. Bozkurt treated originally Fibonacci
and Lucas Toeplitz matrices with entries from Fibonacci and Lucas numbers, and they gave
the upper and lower bounds for the spectral norms of the Fibonacci and Lucas Toeplitz matrix.
Jaiswal [3] evaluated some determinants of circulant matrices whose components are the generalized
Fibonacci numbers. Lind considered the determinants of circulant and skew-circulant matrices
involving Fibonacci numbers in [5]. Lin showed the determinant of the Fibonacci-Lucas quasi-
cyclic matrices in [4]. Circulant matrices with Fibonacci and Lucas numbers are discussed and
their explicit determinants and inverses are proposed in [14]. The authors provided determinants
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and inverses of circulant matrices with Jacobsthal and Jacobsthal-Lucas numbers in [2]. The explicit
determinants of circulant and left circulant matrices including Tribonacci numbers and generalized
Lucas numbers are shown based on Tribonacci numbers and generalized Lucas numbers in [10].
In [22], circulant type matrices with the k-Fibonacci and k-Lucas numbers are considered and
the explicit determinants and inverse matrices are presented by constructing the transformation
matrices. Jiang et al. [23] gave the invertibility of circulant type matrices with the sum and
product of Fibonacci and Lucas numbers and provided the determinants and the inverses of these
matrices. And for the RSFPLR circulant matrices and the RSLPFL circulant matrices involving
Padovan, Perrin, Tribonacci and the generalized Lucas numbers by the inverse factorization of
polynomial in [18]. It should be noted that Jiang and Zhou [21] obtained the explicit formula
for spectral norm of an r-circulant matrix whose entries in the first row are alternately positive
and negative, and the authors [11] investigated explicit formulas of spectral norms for g-circulant
matrices with Fibonacci and Lucas numbers. The authors [20] proposed the invertibility criterium
of the generalized Lucas skew circulant type matrices and provided their determinants and the
inverse matrices. Furthermore, in [19] the determinants and inverses are discussed and evaluated
for Tribonacci skew circulant type matrices.

In this paper, we will show the recursive formulas of determinants and inverses of the Fibonacci
skew symmetric Toeplitz matrices involving Fibonacci numbers, and Lucas skew symmetric Toeplitz
matrices involving Lucas numbers.

Here the Fibonacci and Lucas sequences are defined by the following recursion relations, respectively:

Fn+1 = Fn + Fn−1 (n > 1) where F0 = 0, F1 = 1,
Ln+1 = Ln + Ln−1 (n > 1) where L0 = 2, L1 = 1.

Definition 1.1. An n× n Fibonacci skew symmetric Toeplitz matrix is meant a square matrix of
the form as

TFn =



0 F2 F3 · · · Fn−1 Fn

−F2 0 F2 · · · Fn−2 Fn−1

−F3 −F2 0 · · · Fn−3 Fn−2

...
...

...
. . .

...
...

−Fn−1 −Fn−2 −Fn−3 · · · 0 F2

−Fn −Fn−1 −Fn−2 · · · −F2 0


n×n

, (1.1)

where F2, F3, · · · , Fn are the Fibonacci numbers.

Obviously, this matrix is completely determined by its first row, and TT
Fn

= −TFn .

Definition 1.2. An n× n Lucas skew symmetric Toeplitz matrix is meant a square matrix of the
form as

TLn =



0 L2 L3 · · · Ln−1 Ln

−L2 0 L2 · · · Ln−2 Ln−1

−L3 −L2 0 · · · Ln−3 Ln−2

...
...

...
. . .

...
...

−Ln−1 −Ln−2 −Ln−3 · · · 0 L2

−Ln −Ln−1 −Ln−2 · · · −L2 0


n×n

, (1.2)

where L2, L3, · · · , Ln are the Lucas numbers.

Obviously, this matrix is completely determined by its first row, and TT
Ln

= −TLn .
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Lemma 1.1. Assume that α1, · · · , αn are all positive integers, then the matrix W1 and W−1
1 are

of the forms as

W1 =



α1 0 · · · · · · 0

α2 α1

. . .
...

...
. . .

. . .
. . .

...

αn−1

. . .
. . .

. . . 0
αn αn−1 · · · α2 α1


n×n

, W−1
1 =



β1 0 · · · · · · 0

β2 β1
. . .

...
...

. . .
. . .

. . .
...

βn−1

. . .
. . .

. . . 0
βn βn−1 · · · β2 β1


n×n

,

where

βi =
(−1)i−1pi

(α1)i
, p1 = 1, p2 = α2, pi = α2pi−1 +

i−2∑
j=1

(−1)jαj
1αj+2pi−1−j , (i = 3, 4, 5, · · · , n).

2 Determinant and Inverse of the Fibonacci Skew Symmetric
Toeplitz Matrix

In this section, we will give the determinant and the inverse of the matrix TFn .

As we know that if n is an odd number, the determinant of an n-dimension skew symmetric matrix
is zero. So in this section we always assume that n is an even number.

Theorem 2.1. Let TFn be a Fibonacci skew symmetric Toeplitz matrix as the form of (1.1), we
have

det TFn = Fn[a1 det Cn−2([bi]
n−1
i=2 ,−1,−1, 0, 1, 1)− b1 detDn−2([Fi]

2
i=n−1,−1,−1, 0, 1, 1)] (2.1)

where

a1 =

n−2∑
i=0

Fi+2yn−i−1, b1 =

n−4∑
i=0

(−Fn−i−2 +
Fn−i−1Fn−1

Fn
)yn−i−1 +

Fn−1

Fn
y2 + y1,

b2 =
Fn−1

Fn
, bi = −Fi−1 +

FiFn−1

Fn
, (i = 3, 4, · · · , n− 1), y1 = 1 y3 = y22 , y3 + 2y2 + 3 = 0,

yi = −2yi−1 − 3yi−2 −
i−3∑
j=1

2Fj+2yi−j−2, (i = 4, 5, 6, · · · , n− 1),

Cn−2([bi]
n−1
i=2 ,−1,−1, 0, 1, 1) =



b2 b3 b4 · · · · · · · · · bn−3 bn−2 bn−1

2 1 0 · · · · · · · · · · · · · · · 0

3 2 1
. . .

...

−1 0 1 1
. . .

...

−1 −1 0 1 1
. . .

...

0
. . .

. . .
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

. . .
. . . 0

0 · · · · · · 0 −1 −1 0 1 1


(n−2)×(n−2)

,
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Dn−2([Fi]
2
i=n−1,−1,−1, 0, 1, 1) =



Fn−1 Fn−2 Fn−3 · · · · · · · · · F4 F3 F2

2 1 0 · · · · · · · · · · · · · · · 0

3 2 1
. . .

...

−1 0 1 1
. . .

...

−1 −1 0 1 1
. . .

...

0
. . .

. . .
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

. . .
. . . 0

0 · · · · · · 0 −1 −1 0 1 1


(n−2)×(n−2)

,

[bi]
n−1
i=2 = b2, b3, · · · , bn−1; [Fi]

2
i=n−1 = Fn−1, Fn−2, · · · , F2,

det Cj([bi]j+1
i=2 ,−1,−1, 0, 1, 1) =

(−1)j+1bj+1 det Ej−1(−1,−1, 0, 1, 1) + det Cj−1([bi]
j
i=2,−1,−1, 0, 1, 1), (2.2)

detDj([Fi]
2
i=j+1,−1,−1, 0, 1, 1) =

(−1)j+1Fn−j det Ej−1(−1,−1, 0, 1, 1) + detDj−1([Fi]
3
i=j+1,−1,−1, 0, 1, 1), (2.3)

Ei(−1,−1, 0, 1, 1) =



2 1 0 · · · · · · · · · · · · 0

3 2 1
. . .

...

−1 0 1 1
. . .

...

−1 −1 0 1 1
. . .

...

0
. . .

. . .
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . .
. . .

. . . 0
...

. . .
. . .

. . .
. . .

. . . 1
0 · · · · · · 0 −1 −1 0 1


i×i

,

det Ei(−1,−1, 0, 1, 1) = det Ei−4(−1,−1, 0, 1, 1)− det Ei−3(−1,−1, 0, 1, 1) + det Ei−1(−1,−1, 0, 1, 1),

(i = 5, 6, · · · , n− 3), (2.4)

det E1(−1,−1, 0, 1, 1) = 2, det E2(−1,−1, 0, 1, 1) = 1, (2.5)

det E3(−1,−1, 0, 1, 1) = 0, det E4(−1,−1, 0, 1, 1) = −1. (2.6)

Proof. Let TFn be an n× n Fibonacci skew symmetric Toeplitz matrix. In the case n ≥ 4, let

A1 =



1 0
1

1 −Fn−1

Fn

1 1 −1
1 1 −1

. .
.

. .
.

. .
.

1 1 −1
0 1 1 −1


, B1 =



1 0 0
yn−1 1
yn−2 1
yn−3 1

... . .
.

y3 1
y2 1
y1


,
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be two n× n matrices, which are invertible. And

y1 = 1, y3 = y22 , y3 + 2y2 + 3 = 0, yi = −2yi−1 − 3yi−2 −
i−3∑
j=1

2Fj+2yi−j−2 (i = 4, 5, 6, · · · , n− 1).

Multiplying TFn by A1 from the left, then multiplying B1 from the right, we obtain

A1TFnB1 =



0 a1 Fn−1 Fn−2 Fn−3 · · · · · · F4 F3 F2

−Fn a2 −F2 −F3 −F4 · · · · · · −Fn−3 −Fn−2 −Fn−1

0 b1 b2 b3 b4 · · · · · · bn−3 bn−2 bn−1

... 0 2F2 F1 0 · · · · · · · · · · · · 0

...
... F4 2F2

. . .
. . .

...
...

... 2F3 F4

. . .
. . .

. . .
...

...
... 2F4 2F3

. . .
. . .

. . .
. . .

...
...

...
...

...
. . .

. . .
. . .

. . .
. . .

...
...

... 2Fn−4 2Fn−5 2Fn−6 · · · · · · 2F2 F1 0
0 0 2Fn−3 2Fn−4 2Fn−5 · · · · · · F4 2F2 F1



,

where

a1 =

n−2∑
i=0

Fi+2yn−i−1, a2 = −
n−3∑
i=0

Fn−i−1yn−i−1,

b1 =

n−4∑
i=0

(−Fn−i−2 +
Fn−i−1Fn−1

Fn
)yn−i−1 +

Fn−1

Fn
y2 + y1,

b2 =
Fn−1

Fn
, bi = −Fi−1 +

FiFn−1

Fn
, (i = 3, 4, · · · , n− 1)

and from the last matrix we can easily get,

det(A1TFnB1) = Fn detMn−1(a1, [Fi]
2
i=n−1, [bi]

n−1
i=1 ),

where

Mn−1(a1, [Fi]
2
i=n−1, [bi]

n−1
i=1 ) =



a1 Fn−1 Fn−2 Fn−3 · · · · · · F4 F3 F2

b1 b2 b3 b4 · · · · · · bn−3 bn−2 bn−1

0 2F2 F1 0 · · · · · · · · · · · · 0
... F4 2F2

. . .
. . .

...
... 2F3 F4

. . .
. . .

. . .
...

... 2F4 2F3

. . .
. . .

. . .
. . .

...
...

...
...

. . .
. . .

. . .
. . .

. . .
...

... 2Fn−4 2Fn−5 2Fn−6 · · · · · · 2F2 F1 0
0 2Fn−3 2Fn−4 2Fn−5 · · · · · · F4 2F2 F1


(n−1)×(n−1)

.

In order to simply compute the determinant of Mn−1(a1, [Fi]
2
i=n−1, [bi]

n−1
i=1 ), we apply methods of

elementary row transformation to this matrix, then we can obtain M
′
n−1(a1, [Fi]

2
i=n−1, [bi]

n−1
i=1 ), it

5
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is of the form as,

M
′
n−1(a1, [Fi]

2
i=n−1, [bi]

n−1
i=1 ) =



a1 Fn−1 Fn−2 Fn−3 · · · · · · · · · F4 F3 F2

b1 b2 b3 b4 · · · · · · · · · bn−3 bn−2 bn−1

0 2 1 0 · · · · · · · · · · · · · · · 0
... 3 2 1

. . .
...

... −1 0 1 1
. . .

...
... −1 −1 0 1 1

. . .
...

... 0
. . .

. . .
. . .

. . .
. . .

. . .
...

...
...

. . .
. . .

. . .
. . .

. . .
. . .

. . .
...

...
...

. . .
. . .

. . .
. . .

. . .
. . . 0

0 0 · · · · · · 0 − 1 −1 0 1 1



,

then we can obtain

detM
′
n−1(a1, [Fi]

2
i=n−1, [bi]

n−1
i=1 ) =

a1 det Cn−2([bi]
n−1
i=2 ,−1,−1, 0, 1, 1)− b1 detDn−2([Fi]

2
i=n−1,−1,−1, 0, 1, 1),

where Cn−2([bi]
n−1
i=2 ,−1,−1, 0, 1, 1) andDn−2([bi]

n−1
i=2 ,−1,−1, 0, 1, 1) are the forms as in the interpretation

of Theorem 2.1.

To obtain determinants of matrices Cn−2([bi]
n−1
i=2 ,−1,−1, 0, 1, 1) andDn−2([Fi]

2
i=n−1,−1,−1, 0, 1, 1),

develop them in accordance with the last column, and in turn it, we can get recursive formulas (2.2)-
(2.6). And observe that

detA1 = detB1 = (−1)
(n−1)(n−2)

2 ,

we can obtain det TFn , which completes the proof.

Theorem 2.2. Let TFn be a Fibonacci skew symmetric Toeplitz matrix as the form of (1.1). If
TFn is a nonsingular matrix, then

T−1
Fn

=



0 ρ12 ρ13 ρ14 · · · ρ1,n−1 ρ1n
−ρ12 0 ρ23 ρ24 · · · ρ2,n−1 ρ1,n−1

−ρ13 −ρ23 0 ρ3,4 · · · ρ2,n−2 ρ1,n−2

−ρ14 −ρ24 −ρ3,4 0 · · · ρ2,n−3 ρ1,n−3

...
...

...
...

...
...

−ρ1,n−1 −ρ2,n−1 −ρ2,n−2 −ρ2,n−3 · · · 0 ρ12
−ρ1,n −ρ1,n−1 −ρ1,n−2 −ρ1,n−3 · · · −ρ12 0


, (2.7)

that is to say T−1
Fn

is skew symmetric about diagonal and symmetric about secondary diagonal as
well, where

ρ12 = δ1n, ρ13 = δ1,n−1 + δ1n, ρ23 = δ2,n−1 + δ2n, ρ1n = δ11 −
Fn−1

Fn
δ13 − δ14,

ρmj = δm,n+2−j + δm,n+3−j − δm,n+4−j , (m = 1, 2, · · · , n; j = 4, 5, · · · , n− 1),

δ11 = − 1

Fn
, δ12 =

d1
a1
, δ13 =

d2
`1

+

n−3∑
i=1

di+2ξ
′
i , δ1j = d2η

′
j−3 +

n−3∑
i=1

di+2σi,j−3, (j = 4, 5, · · · , n),

δm1 = 0, (m = 2, 3, · · · , n), δm2 =
yn+1−m

a1
, (m = 2, 3, · · · , n),

6
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δm3 =
e2yn+1−m

`1
+

n−3∑
i=1

ei+2yn+1−mξ
′
i + ξ

′
n−1−m, (m = 2, 3, · · · , n),

δmj = e2yn+1−mη
′
j−3 +

n−3∑
i=1

ei+2yn+1−mσi,j−3 + σn−1−m,j−3, (m = 2, 3, · · · , n; j = 4, 5, · · · , n),

d1 =
a2
Fn

, di =
−a2Fn−i+1 − a1Fi

a1Fn
, (i = 2, 3, · · · , n− 1), ei =

−Fn−i+1

a1
, (i = 2, 3, · · · , n− 1),

`1 = − b1
a1
Fn−1 + b2 − V1W

−1
1 U1, U1 = (2F2, F4, 2F3, · · · , 2Fn−4, 2Fn−3)T ,

V1 = (− b1
a1
Fn−2 + b3,−

b1
a1
Fn−3 + b4, · · · ,−

b1
a1
F3 + bn−2,−

b1
a1
F2 + bn−1),

W−1
1 = (ai,j)

n−3
i,j=1, ai,j =

{
βi−j+1, i > j,

0, i < j,
(i, j = 1, 2, · · · , n− 3), βi = (−1)i−1pi,

p1 = 1, p2 = 2, pi = 2pi−1 − 3pi−2 +

i−2∑
j=2

(−1)j2Fj+1pi−j−1, (i = 3, 4, 5, · · · , n− 3),

η
′
m = − 1

`1
ηm, (m = 1, 2, · · · , n− 3), ξ

′
m = − 1

`1
ξm, (m = 1, 2, · · · , n− 3),

ηm =

n−3∑
i=m

(− b1
a1
Fn−1−i + bi+2)βi+1−m, (m = 1, 2, · · · , n− 3),

ξ1 = 2β1, ξ2 = 2β2 + 3β1, ξm = 2βm + 3βm−1 +

m−2∑
i=1

βm−1−i · 2Fi+2, (m = 3, 4, · · · , n− 3),

σi,j = βi−j+1 +
1

`1
ξiηj , (i, j = 1, 2, · · · , n− 3),

a1, a2, bi, yi, (i = 1, 2, · · · , n− 1) are the same as in Theorem 2.1.

Proof. Let A2 and B2 be two n× n invertible matrices, defined by

A2 =



0 1
1

− b1
a1

0 1

1

. . .

1
1


n×n

, B2 =



1 d1 d2 d3 · · · dn−2 dn−1

1 e2 e3 · · · en−2 en−1

1

. . .

. . .

. . .

1


n×n

,

where d1 = a2
Fn
, di =

−a2Fn−i+1−a1Fi

a1Fn
, ei =

−Fn−i+1

a1
, (i = 2, 3, · · · , n− 1).

Let A1 and B1 be as in the proof of Theorem 2.1, multiplying A1TFnB1 by A2 from the left
and by B2 from the right, we obtain

7
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A2A1TFnB1B2

=



−Fn 0 0 · · · · · · · · · · · · 0
0 a1 0 · · · · · · · · · · · · 0

0 0 − b1
a1
Fn−1 + b2 − b1

a1
Fn−2 + b3 · · · · · · − b1

a1
F3 + bn−2 − b1

a1
F2 + bn−1

...
... 2F2 F1 0 · · · · · · 0

...
... F4 2F2

. . .
. . .

...
...

... 2F3 F4

. . .
. . .

. . .
...

...
...

...
...

. . .
. . .

. . . 0
0 0 2Fn−3 2Fn−4 · · · F4 2F2 F1


,

this matrix admits a block partition of the form as

A2A1TFnB1B2 = N⊕R,

where N⊕R is the direct sum of N and R. N = diag(−Fn, a1) is a nonsingular diagonal matrix,

R =



− b1
a1
Fn−1 + b2 − b1

a1
Fn−2 + b3 − b1

a1
Fn−3 + b4 · · · − b1

a1
F3 + bn−2 − b1

a1
F2 + bn−1

2F2 F1 0 · · · · · · 0

F4 2F2 F1

. . .
...

2F3 F4 2F2

. . .
. . .

...
...

...
...

. . .
. . . 0

2Fn−3 2Fn−4 2Fn−5 · · · 2F2 F1


.

Let A = A2A1 and B = B1B2, we can get,

T−1
Fn

= B(N−1 ⊕R−1)A,

where

A =



0 0 · · · · · · · · · · · · 0 1
1 0 · · · · · · · · · · · · 0 0

− b1
a1

... . .
.

1 −Fn−1

Fn

0
... . .

.
1 1 −1

...
... . .

.
. .

.
. .

.
. .

.
0

...
... . .

.
. .

.
. .

.
. .

.
. .

. ...
... 0 1 1 −1 . .

. ...
0 1 1 −1 0 · · · · · · 0



,

and

B =



1 d1 d2 d3 · · · dn−3 dn−2 dn−1

0 yn−1 e2yn−1 e3yn−1 · · · en−3yn−1 en−2yn−1 en−1yn−1 + 1
0 yn−2 e2yn−2 e3yn−2 · · · en−3yn−2 en−2yn−2 + 1 en−1yn−2

0 yn−3 e2yn−3 e3yn−3 · · · en−3yn−3 + 1 en−2yn−3 en−1yn−3

...
...

...
...

...
...

...
0 y3 e2y3 e3y3 + 1 · · · en−3y3 en−2y3 en−1y3
0 y2 e2y2 + 1 e3y2 · · · en−3y2 en−2y2 en−1y2
0 y1 e2 e3 · · · en−3 en−2 en−1


.
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Observe that the inverse matrix of N is of the form as,

N−1 = diag(−F−1
n , a−1

1 ).

Let R =

(
− b1

a1
Fn−1 + b2 V1

U1 W1

)
be an (n− 2)× (n− 2) matrix, where U1 = (2F2, F4, 2F3, · · · ,

2Fn−4, 2Fn−3)T , V1 = (− b1
a1
Fn−2 + b3,− b1

a1
Fn−3 + b4, · · · ,− b1

a1
F2 + bn−1),

W1 =



F1

2F2 F1

F4 2F2 F1

2F3

. . .
. . .

. . .

...
. . .

. . .
. . .

. . .

2Fn−5

. . .
. . .

. . .
. . . F1

2Fn−4 2Fn−5 · · · 2F3 F4 2F2 F1


,

as F1 = 1, so W1 is an invertible matrix. Use Lemma 1.1 we can obtain the inverse matrix of W1,
W−1

1 = (ai,j)
n−3
i,j=1, as in the interpretation of Theorem 2.2.

Use Lemma 5 in [12], we obtain,

R−1 =

(
1
`1

− 1
`1
V1W

−1
1

− 1
`1
W−1

1 U1 W−1
1 + 1

`1
W−1

1 U1V1W
−1
1

)
,

where `1 = − b1
a1
Fn−1 + b2 − V1W

−1
1 U1, and simply we can get (N⊕R)−1,

(N⊕R)−1 =



1
−Fn

0 0 0 0 · · · · · · 0 0

0 1
a1

0 0 0 · · · · · · 0 0

0 0 1
`1

η
′
1 η

′
2 · · · · · · η

′
n−4 η

′
n−3

0 0 ξ
′
1 σ11 σ12 · · · · · · σ1,n−4 σ1,n−3

0 0 ξ
′
2 σ21 σ22 · · · · · · σ2,n−4 σ2,n−3

0 0 ξ
′
3 σ31 σ32 · · · · · · σ3,n−4 σ3,n−3

...
...

...
...

...
...

...

0 0 ξ
′
n−4 σn−4,1 σn−4,2 · · · · · · σn−4,n−4 σn−4,n−3

0 0 ξ
′
n−3 σn−3,1 σn−3,2 · · · · · · σn−3,n−4 σn−3,n−3


,

then multiplying (N⊕R)−1 by B from the left, we can obtain

B(N⊕R)−1 =



δ11 δ12 δ13 · · · δ1,n−1 δ1,n
δ21 δ22 δ23 · · · δ2,n−1 δ2,n
δ31 δ32 δ33 · · · δ3,n−1 δ3,n
...

...
...

...
...

δn−1,1 δn−1,2 δn−1,3 · · · δn−1,n−1 δn−1,n

δn,1 δn,2 δn,3 · · · δn,n−1 δn,n


.

9
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In the end, we can obtain T−1
Fn

,

T−1
Fn

= B(N⊕R)−1A =



0 ρ12 ρ13 ρ14 · · · ρ1,n−1 ρ1n
−ρ12 0 ρ23 ρ24 · · · ρ2,n−1 ρ1,n−1

−ρ13 −ρ23 0 ρ3,4 · · · ρ2,n−2 ρ1,n−2

−ρ14 −ρ24 −ρ3,4 0 · · · ρ2,n−3 ρ1,n−3

...
...

...
...

...
...

−ρ1,n−1 −ρ2,n−1 −ρ2,n−2 −ρ2,n−3 · · · 0 ρ12
−ρ1,n −ρ1,n−1 −ρ1,n−2 −ρ1,n−3 · · · −ρ12 0


,

where

ρ12 = δ1n, ρ13 = δ1,n−1 + δ1n, ρ23 = δ2,n−1 + δ2n, ρ1n = δ11 −
Fn−1

Fn
δ13 − δ14,

ρmj = δm,n+2−j + δm,n+3−j − δm,n+4−j , (m = 1, 2, · · · , n; j = 4, 5, · · · , n− 1),

which completes the proof.

3 Determinant and Inverse of the Lucas Skew Symmetric
Toeplitz Matrix

In this section, we will give the determinant and the inverse of the matrix TLn . And in this section
we always assume that n is an even number, as well.

Theorem 3.1. Let TLn be a Lucas skew symmetric Toeplitz matrix as the form of (1.2), we have

det TLn =Ln[ã1 det C̃n−2([b̃i]
n−1
i=2 ,−1,−5, 0, 5, 1)− b̃1 det D̃n−2([Li]

2
i=n−1,−1,−5, 0, 5, 1)] (3.1)

where

ã1 =

n−2∑
i=0

Li+2xn−i−1, b̃1 =

n−4∑
i=0

(−Ln−i−2 +
Ln−i−1Ln−1

Ln
)xn−i−1 +

3Ln−1

Ln
x2 + 3x1,

b̃2 =
3Ln−1

Ln
, b̃i = −Li−1 +

LiLn−1

Ln
, (i = 3, 4, · · · , n− 1), x1 = 1, x3 = x22, x3 + 6x2 + 7 = 0,

xi = −6xi−1 − 7xi−2 −
i−3∑
j=1

2Lj+2xi−j−2, (i = 4, 5, 6, · · · , n− 1),

C̃n−2([b̃i]
n−1
i=2 ,−1,−5, 0, 5, 1) =



b̃2 b̃3 b̃4 · · · · · · · · · b̃n−3 b̃n−2 b̃n−1

6 1 0 · · · · · · · · · · · · · · · 0

7 6 1
. . .

...

−5 0 5 1
. . .

...

−1 −5 0 5 1
. . .

...

0
. . .

. . .
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

. . .
. . . 0

0 · · · · · · 0 −1 −5 0 5 1


(n−2)×(n−2)

,
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D̃n−2([Li]
2
i=n−1,−1,−5, 0, 5, 1) =



Ln−1 Ln−2 Ln−3 · · · · · · · · · L4 L3 L2

6 1 0 · · · · · · · · · · · · · · · 0

7 6 1
. . .

...

−5 0 5 1
. . .

...

−1 −5 0 5 1
. . .

...

0
. . .

. . .
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . .
. . .

. . .
. . .

...
...

. . .
. . .

. . .
. . .

. . .
. . . 0

0 · · · · · · 0 −1 −5 0 5 1


(n−2)×(n−2)

,

[b̃i]
n−1
i=2 = b̃2, b̃3, · · · , b̃n−1; [Li]

2
i=n−1 = Ln−1, Ln−2, · · · , L2,

det C̃j([b̃i]j+1
i=2 ,−1,−5, 0, 5, 1) =

(−1)j+1bj+1 det Ẽj−1(−1,−5, 0, 5, 1) + det C̃j−1([b̃i]
j
i=2,−1,−5, 0, 5, 1), (3.2)

det D̃j([Li]
2
i=j+1,−1,−5, 0, 5, 1) =

(−1)j+1Ln−j det Ẽj−1(−1,−5, 0, 5, 1) + det D̃j−1([Li]
3
i=j+1,−1,−5, 0, 5, 1), (3.3)

Ẽi(−1,−5, 0, 5, 1) =



6 1 0 · · · · · · · · · · · · 0

7 6 1
. . .

...

−5 0 5 1
. . .

...

−1 −5 0 5 1
. . .

...

0
. . .

. . .
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . .
. . .

. . . 0
...

. . .
. . .

. . .
. . .

. . . 1
0 · · · · · · 0 −1 −5 0 5


i×i

,

det Ẽi(−1,−5, 0, 5, 1) = det Ẽi−4(−1,−5, 0, 5, 1)− 5 det Ẽi−3(−1,−5, 0, 5, 1) + 5 det Ẽi−1(−1,−5, 0, 5, 1),

(i = 5, 6, · · · , n− 3), (3.4)

det Ẽ1(−1,−5, 0, 5, 1) = 6, det Ẽ2(−1,−5, 0, 5, 1) = 29, (3.5)

det Ẽ3(−1,−5, 0, 5, 1) = 140, det Ẽ4(−1,−5, 0, 5, 1) = 671. (3.6)

Proof. Let TLn be an n× n Lucas skew symmetric Toeplitz matrix. In the case n ≥ 4, let

Φ1 =



1 0
1

1 −Ln−1

Ln

1 1 −1
1 1 −1

. .
.

. .
.

. .
.

1 1 −1
0 1 1 −1


, Ψ1 =



1 0 0
xn−1 1
xn−2 1
xn−3 1

... . .
.

x3 1
x2 1
x1


,
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be two n× n matrices, which are invertible. And

x1 = 1, x3 = x22, x3 + 6x2 + 7 = 0, xi = −6xi−1 − 7xi−2 −
i−3∑
j=1

2Lj+2xi−j−2 (i = 4, 5, 6, · · · , n− 1).

Multiplying TLn by Φ1 from the left, then multiplying Ψ1 from the right, we obtain

Φ1TLnΨ1 =



0 ã1 Ln−1 Ln−2 Ln−3 · · · · · · L4 L3 L2

−Ln ã2 −L2 −L3 −L4 · · · · · · −Ln−3 −Ln−2 −Ln−1

0 b̃1 b̃2 b̃3 b̃4 · · · · · · b̃n−3 b̃n−2 b̃n−1

... 0 2L2 L1 0 · · · · · · · · · · · · 0

...
... L4 2L2

. . .
. . .

...
...

... 2L3 L4

. . .
. . .

. . .
...

...
... 2L4 2L3

. . .
. . .

. . .
. . .

...
...

...
...

...
. . .

. . .
. . .

. . .
. . .

...
...

... 2Ln−4 2Ln−5 2Ln−6 · · · · · · 2L2 L1 0
0 0 2Ln−3 2Ln−4 2Ln−5 · · · · · · L4 2L2 L1



,

where

ã1 =

n−2∑
i=0

Li+2xn−i−1, ã2 = −
n−3∑
i=0

Ln−i−1xn−i−1,

b̃1 =

n−4∑
i=0

(−Ln−i−2 +
Ln−i−1Ln−1

Ln
)xn−i−1 +

3Ln−1

Ln
x2 + 3x1,

b̃2 =
3Ln−1

Ln
, b̃i = −Li−1 +

LiLn−1

Ln
, (i = 3, 4, · · · , n− 1)

and from the last matrix we can easily obtain,

det(Φ1TLnΨ1) = Ln det M̃n−1(ã1, [Li]
2
i=n−1, [b̃i]

n−1
i=1 ),

where

M̃n−1(ã1, [Li]
2
i=n−1, [b̃i]

n−1
i=1 ) =



ã1 Ln−1 Ln−2 Ln−3 · · · L4 L3 L2

b̃1 b̃2 b̃3 b̃4 · · · b̃n−3 b̃n−2 b̃n−1

0 2L2 L1 0 · · · · · · · · · 0
... L4 2L2

. . .
. . .

...
... 2L3 L4

. . .
. . .

. . .
...

... 2L4 2L3

. . .
. . .

. . .
. . .

...
...

...
...

. . .
. . .

. . .
. . . 0

0 2Ln−3 2Ln−4 · · · · · · L4 2L2 L1


(n−1)×(n−1)

.

We apply methods of elementary row transformation to this matrix for computing the determinant
of it, thus we can obtain M̃

′
n−1(ã1, [Li]

2
i=n−1, [b̃i]

n−1
i=1 ), it is of the form as,

12
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M̃
′
n−1(ã1, [Li]

2
i=n−1, [b̃i]

n−1
i=1 ) =



ã1 Ln−1 Ln−2 Ln−3 · · · · · · · · · L4 L3 L2

b̃1 b̃2 b̃3 b̃4 · · · · · · · · · b̃n−3 b̃n−2 b̃n−1

0 6 1 0 · · · · · · · · · · · · · · · 0
... 7 6 1

. . .
...

... −5 0 5 1
. . .

...
... −1 −5 0 5 1

. . .
...

... 0
. . .

. . .
. . .

. . .
. . .

. . .
...

...
...

. . .
. . .

. . .
. . .

. . .
. . .

. . .
...

...
...

. . .
. . .

. . .
. . .

. . .
. . . 0

0 0 · · · · · · 0 − 1 −5 0 5 1



,

so we can obtain

det M̃
′
n−1(ã1, [Li]

2
i=n−1, [b̃i]

n−1
i=1 ) =

ã1 det C̃n−2([b̃i]
n−1
i=2 ,−1,−5, 0, 5, 1)− b̃1 det D̃n−2([Li]

2
i=n−1,−1,−5, 0, 5, 1),

where C̃n−2([b̃i]
n−1
i=2 ,−1,−5, 0, 5, 1) and D̃n−2([Li]

2
i=n−1,−1,−5, 0, 5, 1) are the forms as in the interpretation

of Theorem 3.1.

To obtain determinants of matrices C̃n−2([b̃i]
n−1
i=2 ,−1,−5, 0, 5, 1) and D̃n−2([Li]

2
i=n−1,−1,−5, 0, 5, 1),

develop them in accordance with the last column, and in turn it, we can get recursive formulas (3.2)-
(3.6). And observe that

det Φ1 = det Ψ1 = (−1)
(n−1)(n−2)

2 ,

so we can get det TLn , which completes the proof.

Theorem 3.2. Let TLn be a Lucas skew symmetric Toeplitz matrix as the form of (1.2). If TLn

is a nonsingular matrix, then

T−1
Ln

=



0 ρ̃12 ρ̃13 ρ̃14 · · · ρ̃1,n−1 ρ̃1n
−ρ̃12 0 ρ̃23 ρ̃24 · · · ρ̃2,n−1 ρ̃1,n−1

−ρ̃13 −ρ̃23 0 ρ̃34 · · · ρ̃2,n−2 ρ̃1,n−2

−ρ̃14 −ρ̃24 −ρ̃34 0 · · · ρ̃2,n−3 ρ̃1,n−3

...
...

...
...

...
...

−ρ̃1,n−1 −ρ̃2,n−1 −ρ̃2,n−2 −ρ̃2,n−3 · · · 0 ρ̃12
−ρ̃1,n −ρ̃1,n−1 −ρ̃1,n−2 −ρ̃1,n−3 · · · −ρ̃12 0


, (3.7)

that is to say T−1
Ln

is skew symmetric about diagonal and also symmetric about secondary diagonal,
where

ρ̃12 = δ̃1n, ρ̃13 = δ̃1,n−1 + δ̃1n, ρ̃23 = δ̃2,n−1 + δ̃2n, ρ̃1n = δ̃11 −
Ln−1

Ln
δ̃13 − δ̃14,

ρ̃mj = δ̃m,n+2−j + δ̃m,n+3−j − δ̃m,n+4−j , (m = 1, 2, · · · , n; j = 4, 5, · · · , n− 1),

δ̃11 =
1

−Ln
, δ̃12 =

d̃1
ã1
, δ̃13 =

d̃2
˜̀
1

+

n−3∑
i=1

d̃i+2ξ̃
′
i , δ̃1j = d̃2η̃

′
j−3 +

n−3∑
i=1

d̃i+2σ̃i,j−3, (j = 4, 5, · · · , n),

δ̃m1 = 0, (m = 2, 3, · · · , n), δ̃m2 =
xn+1−m

ã1
, (m = 2, 3, · · · , n),

13
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δ̃m3 =
ẽ2xn+1−m

˜̀
1

+

n−3∑
i=1

ẽi+2xn+1−mξ̃
′
i + ξ̃

′
n−1−m, (m = 2, 3, · · · , n),

δ̃mj = ẽ2xn+1−mη̃
′
j−3 +

n−3∑
i=1

ẽi+2xn+1−mσ̃i,j−3 + σ̃n−1−m,j−3, (m = 2, 3, · · · , n; j = 4, 5, · · · , n),

d̃1 =
ã2
Ln

, d̃i =
−ã2Ln+1−i − ã1Li

ã1Ln
, (i = 2, 3, · · · , n− 1), ẽi =

−Ln+1−i

ã1
, (i = 2, 3, · · · , n− 1),

˜̀
1 = − b̃1

ã1
Ln−1 + b̃2 − Ṽ1W̃

−1
1 Ũ1, Ũ1 = (2L2, L4, 2L3, · · · , 2Ln−4, 2Ln−3)T

Ṽ1 = (− b̃1
ã1
Ln−2 + b̃3,−

b̃1
ã1
Ln−3 + b̃4, · · · ,−

b̃1
ã1
L3 + b̃n−2,−

b̃1
ã1
L2 + b̃n−1),

W̃−1
1 = (ãi,j)

n−3
i,j=1, ãi,j =

{
β̃i−j+1, i > j,

0, i < j,
(i, j = 1, 2, · · · , n− 3), β̃i = (−1)i−1p̃i,

p̃1 = 1, p̃2 = 6, p̃i = 6p̃i−1 − 7p̃i−2 +

i−2∑
j=2

(−1)j2Lj+1p̃i−j−1, (i = 3, 4, 5, · · · , n− 3),

η̃
′
m = − 1

˜̀
1

η̃m, (m = 1, 2, · · · , n− 3), ξ̃
′
m = − 1

˜̀
1

ξ̃m, (m = 1, 2, · · · , n− 3),

η̃m =

n−3∑
i=m

(− b̃1
ã1
Ln−1−i + b̃i+2)β̃i+1−m, (m = 1, 2, · · · , n− 3),

ξ̃1 = 6β̃1, ξ̃2 = 6β̃2 + 7β̃1, ξ̃m = 6β̃m + 7β̃m+1 +

m−2∑
i=1

β̃m+1−i · 2Li+2, (m = 3, 4, · · · , n− 3),

σ̃i,j = β̃i−j+3 +
1
˜̀
1

ξ̃iη̃j , (i, j = 1, 2, · · · , n− 3),

ã1, ã2, b̃i, xi, (i = 1, 2, · · · , n− 1) are the same as in Theorem 3.1.

Proof. Let Φ2 and Ψ2 be two n× n invertible matrices, defined by

Φ2 =



0 1
1

− b̃1
ã1

0 1

1

. . .

1
1


, Ψ2 =



1 d̃1 d̃2 d̃3 · · · d̃n−2 d̃n−1

1 ẽ2 ẽ3 · · · ẽn−2 ẽn−1

1

. . .

. . .

. . .

1


,

where d̃1 = ã2
Ln
, d̃i =

−ã2Ln+1−i−ã1Li

ã1Ln
, ẽi =

−Ln+1−i

ã1
, (i = 2, 3, · · · , n− 1).

Let Φ1 and Ψ1 be as in the proof of Theorem 3.1, multiplying Φ1TLnΨ1 by Φ2 from the left
and by Ψ2 from the right, we obtain

14
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Φ2Φ1TLnΨ1Ψ2

=



−Ln 0 0 · · · · · · · · · · · · 0
0 ã1 0 · · · · · · · · · · · · 0

0 0 − b̃1
ã1
Ln−1 + b̃2 − b̃1

ã1
Ln−2 + b̃3 · · · · · · − b̃1

ã1
L3 + b̃n−2 − b̃1

ã1
L2 + b̃n−1

...
... 2L2 L1 0 · · · · · · 0

...
... L4 2L2

. . .
. . .

...
...

... 2L3 L4

. . .
. . .

. . .
...

...
...

...
...

. . .
. . .

. . . 0
0 0 2Ln−3 2Ln−4 · · · L4 2L2 L1


,

this matrix admits a block partition of the form as

Φ2Φ1TLnΨ1Ψ2 = Ñ⊕ R̃ ,

where Ñ⊕ R̃ is the direct sum of Ñ and R̃, Ñ = diag(−Ln, ã1) is a nonsingular diagonal matrix,
and

R̃ =



− b̃1
ã1
Ln−1 + b̃2 − b̃1

ã1
Ln−2 + b̃3 − b̃1

ã1
Ln−3 + b̃4 · · · − b̃1

ã1
L3 + b̃n−2 − b̃1

ã1
L2 + b̃n−1

2L2 L1 0 · · · 0 0

L4 2L2 L1

. . .
...

2L3 L4 2L2

. . .
. . .

...
...

...
...

. . .
. . . 0

2Ln−3 2Ln−4 2Ln−5 · · · 2L2 L1


.

Let Φ = Φ2Φ1 and Ψ = Ψ1Ψ2, we can get,

T−1
Ln

= Ψ(Ñ−1 ⊕ R̃−1)Φ,

where

Φ =



0 0 · · · · · · · · · · · · 0 1
1 0 · · · · · · · · · · · · 0 0

− b̃1
ã1

... . .
.

1 −Ln−1

Ln

0
... . .

.
1 1 −1

...
... . .

.
. .

.
. .

.
. .

.
0

...
... . .

.
. .

.
. .

.
. .

.
. .

. ...
... 0 1 1 −1 . .

. ...
0 1 1 −1 0 · · · · · · 0



,

15
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and

Ψ =



1 d̃1 d̃2 d̃3 · · · d̃n−3 d̃n−2 d̃n−1

0 xn−1 ẽ2xn−1 ẽ3xn−1 · · · ẽn−3xn−1 ẽn−2xn−1 ẽn−1xn−1 + 1
0 xn−2 ẽ2xn−2 ẽ3xn−2 · · · ẽn−3xn−2 ẽn−2xn−2 + 1 ẽn−1xn−2

0 xn−3 ẽ2xn−3 ẽ3xn−3 · · · ẽn−3xn−3 + 1 ẽn−2xn−3 ẽn−1xn−3

...
...

...
...

...
...

...
0 x3 ẽ2x3 ẽ3x3 + 1 · · · ẽn−3x3 ẽn−2x3 ẽn−1x3
0 x2 ẽ2x2 + 1 ẽ3x2 · · · ẽn−3x2 ẽn−2x2 ẽn−1x2
0 x1 ẽ2x1 ẽ3x1 · · · ẽn−3x1 ẽn−2x1 ẽn−1x1


.

Observe that the inverse matrix of Ñ is of the form as,

Ñ−1 = diag(−L−1
n , ã−1

1 ).

Let R̃ =

(
− b̃1

ã1
Ln−1 + b̃2 Ṽ1

Ũ1 W̃1

)
be an (n− 2)× (n− 2) matrix, where Ũ1 = (2L2, L4, 2L3, · · · ,

2Ln−4, 2Ln−3)T , Ṽ1 = (− b̃1
ã1
Ln−2 + b̃3,− b̃1

ã1
Ln−3 + b̃4, · · · ,− b̃1

ã1
L2 + b̃n−1),

W̃1 =



L1

2L2 L1

L4 2L2 L1

2L3

. . .
. . .

. . .

...
. . .

. . .
. . .

. . .

2Ln−5

. . .
. . .

. . .
. . .

. . .

2Ln−4 2Ln−5 · · · 2L3 L4 2L2 L1


,

as L1 = 1, so W̃1 is an invertible matrix. Use Lemma 1.1 we can obtain the inverse matrix of W̃1,
W̃−1

1 = (ãi,j)
n−3
i,j=1, as in the interpretation of Theorem 3.2.

Use Lemma 5 in [12], we obtain,

R̃−1 =

(
1
˜̀
1

− 1
˜̀
1
Ṽ1W̃

−1
1

− 1
˜̀
1
W̃−1

1 Ũ1 W̃−1
1 + 1

˜̀
1
W̃−1

1 Ũ1Ṽ1W̃
−1
1

)
,

where ˜̀
1 = − b̃1

ã1
Ln−1 + b̃2 − Ṽ1W̃

−1
1 Ũ1, and simply we can get (Ñ⊕ R̃)−1,

(Ñ⊕ R̃)−1 =



1
−Ln

0 0 0 0 · · · · · · 0 0

0 1
ã1

0 0 0 · · · · · · 0 0

0 0 1
˜̀
1

η̃
′
1 η̃

′
2 · · · · · · η̃

′
n−4 η̃

′
n−3

0 0 ξ̃
′
1 σ̃11 σ̃12 · · · · · · σ̃1,n−4 σ̃1,n−3

0 0 ξ̃
′
2 σ̃21 σ̃22 · · · · · · σ̃2,n−4 σ̃2,n−3

0 0 ξ̃
′
3 σ̃31 σ̃32 · · · · · · σ̃3,n−4 σ̃3,n−3

...
...

...
...

...
...

...

0 0 ξ̃
′
n−4 σ̃n−4,1 σ̃n−4,2 · · · · · · σ̃n−4,n−4 σ̃n−4,n−3

0 0 ξ̃
′
n−3 σ̃n−3,1 σ̃n−3,2 · · · · · · σ̃n−3,n−4 σ̃n−3,n−3


,
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then multiplying (Ñ⊕ R̃)−1 by Ψ from the left, we can get,

Ψ(Ñ⊕ R̃)−1 =



δ̃11 δ̃12 δ̃13 · · · δ̃1,n−1 δ̃1,n
δ̃21 δ̃22 δ̃23 · · · δ̃2,n−1 δ̃2,n
δ̃31 δ̃32 δ̃33 · · · δ̃3,n−1 δ̃3,n
...

...
...

...
...

δ̃n−1,1 δ̃n−1,2 δ̃n−1,3 · · · δ̃n−1,n−1 δ̃n−1,n

δ̃n,1 δ̃n,2 δ̃n,3 · · · δ̃n,n−1 δ̃n,n


.

In the end, we can obtain T−1
Ln

,

T−1
Ln

= Ψ(Ñ⊕ R̃)−1Φ =



0 ρ̃12 ρ̃13 ρ̃14 · · · ρ̃1,n−1 ρ̃1n
−ρ̃12 0 ρ̃23 ρ̃24 · · · ρ̃2,n−1 ρ̃1,n−1

−ρ̃13 −ρ̃23 0 ρ̃3,4 · · · ρ̃2,n−2 ρ̃1,n−2

−ρ̃14 −ρ̃24 −ρ̃3,4 0 · · · ρ̃2,n−3 ρ̃1,n−3

...
...

...
...

...
...

−ρ̃1,n−1 −ρ̃2,n−1 −ρ̃2,n−2 −ρ̃2,n−3 · · · 0 ρ̃12
−ρ̃1n −ρ̃1,n−1 −ρ̃1,n−2 −ρ̃1,n−3 · · · −ρ̃12 0


,

where

ρ̃12 = δ̃1n, ρ̃13 = δ̃1,n−1 + δ̃1n, ρ̃23 = δ̃2,n−1 + δ̃2n, ρ̃1n = δ̃11 −
Ln−1

Ln
δ̃13 − δ̃14,

ρ̃mj = δ̃m,n+2−j + δ̃m,n+3−j − δ̃m,n+4−j , (m = 1, 2, · · · , n; j = 4, 5, · · · , n− 1),

which completes the proof.

4 Numerical Example

In this section, an example demonstrates the method introduced above for the calculation of
determinant and inverse of the Fibonacci skew symmetric Toeplitz matrix. Here we consider a
6× 6 matrix:

TF6 =


0 1 2 3 5 8
−1 0 1 2 3 5
−2 −1 0 1 2 3
−3 −2 −1 0 1 2
−5 −3 −2 −1 0 1
−8 −5 −3 −2 −1 0


6×6

.

Use the corresponding formulas in Theorem 2.1, we get a1 = 1+
√

2i, b1 = − 1
8

and from (2.2), (2.3)
we can obtain

det C4([bi]
5
i=2,−1,−1, 0, 1, 1) = 0, detD4([Fi]

2
i=5,−1,−1, 0, 1, 1) = 1,

from (2.1), we obtain

det TF6 = F6[a1 det C4([bi]
5
i=2,−1,−1, 0, 1, 1)− b1 detD4([Fi]

2
i=5,−1,−1, 0, 1, 1)]

= 1.
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As the inverse calculation, use the corresponding formulas in Theorem 2.2, we get ρ12 = 0, ρ13 =
−1, ρ14 = 2, ρ15 = −1, ρ16 = 0, ρ23 = 1, ρ24 = −3, ρ25 = 3, ρ34 = 0, so we can get

T−1
F6

=


0 0 −1 2 −1 0
0 0 1 −3 3 −1
1 −1 0 0 −3 2
−2 3 0 0 1 −1
1 −3 3 −1 0 0
0 1 −2 1 0 0

 .

5 Conclusion

In this paper, by constructing the special transformation matrices we give the determinant and
inverse of the Fibonacci skew symmetric Toeplitz matrix in section 2, and give the determinant and
inverse of the Lucas skew symmetric Toeplitz matrix in section 3.

Competing Interest

The authors declare that no competing interests exist.

References

[1] B. N. Mukhexjee, S. S. Maiti. On some properties of positive definite Toeplitz matrices and
their possible applications. Linear Algebra Appl. 1988;102:211–240.

[2] D. Bozkurt, T. Y. Tam. Determinants and inverses of circulant matrices with Jacobsthal and
Jacobsthal-Lucas Numbers. Appl. Math. Comput. 2012;219:544–551.

[3] D. Jaiswal. On determinants involving generalized Fibonacci numbers. Fibonacci Quart.
1969;7:319–330.

[4] D. Lin. Fibonacci-Lucas quasi-cyclic matrices. Fibonacci Quart. 2002;40:280–286.

[5] D. Lind. A Fibonacci circulant. Fibonacci Quart. 1970;8:449–455.

[6] G. Heining, K. Rost. Algebraic Methods for Toeplitz-Like Matrices and Operators. Akademie-
Verlag. Berlin; 1984.

[7] G. Labahn. Inversion of Toeplitz structured matrices using only standard equations. Linear
Algebra Appl. 1994;207:49–70.

[8] I. Gohberg, N. Krupnik. A formula for the inversion of the finite Toeolitz matrices. Mat.
Issled.(In Russian). 1972;2:272–283,295.

[9] I. S. Iohvidov. Hankel and Toeplitz Matrices and Forms (Algebruic Theory) (translated by G.
Philips and A. Thijse) Birkhäuser. Boston; 1982.
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