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1 Introduction

Toeplitz matrices have important applications in various disciplines including image processing, signal
processing, and solving least squares problems [Mukhexjee and Maiti (1988); Grenander and Szego
(1958)]. It is an ideal research area and hot topic for the inverses of Toeplitz matrices and the special
matrices with famous numbers. Due to the special structre, it is desirable that the inversion of Toeplitz
matrices can be reconstructed by use of a low number of its columns and the entries of the original
Toeplitz matrix. The first result was presented by Trench [Trench (1964)] from its first and last columns
of T, on condition that the first element in the first column is not zero. The Trench’s algorithm for the
inversion of Toeplitz matrices is shown with a detailed proof in [Zohar (1969)]. The authors [Gohberg
and Krupnik (1972)] observed that if the last component of the first column is not zero, then 71
can be recovered from its first and second columns. Labahn [Labahn (1994)] proposed that formulas
for the inverse of layered or striped Toeplitz matrices in terms of solutions of standard equations.
Citations of a large number of results have been made in a series of papers and in the monographs
lohvidov [lohvidov (1982)] and Heining and Rost [Heining and Rost (1984)].

In addition, some scholars showed the explicit determinants and inverses of the special matrices
involving famous numbers. In [Akbulak and Bozkurt (2008)], M. Akbulak and D. Bozkurt treated
originally Fibonacci and Lucas Toeplitz matrices with entries from Fibonacci and Lucas numbers,
and they gave the upper and lower bounds for the spectral norms of the Fibonacci and Lucas
Toeplitz matrix. Jaiswal [Jaiswal (1969)] evaluated some determinants of circulant matrices whose

*Corresponding author: E-mail: jzh1208@sina.com


www.sciencedomain.org

components are the generalized Fibonacci numbers. Lind considered the determinants of circulant
and skew-circulant matrices involving Fibonacci numbers in [Lind (1970)]. Lin showed the determinant
of the Fibonacci-Lucas quasi-cyclic matrices in [Lin (2002)]. Circulant matrices with Fibonacci and
Lucas numbers are discussed and their explicit determinants and inverses are proposed in [Shen et
al. (2011)]. The authors provided determinants and inverses of circulant matrices with Jacobsthal and
Jacobsthal-Lucas numbers in [Bozkurt and Tam (2012)]. The explicit determinants of circulant and
left circulant matrices including Tribonacci numbers and generalized Lucas numbers are shown based
on Tribonacci numbers and generalized Lucas numbers in [Li et al. (2014)]. In [Jiang et al. (2014a)],
circulant type matrices with the k-Fibonacci and k-Lucas numbers are considered and the explicit
determinants and inverse matrices are presented by constructing the transformation matrices. Jiang
et al. [Jiang et al. (2014b)] gave the invertibility of circulant type matrices with the sum and product
of Fibonacci and Lucas numbers and provided the determinants and the inverses of these matrices.
And for the RSFPLR circulant matrices and the RSLPFL circulant matrices involving Padovan, Perrin,
Tribonacci and the generalized Lucas numbers by the inverse factorization of polynomial in [Jiang and
Hong (2014)]. It should be noted that Jiang and Zhou [Jiang and Zhou (2015)] obtained the explicit
formula for spectral norm of an r-circulant matrix whose entries in the first row are alternately positive
and negative, and the authors [Zhou and Jiang (2014)] investigated explicit formulas of spectral
norms for g-circulant matrices with Fibonacci and Lucas numbers. The authors [Zheng and Shon
(2015)] proposed the invertibility criterium of the generalized Lucas skew circulant type matrices and
provided their determinants and the inverse matrices. Furthermore, in [Jiang and Hong (2015)] the
determinants and inverses are discussed and evaluated for Tribonacci skew circulant type matrices.

In this paper, we will show the explicit determinants and inverses of the Fibonacci skew symmetric
Toeplitz matrices involving Fibonacci numbers, and Lucas skew symmetric Toeplitz matrices involving
Lucas numbers.

Here the Fibonacci and Lucas sequences are defined by the following recurrence relations, respectively:

Fn+1 = Fn =+ Fn—l (Tl 2 1) where F() = 07 F1 = 1,
Ly,yv = L, 4+ Lot (n21) where Lo=2, Li=1.
Definition 1.1. An n x n Fibonacci skew symmetric Toeplitz matrix is meant a square matrix of the
form as
0 F2 F3 e Fn—l Fn
—F 0 I3 Fn o Fna
—F3 —F2 0 te Fn—3 Fn72
TF-,L = . . . . . . ; (1 1)
—Fn1 —Fno —Fh3 - 0 Fy
_Fn —Ln—-1 —Ln-2 _F2 0 nxn
where F», F3,---, F, are the Fibonacci numbers.

Obviously, this matrix is completely determined by its first row, and T}, = —Thp,.

Definition 1.2. An n x n Lucas skew symmetric Toeplitz matrix is meant a square matrix of the form
as

0 L2 LS e Lnfl Ln
7L2 0 L2 e Ln—2 Ln—l
—L3 —Lo 0 e Ly_3 Lp_o
TLn = . . . . . . ) (1 2)
_Ln—l _Ln—Q _Ln—S T 0 L2
7Ln 7Ln71 7Ln72 e 7L2 0

nxn
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where Ly, Ls,---, L, are the Lucas numbers.
Obviously, this matrix is completely determined by its first row, and T}, = —Ty,,.
Lemma 1.1. Assume that o, - - , o, are all positive integers, then the matrix W, and W;* are’_'o;
the forms as
a1 0 0 B1 0 B ¢
Qs a : B2 B1 :
Wy = : U , Wit = ,
Q1 - .0 Bn-1 - .0
Qn An—1 2 1 nxn /Bn /anl ﬁ? /31 nxn
where

%7 pr=1, pp=as, pi=api1+ Y (—1)aajiopi1-y, (=345 ,n).
1 N
Jj=1

Bi =

2 Determinant and inverse of the Fibonacci skew symmetric
Toeplitz matrix

In this section, we will give the determinant and the inverse of the matrix Tr,, .

As we know that if n is an odd number, the determinant of an n-dimension skew symmetric matrix is
zero. So in this section we always assume that » is an even number.

Theorem 2.1. Let Ty, be a Fibonacci skew symmetric Toeplitz matrix. Then we have

det Tr, = Fplai det My —o([bi]} =y, —1,—1,0,1,1) — by det My —2([Fi]i=p_1,—1,—1,0,1,1)] (2.1)

where
n—2 n—4 F ) F F
a; = ; Fitoyn—i—1, b1 = ;(_Fn—i—Q + %)yn—i—l + ;;1y2 + 1,
an Fan, .
b2: 17 bizfi—l‘k 17(2:3747'”777/71)7 yl:lyﬂ}:yg? y3+2y2+3207
F, Fy
1—3
Yi = —2Yi—1 — 3Yi—2 — Z2Fj+2yi7]‘72» (i=4,56,---,n—1),
j=1
det M;([b:Jit5, —1,-1,0,1,1) =
(=1 b1 det My—1(—1,—1,0,1,1) + det M;_1([b:]!_y, —1,—1,0,1,1), (2.%‘
det M;([Fi]i=j41,—1,-1,0,1,1) =
(=1 P det M;—1(—1,-1,0,1,1) + det M; 1 ([Fi]{~ 51, —1,-1,0,1,1), (2.3)

det M;(—1,-1,0,1,1) =
det M;_4(—1,—1,0,1,1) — det M;_5(—1,—1,0,1,1) 4+ det M;_1(—1,—1,0,1,1),

(i=5,6,--,n—3), (2.4)
det My(—1,-1,0,1,1) = 2, det Ma(—1,-1,0,1,1) = 1, (2.5)
det Ms(—1,-1,0,1,1) =0, det My(—1,-1,0,1,1) = —1. (2.6)
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Proof. Let Tr, be an n x n Fibonacci skew symmetric Toeplitz matrix. In the case n > 4, let

be two n x n matrices, which are invertible. And

0 1 0
1 ynfl
Frna Yn—2
Fn Yo
1 1 -1 n-
B =
1 -1 o :
Y3 1
y2 1
Y1
i—3

yi=1, ys =03, ys+202+3=0, yi=—2y1—3yi2a— Y 2Fayi j 2 (=456, ,n—1).

j=1

Multiplying T, by .A; from the left, then multiplying 5 from the right, we obtain

A1 Tr, Bi
0
—F,
0
0
where

ai Fn—l Fn—2 Fn—3 F4 F3
az —F2 —F3 —F4 —I'n-3 —Ln—2
by b bs by bn—3 brn—2
0 2F, Fy 0
Fy 2F,
2F3 Fy
2F, 2F3
o 2F,_4 2F,_5 2F, 2F, Fi
0 2F,-3 2F,_4 2F,_5 Fy 2F,
n—2 n—3
ar = Z Fitoyn—i—1, a2 =— Z FriciYn—i—1,
=0 =0
— Fo_i1F, F,
b _ *Fn—i— n—i—14n—1 i n—1
1 ZEI:O( 2+7Fn )y 1+ e, Y2 + Y1,
bQZF;:Ll’ bi:_i71+%’ (i=3,4,---,n—1)

and from the last matrix we can easily get,

where

det(A1Tr, B1) = Fn det Mn_1(as, [Fili—,_1, [bi]i2)),

b'n—l

Fy

n—1

F




British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

Mu—1(a, [Fli—n 1, i) =

ax P%—l F%—Q
b1 ba b3
0 2F, F1
Fy 2F,
2F3 Fy
2F, 2F3
T 2Fh_4 2F, 5
0 2F,—3 2F,_4

2P%76
2F%—5

Fy
bn—3

2F5
Fy

F3
bn—2

Fy
2F>

F>
bn—l

0
Fy

(n—1)x(n—1)

In order to simply compute the determinant of M, _1 (a1, [Fi]—._1, [b:]7=), we apply methods of%}

=1

elementary row transformation to this matrix, then we can obtain M;_l(al, [Fi)2 1, b)), itis of

the form as, @

’

M, (a1, [F]i—n 1, b)) =

then we can obtain

det M,/l,1(a1, (F]i—n1, [bi]

a1 det Mnfz([bi]n}l,

1=

where

My —([bi]i=), —1,-1,0,1,1) =

a1 Fno1 Fhoo

b1 b bs

0 2 1
3 2
-1 0
-1 —1
0

0 0

?:_11) =

by bz bs
2 1 0
3 2 1
-1 0 1
-1 -1 0
0

0

P%*S
ba
0

1

—1,-1,0,1,1) — by det My, _2([Fili—p_1,

Fy F3 Fy
b3z bn2 bn1
0
1
1 1 ’
0 -1 -1 0 1
_17_1a071>1)7
bn-3 bn—2 bn_1
0
0
-1 0 1 1
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Fo_1 Fn_o Fn_g -+ - .. Fy F3 Iy
2 1 0 0
3 2 1
-1 0 1 1

M o([Flizpor,-1,-1,0,1,1)=| -1 -1 0 1 1
0
0 0 110 1

To obtain determinants of matrices Mn,2([bi]?:‘21, —1,-1,0,1,1) and M,,—2([Fi]=,,_1, —1,—1,0,1,1),
develop them in accordance with the last column, and in turn it, we can get recursive formula (2.2)-

(2.6). :
And observe that ety n)
det Ay =det By = (—1) 2z |
we can obtain det T, , which completes the proof. O

Theorem 2.2. Let T, be a Fibonacci skew symmetric Toeplitz matrix. If T, is a nonsingular ma-
trix, then

0

P12 P13 P14 Plin—1 Pin
—p12 0 P23 P24 P2,n—1  Pln-1
—p13 —p23 0 p3,4 P2n—2 Pln—2
T;}L _ —p14 —p24 —p3,4 0 P2n—3 Pln—3 ’ (2.7)
—P1n—1 —P2,n-1 —P2n-2 —P2,n-3 ‘°* 0 P12
—P1,n —Plin—1 —Pln—2 —Pln-3 —p12 0

that is to say Tp'

n

is skew symmetric about diagonal and symmetric about secondary diagonal as

well, where
anl
p12 = 01n, P13 = 01,n—1 + O1n, P23 = 02.n—1 + O2n, Pin = 011 — o 013 — 014,
Pmj = 6my’ﬂ+2*j + 5m,n+37j - 6m,n+47j7 (m = 13 27 e ,TL,] = 47 57 N — 1)7
n—3 n—3

1 d d ’ 7 .
= — 012 = ;1, d13 = 72 + Zdi+2€i7 015 = damy 3+ Zdi+20i,y’—37 (j=4,5---,n),
n 1 1 i—1

=1

1 =0, (M=2,3,---,n), Oma= 201" (m =23, n),

ai
e n—3 , ,
6’m3 - W + Z €i+2yn+177n£i + Enflfmv (m = 27 37 e an)7
1 :
i=1

n—3

’
Omj = €2Yn+1-mM;—3 + E €it2Yn+1-m0ij—3 + On—1-mj—3, (M =23,
i=1

> 15 ]:4757 )n)7

— Fn—i — F1 . _Fn—i .
) dl_ 4z s a“ 7/:2,37"'771_1)7 eiziﬂz (222737"'

az
d = — =
! Fn aan ’ ( al

s — 1)7
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b _
b= —a—l we1 + b — VIWT Uy, Uy = (2Fs, Fa, 2F3, -+, 2F0_4,2F,_3)",
1
b b b b
Vi=(—2Fy o+bs,—LFy 5+ba, - — 2 Fs 4 by o, — L Fy + by 1),
ai al al al
_ Bi—j+1, =7, . -
i—2 ‘
pr=1 p2=2, pi=2pi—1 —3pi—2+ Z(_l)]QFj+1pi—j—1, (i=3,4,5,---,n—3),
j=2
’ 1 ’ 1
Nm = — 5 1m, (m: 1327'“ 7n_3)7 Em :_7577747 (m:1’27 ,’]’L—3),
2 4y
n—3 b
1
m = ——ln-1—4 bz i+1—m, :1727'“7 737
n ;( @ it +2)Bit1 (m n—3)
m—2
&=281, & =2B2+3B1, &m=2Bm+3Bm-1+ Y Bm-1-i-2Fi2, (m=3,4,--- ,n—3),
=1
1 .
Oi,j = /Bi—j+1 + E&i’r]ﬁ (7*7.] =12,---,n— 3)7
ai, az, bi, yi, (i =1,2,--- ,n — 1) are the same as in Theorem 2.1.
Proof. Let A, and B2 be two n x n invertible matrices, defined by
1 dl d2 d3 e dn72 dnfl
0 1 1
1 €2 €3 T €n—2 €En-—1
b 1
-2 0 1
ay
AQ = 1 5 82 =
1
1
nxn 1
where d; = %i’ di = —aan(:li;;—mFi’ e = —Fzzzdd7 (Z =23, ,n— 1)'

Let A; and B; be as in the proof of Theorem 2.1, multiplying A Tr, B1 by Az from the left and
by B, from the right, we obtain

A2 A1 TF, B1B2
_F, 0 0 0
0 a 0 0
0 0 —% n—1+ b2 —% n—2 + b3 _%F3+bn—2 —%F2+bn—1
: : 2F5 Fy 0 0
= F 2F, : ’
2F3 F4
: : : : ) ) . 0
0 0 2F, 3 2F 4 Fy 2F, I3

this matrix admits a block partition of the form as %]
A A1 TF,Bi1B2 = N®R,

nxn
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where N @ R is the direct sum of N and R. N = diag(—F,, a1) is a nonsingular diagonal matrix,

—Zf n—1t b2 —Zf n—2t b3 —Zf n—3+tbs - _ZillF3+bn72 _%FZ"‘bnfl
2F, Fi 0 . 0
Fy 2F5 Fi
R =
2F3 Fy 2F,
: : : . . 0
2F,_3 2F, 4 2F, 5 cee 2F, Fi
Let A = A2.4; and B = B1 B2, we can get,
T =B(N"'oR A,
where
0 0 0 1
1 0 0 0
b : Lt Frn—
T A
0 1 1 -1
A - )
0
0 1 1 -1
0 1 1 -1 0 0
and
1 d1 d2 d3 s dn—S dn—2 dn—l
0 yn-1 e€2yn—1 e3Yn—1 - en—3Yn—1 en—2Yn—1 en—1Yn—1+1
0 Yn—2 €2Yn—2 €3Yn—2 e €n—3Yn—2 €En—2Yn—2 + 1 €n—1Yn—2
B 0 Yn—3 €2Yn—3 €3Yn—3 te €n—3Yn—3 + 1 €n—2Yn—3 €n—1Yn—3
0 wys €2y3 esys+1 --- €n—3Y3 en—2Y3 en—1Y3
0 w2 eays + 1 €32 .- en—3Y2 €n—2Y2 en—1Y2
0 w»n €2 es €n—3 en—2 en—1

Observe that the inverse matrix of N is of the form as, %]

N~ =diag(—F, ", a7 ").

_ b
Let R = < alF’&*l + b I/I‘f ) be an (n — 2) x (n — 2) matrix, where U, = (2F», F4,2F5,-- -,
1 1
2F7L7412Fn73)T7 Vl = (_% n—2 +b37_% n—3 +b4>"' 7_%F2 +bn71)7
By
2F, I3
Fy 2F, Fi
Wy = 2F; )
2F, _5 . . . . i
2F,_4 2F,_5 --- 2F3 Fy 2F, I
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as Fi = 1, so W is an invertible matrix. Use Lemma 1.1 we can obtain the inverse matrix of W7,

~ ST D
Wllzai,j:{ﬂ()]+1 z;; (Za]:1723“'7n_3)7

where
Bi=(-1)""pi, p1=1, p2=2,

i—2
Pi = 2pi—1 — 3pi—2 + Z(—l)jQFjJrlpi,j,l, (i=3,4,5,---,n—3).
j=2
Use Lemma 5 in Liu and Jiang (2015), we obtain,
pl_ z vy
—EWit Wit pwrtnoviw e

where ¢, = 72—11 w_1 4 be — VAW Uy, and simply we can get (N @ R) ™!,

— 0 0 0 0 cee e 0 0
n
0o - 0 0 0 0 0
1 1 ! ’ ’ !
0 0 5 T T2 o TNn—a Nn—3
0 0 51 011 g12 e toe O1,n—4 01,n—3
/
-1 cee .
(NeR) ' = 0 0 53 021 22 02,n—4 02,n—3 7
0 0 &3 031 032 -t O304 03,n—3
K
0 0 fn—4 On—4,1 On—472 *°° s On—4,n—4 On—4n-3
’
0 0 £n73 On-3,1 On-3,2 *°° s On—3,n—4 On—-3n-3

then multiplying (N @ R) ™! by B from the left, we can obtain

011 012 013 B 01,n—1 01,n
021 022 023 d2,n—1 d2,n
. 031 032 033 -+ 03n—1 03,n
BIN®R) = .
6n—1,1 6n—1,2 6n—1,3 o 5n—1,n—1 6n—1,n
577.,1 6n,2 6n,3 e §n,n—1 6n,n
In the end, we can obtain T,
0 P12 P13 P14 s Pln—t Pin
—p12 0 P23 P24 cee pPan—1 Pln—1
—p13 —p23 0 P3,4 st P2,n—2  Pln-2
T;l =B(N® R)_lA _ —p14 —p24 —p3,4 0 o P2n-3 Pim-s |
—Pl,n-1 —P2n-1 —P2,n—-2 —P2,n-3 *°* 0 P12
—Pi,n —Pln—-1 —Plm—2 —Pln-3 -°°  —pP12 0
where
anl
P12 = 01n, P13 =01,n—1 + O1n, P23 =02n—1+ d2n, Pin =011 — 7 013 — 014,
n
Pmj = Omnt2—j + Omnts—j — Omnta—y, (M=1,2,-++ ,m;j =45 ,n—1),
which completes the proof. O
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3 Determinant and inverse of the Lucas skew symmetric
Toeplitz matrix

In this section, we will give the determinant and the inverse of the matrix T, . And in this section we
always assume that n is an even number, as well.

Theorem 3.1. Let Ty, be a Lucas skew symmetric Toeplitz matrix. Then we have

det TLn =Ln [6~l1 det Mn—Q([i)i}?:_;v _17 _57 O, 57 1) - El det MW—Q([Li]?:nfla _17 _57 07 5, 1)} (31)
where
n—2 n—4 L L 3L
~ 7 n—i—14n—1 n—1
a1 = ; Liyoxn_i—1, b1 = ;(_Ln7i72 + T)x’nf’ifl + . x2 + 31,
5 Ln-1 % LiLy,— .
b2:3L 1> bi:_Li—l+ L 1,(223,4,---,TL—1), ‘771:17 [E3:CC§7 x3+6x2+7=0,
1—3
T; = —61}1'_1 — 7{1’7;_2 — Z2L]-+2mi_j_2, (Z = 4, 5, 6, e ,n — 1),
Jj=1
M;([bi]i%;,—1,-5,0,5,1) =
(=141 det M;—1(—1,—5,0,5,1) + det M;_1([b:]?_,, —1,-5,0,5,1), (3.%‘
M;([Li]ij41,—1,-5,0,5,1) =
(=1)? " L det M;_1(—1,-5,0,5,1) 4+ det M;_1([Li]i—; 41, —1,-5,0,5,1), (3.3)
det M;(—1,-5,0,5,1) =
det M; _4(—1,—5,0,5,1) — 5det M;_3(—1,—5,0,5,1) + 5det M;_1(—1,-5,0,5,1),
(i=5,6,---,n—3), (3.4)
det My(—1,-5,0,5,1) =6,  det Ma(—1,-5,0,5,1) = 29, (3.5)
det M3(—1,—-5,0,5,1) = 140, det My(—1,—5,0,5,1) = 671. (3.6)

Proof. Let Tr, be an n x n Lucas skew symmetric Toeplitz matrix. In the case n > 4, let

1 0 1 0
1 Tn—1
1 _Ln—l Tn—2 1
11 -1 Tn-3 1
1= 11 -1 =
1 —1 X9 1
0 -1 z1
be two n x n matrices, which are invertible. And
1—3
xr1 = ].7 xr3 = 56‘57 xrs3 + 61‘2 + 7= 0, Xr; = —633»;71 — 71‘1‘72 — ZQL]‘+2SUZ‘7]‘72 (l = 4,576, e, — 1).
=1

Multiplying T, by ®; from the left, then multiplying ¥, from the right, we obtain

10
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0 ng Lnfl
—L, as —Lo
0 by ba
0 2L-
Ly
¢, T,V = 9Ly
2L4
)
0 0 2L,_3
where

n—2 n—3
ar = E Li+2xn7i713 as = — E Ln—iflxnfifla
i=0 =0

n—4

~ Lp_i1Ln_ 3L
b1 = Z(—Lnﬂ'ﬂ + ¥)$n7¢71 +

=0
7 3Ln—1

by = I bi

Ln72 Ln73
—L3 —Ly
bs ba
Ly 0

2L,

Ly

2L3
2Ln75 2Ln76
2Lnf4 2Ln75

Ly
LiLn—l

=—Liq1+———, (¢

Ly

and from the last matrix we can easily obtain,

det(®1Tr, 1) = Ly det My (@, [Lili—p_1, [b:]75),

where

0

Ln1  Lp2 Lnps
ba b3 ba
215 Ly 0
Ly 215
2L3 Ly
2L4 2L3
2Ln73 2Ln74

n—1

Ly L3
_Ln73 _Ln72
bn—3 bn—2
2L Ly
Ly 2L,
T2 + 371,
-,n—1)
Ly L3 Lo
bn-3z bn—2 bn
.. .. 0
: ) 0
Ly 21> Ly

_Lnfl

Lo

bn—l

(n—1)x(n—1)

We apply methoz% elementary row transformation to this matrix for computing the determinant of

it, thus we can obtain M,,_; (a1, [Li]7—,_, [b:]=,}), itis of the form as, %}
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a1 Lp-1 Ln—2 Lp_3 Ly L3 Lo
bl b2 b3 b4 bn—3 bn—2 bn—l
0 6 1 0 .-
7 6 1
-5 0 5 1
Mnfl(dlv [Li]?:nfla [bl]?:_ll) = 1 -5 0 5 1
0
0 0 0 -1 =5 0 5

SO we can obtain
det M;’L—l(&h [Li]?:n—h [51]7;11) =
a1 det My—o([bi]'=,', —1,-5,0,5,1) — by det My—o([Li)i=p—1,—1,-5,0,5,1),

where
by by bs bz bz bp1
6 1 0 . 0
76 1
-5 0 5 1
Mo o(Bi)i5 -1,-5,051)=| -1 =5 0o 5 1 ,
0
.
0 0 -1 -5 0 5 1
Ln71 Ln72 Ln73 L4 L3 L2
6 1 0 0
7 6 1
-5 0 5 1
M, o([Lil}—p_1,-1,-5,0,5,1)= | -1 -5 0 5 1
0
.
0 0 -1 -5 0 5 1

To obtain determinants of matrices M,, 2 ([b:]7=,}, =1, —5,0,5,1) and M, _o([Li]?—,_1, —1, —5,0,5,1),

12
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develop them in acc%!me with the last column, and in turn it, we can get recursive formula (3.2)-
(3.6).
And observe that
(n—l)2(n—2)

det®; =det ¥y = (—1)" 2,
so we can get T, , which completes the proof. O

Theorem 3.2. Let T, be a Lucas skew symmetric Toeplitz matrix. If T, is a nonsingular matrix,
then

0 P12 P13 P14 s Pln—t1 Pin
—p12 0 P23 P24 ceo Pan—1 Pln—1
—p13 —p23 0 P34 coo P2n—2  Pln—2
T, = —p1a —paa — P34 0 o Prn-s Pim-s | (3.7)
—P1n—1 —P2,n—1 —P2,n—2 —P2,n-3 -°° 0 D12
—Pi,n —Pl,n-1 —Plm—2 —Pln-3 - °  —P12 0
that is to say Tzi is skew symmetric about diagonal and also symmetric about secondary diagonal,
where
S A
P12 = 01in, P13 = O1,n—1 + O1n, P23 = 02,n—1 + 02, Pin = 011 — 013 — 014,
Pmi = Omnta—j + Omonts—j — Omntag, (M=1,2,--+ ,njj =45 ,n—1),
~ 1 ~ d ~ J n-3 ~ ~ ~ ~ 7 n-3 ~
o= —7- 0i2= iv O13 = gTZ + D ditai, 01y =dafljs + ) digabiga, (§=4,5,,n),
n 1 P i=1
Sml:o? (m:233a'“?n)7 SMQ:M7 (m:2737“'7n)a
ai
~ €ox n-3 ~ ~1
5m3 - % + Z éi+2mn+1—m£i + gnflfmv (m = 2537 e an)a
1 i=1
~ ’ n_s
5mj = ézmn+1_mﬁjf3 + Z éi+2$n+1_m5’i,j—3 + &n—l—m,j—37 (m = 27 37 1y ] = 47 5a e 7”)7
i=1
5 az 5  —asLpyis—ail; . - —Lny1-:¢ .
di = — d’L: ) :277“'7 _17 i = T~ :277“'7 _17
L a1Ln (=23, ,n—-1) & a5, 0 #=23 1)
. b - Y~ -
lh=—"2Ln 1 +by— ViWw; ‘U, U= (2L2,L4,2L3,- - 72Ln*472L"*3)T
ai
. b = b - b . b .
Vl - (7~71Ln—2 + b37 7~71Ln—3 + b4a e 77~71L5 + b”_27 7~71L2 + b”_l)’
ai al ay ai
= - Bi_; , =7, . ~ i—1 ~
Wllzai’j:{ B (i+1 ’L<; (1’32172a"'7n_3)a 512(_1) 1pi7
b b
i—2 _
Pr=1, P2=6, pi=6pi—1—Thi-2+ )y (~1)"2Lj41pi—j1, (i = 3,4,5,--- ,n = 3),
j=2
~ 1 ~ ~ 1 ~
N = — = Nm, (m: 1727"' ,TL—?)), gm = _Tg’ﬂh (m: 1727"' ,’I'L—3)7
€1 El
n—3 l~) B B
N = Z(_gﬁLnﬂ—i +bit2)Biv1-m, (m=1,2,--- ,n—23),

13
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m—2
€1=6B1, & =602+ 7B, &Em =6Bm + TBm+s1 + Z Bmt1—i2Lisa, (m=3,4,--- ,n—3),
i=1
- = 1 .
Oi,j = /Bi—j+3 + ?51’77]'7 (27] =1,2,---,n— 3)7
1
@i, az, bi, i, (i=1,2,---,n—1) are the same as in Theorem 3.1.

Proof. Let ®; and ¥, be two n x n invertible matrices, defined by

0 1 1 d~1 d2 d3 e dn72 dnfl

1 1 éQ éS e é'n—Q én—l

: 1

-2 0 1
Py = 1 , Uy =
1
1
1

where dy = 22 g, = —f2bntiiz@ili o Zhnbioi ;93 ... p—1).

Ly? ay1Ln ay

Let ®; and ¥, be as in the proof of Theorem 3.1, multiplying &, T, ¥ by &, from the left and
by ¥, from the right, we obtain

P20, Tr, V1Us
—L, 0 0 . . . . 0
0  a 0 R . .. o 0
0 0 _%Ln71+52 —%an-ﬁ-i)s _%L3+Bn72 _%L2+anl
2L I 0 . . 0
- La 2L, :
2L3 L4
: : : : . . ) 0
0 0 2,3 2L, 4 Ly 215 Ly

this matrix admits a block partition of the form as %]
(I)Q(I)lTLn\III\IIQ = N 2] R 7@

where N @ R is the direct sum of N and R, N = diag(— L, @) is a nonsingular diagonal matrix, and

—%Ln71+52 _%Ln72+53 —% nes+bs o _%L3+Bn72 _%L2+6n71
21> Ly 0 0 0
- La 2L Ly :
R =
2L3 Ly 2L,
: : : . - 0
2L, _3 2Lp—a 2Ly 5 2L, Ly

Let ® = ®oP, and ¥ = ¥, U5, we can get,
T, =¢(N"'aR™")o,

14
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where

0 0 0 1

1 0 0 0

5 L

21 _Ltn—1
dl 1 Ln
0 1 1 -1
o = :
0
0 1 1 -1
0 1 1 —1 0 0
and
1 ds d2 ds dn—3 dn—2 dn-1
0 Zn-1 E2Tn-1 €3Tn-1 --- €n—3Tn—1 €n—2Tn—1 €n—1Tn-1+1
0 xpn_2 E27xn_2 €3Tp—2 - €n—3Tn—2 €n—2Tn—2+1 €n—1Tn—2
0 Zn-3 €27n_3 €3Tn-3 *+ €n_3Tpn-3+1 €n—2Tn—3 €n—1Tn—3
v = .

0 =x3 €273 ésrxs+1 --- €n—3T3 €n—23 €n—173
0 €222 + 1 €372 xx €n—3T2 €n—2T2 €n—1T2
0 = €271 €3T1 €n—3T1 €n—2T1 €n—1T1

Observe that the inverse matrix of N is of the form as, %‘

N~ =diag(—L,", a; ).

- _b b, T N
LetR = aybn-itbe Vi) e an (n —2) x (n — 2) matrix, where Uy = (2La, La,2L3, - - - ,
U, Wi
2Lp—4,2Ln-3)", Vi = (=2 Ln-2+bs, — 2 Ln-3 +bs, -+, —2- Lo + bp1),
Ly
2L, Ly
Ly 2Ly Ly
Wl _ 213 )
265 - - T T
2Ln 4 2Ln_5 --- 2Ly Ly 2Ls Is

as L1 = 1, so W is an invertible matrix. Use Lemma 1.1 we can obtain the inverse matrix of W7,

where

- By i > g .
Wllzai,j:{ BZOJ+1’ z<;7 (Za]:172a“'7n73)5

Bi=(-1)""pi, p1=1, p2=6,
1—2

Pi=6pi1 —Thia+ » (—1)’2Lj11pi 1, (i=3,4,5,- ,n—3).

=2

15
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Use Lemma 5 in Liu and Jiang (2015), we obtain,

IN"H

- — Lyt
R '= 1 - L L
Lwrto, Wl‘l—&—%WflUlVlel ’

_[1 f

where ¢, = —%Ln_l + by — VAW, 104, and simply we can get (N @ R) ™%,

1

0 0 0 0 0 0
0 & 0 0 0 0 0
0 0 % ﬁl ﬁ2 ﬁn74 ﬁn73
0 0 &1 011 012 cee e O1n—4 01,n—3
(NoR) ' = 0 0 & 021 Gaz ottt O2,n—4 G2,n—3 ,
0 0 &3 031 032 cee e 03,n—4 03,n—3
0 0 é;l—zx On—4,1 On—a2 -+ -+ On-an—a On—4n-3
0 0 &,.3 On-31 Op-32 -+ -+ On-3n-4 On—3n-3
then multiplying (N & R)~! by ¥ from the left, we can get,
§11 (512 §13 5:1,11—1 651,71
021 022 023 02,n—1 d2.n
- 031 032 033 e 03,m—1 03,n
y(NaR) ' =
5@(71,1 87171,2 gvifl,S Ut 87271,7171 S'rzfl,n
577,,1 671,,2 577.,3 e 671,,77.—1 6n,n
In the end, we can obtain T,
0 P12 P13 P14 o Pla—1  Pin
—p12 0 P23 P24 ceo o P2n—1 Plin—1
—p13 —p23 0 03,4 ceo P2n—2 Plin—2
Tzl _ \II(N o 1:"{)*1(1, _ —p14 —p24 —p3,4 0 oo pP2,n—3 Pln-3 ,
—Pln-1 —P2n-1 —P2,n-2 —P2,n-3 -°* 0 P12
—Pin —Pin—1 —Pijn—2 —Pijn-3 ‘-  —pi2
where
P12 = Oin, p13 = Sl,nfl + 01, P23 = 52,7#1 + dan,
- = Lp_1 <
Pin = 011 — znl 013 — 014,
ﬁmj = gm,”+2*j + 57"7”4’3*3‘ - gm,"+4*j7 (m = 17 2, e 7n7.] = 47 57 e, — 1)7
which completes the proof. O

16
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4 Numerical example =]

In this section, an example demonstrates the method introduced above for the calculation of determinant
and inverse of the Fibonacci skew symmetric Toeplitz matrix. Here we consider a 6 x 6 matrix:

0 1 2 3 5 8
-1 0 1 2 3 5
-2 -1 0 1 2 3
Tre=| 3 9 1 0 1 2
-5 -3 -2 -1 0 1
-8 -5 -3 -2 -1 0 66
Use the corresponding formulas in Theorem 2.1, we get a1 = 1 + v/2i, by = —3 and from (2.2),

(2.3) we can obtain
det My([bi)i—2, —1,—1,0,1,1) =0, det My([F}];—s,—1,—1,0,1,1) =1,
from (2.1), we obtain

det TF6 = F@[a1 det M4([bi]?:2, —1, —1,0, 1, 1) — by det M4([Fi]?:5, —1, —1,07 1, 1)}
=1.

As the inverse calculation, use the corresponding formulas in Theorem 2.2, we get p12 = 0, p13 =
—1, p1a =2, pi5s=-1, pi6 =0, paz =1, pas = =3, p2s = 3, p3a = 0, SO we can get

0 o -1 2 -1 0
0 0 1 -3 3 -1
1

—1 o
Tr =

5 CONCLUSIONS

In this paper, by constructing the special transformation matrices we give the determinant and inverse
of the Fibonacci skew symmetric Toeplitz matrix in section 2, and give the determinant and inverse of
the Lucas skew symmetric Toeplitz matrix in section 3.
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