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Abstract

In this study, the author investigates the distidyuof the zeros of solutions of the sixth
order linear homogenous differential equations (IE)JDwith boundary conditions. An
analytic approach is employed in this paper thabdased on the semi critical intervals of
boundary value problems. The main results are gdéimation of the results of LHDE of fifth
order and expansion to four points boundary vaheélpms.
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1. Introduction

The studies on distribution of zeros of solutiorislioear homogeneous differential
equations (LHDE) goes back to 1960s. This fieldswidy attracts many researchers and it
gains much more interest for its applications tactional equations [12,13], difference
equations [19], differential equations with compé®efficients [17,18], differential equations
with delay constant [20] and variable [14], anceln differential equations [1-10,15,16]. The
research papers [1-3] adapted a geometric apprmaskudy and prove the results of the
distribution of zeros of solutions which is complied and hard to prove because it depends
on the fundamental solutions of the differentialaipns, so it requires more steps and
sometimes needs to impose additional conditionsréwe the results. Recently, an analytic
approach is proposed by the authors of [4-9] fatridiution of zeros of solutions. The
analytic approach employs the set of normal funddaatesolutions to state and prove the
results by using its properties of which makesgier to prove [10].

The authors of [4-9] investigated LHDE dfetfifth order. In this paper we
consider LHDE of the sixth order with four-point®umdary conditions. The analytic
approach is used to state and prove the propeftieldDE of the sixth order with four-points

boundary conditions. Our main results in this stadg r5,,,(a) < 15,(@), 15511 (@) <
rsq(c) and rz121(0) < 151 (0).



2. Conceptsand Terminology

Consider the following boundary value problem

5
x®+ > g (x)xP =0 €Y)
]ZO |
x(t) = %(t) = - = xP(t) = 0 2)

where a<t; <t, <--<t, <o, mis the number of pointg;[i =1, ..., m], p; is the
number of conditions at the poirtisi = 1,2, ..., m, g;(x) are continuous orj, )

Problem (1) and (2) is called( p1p; -.- pm) — problem >.

When the pointt; is fixed, the family of non-trivial solution of éhproblem «
(p1P2 ---Pm) — problem > is denoted byW,, ,, ., (tt;).

Definition2-1 [5]: The interval[e, B), (a < a < B < =) is called semi-oscillatory, if any
non-trivial solution for equation (1) has no mohan five zeros [including multiplicity] in
[, B).The largest semi-oscillatory interval that begih¢he pointx is denoted bfa,r(a)).

Definition2-2 [6]: The interval[«,y) where < (p;p; ...pm) — problem > has a unique
solution is called semi-critical, and the largesmi- critical intervals that begins at the point
a is denoted bya, rp, ) . p. (0))-

In this research paper, we discuss non- trivialtsmh of boundary value problem (1)
and (2) in the semi-critical intervals.

Especially« (3111) — problem > where the solution has zero of multiplicity 3 at
t = t4, a zero of multiplicity 1 at the point = t,, a zero of multiplicity 1 at the point = t5
and a zero of multiplicity 1 at the point= t,, wherea < t; <t, <tz <r3;11(x) < t4.

The first zero aftert = t; is denoted bys11 (@, t1, ty, t3), it's clearly that
r3111(@) S r3111(00ty,t5,83) and rzqq1(a) = inf r3q14 (0 ty, £y, t3). )

Generally, the first zero after= t;,,_, is denoted byrp, . o (&, ty,t;, .., ty_q) for
which

Tpipy..pm (@ =infrp oo o (&t ts, 0, tmo1) 4)
wherep; +p; + -+ pm =6.

Lemma 2-1[7]: The functionr, ,, o, (&, tq,t;, ..., tm_1) (Wheret, is fixed ) is continuos
from the right (the right limit exists ) at the pt8 t,, ts, ..., t,—1 in the seR,_4[a, ). i.e.



; — 0 +0 0
tlzl—r>ltlg Tp,popm (@t ta, e tmo1) =Tp p, po (0,1, 13, £3 oyt q).
tg—>td

] 0
tm-12tm—1

Lemma 2-2[7]: The set of fundamental normal solution éguation (1) (i.e{uj (tty),j=
0,1,..,m — 1} ) with respect ta; has the following

u]_(i) (tty) = (t—t) 7yt ty), L,j=01,..,m— 1. 5)
where
ugn(t1il)
)] P
lIjij(tlntl) = (j—i)! if j=i (©)
0 if j<i

3. Main Results:
In this section we present three theorems for thgiloution of zeros for the solutions of
LHDEs in the semi-critical intervals.

Theorem 3-1: In the intervala, 13111 (@)), any non-trivial solution (for the equation (gt
has a zero at; of multiplicity five cannot have a simple zero the right of t,
i.e. 13111(@) <715.(a), whent, > t; and t; - t;

Proof: First of all we show that the family of non-trivi@olution for « (3111) —
problem > at the fixed point; contains at least one solution that becomes atnoak
solution for« (51) — problem » whent, - t; and t; — t;_

lim < lim W3111 (t, tl)) = W51(t, tl)

t3—otg \t2—>t

From Vallee Poisinee theorem, for eagle [a,r(a)), there exists a semi-oscillatory
interval[t,, 7(t;)) [11]. Choose& > 0, such thaft,,t; + €) c [ty, r(ty)).

Let ug(t, t;), uy (¢, t1), ..., us(t, t;) be a set of fundamental normal solution for (1thwi
respect tot; i.e.

0 (0 if i#j
U; (tl'tl)_{1 if i=j
Thus, the family of non-trivial solution for the @ation (1) can be written as:

5

W(tty) = Z cju;(t, t) (7)

i=p1

whereg; is an arbitrary constant.



From the boundary condition for« (3111) — problem >»> we get the following
homogeneous system.

5

k; —
Z C]'u]-( )(ti' tl) =0 (8)
j=p1
where
m
kl - 0,1, ...,pi - 1, 1 = 253'4) Zpl = 6
i=1

A necessary and sufficient condition for the sys{@jn to have a non-trivial solution (
for unknowng;s) is:

D(ty, ty ts ty) = det (u]?"i)(ti, t):j=345; k=01, ..,p,—1; i = 2,3,4) =0

The rank of the matrix of system (8) is equal &nd it's different from zero.

that is

Uy(tz t1)  us(ta ty)

0
Uy(ts ty)  us(ts tq)

A (ty,tp,t3) =

wherea <t, <t,<t; <t;+¢€.

In fact, if A (t,t,,t3) = 0 then the homogeneous system has a non-trivialisolut
¢, andCs in [ty,t; +€).Thus, the nontrivial solution for the equation: (W (¢, t;) =
Caug(t, ty) + G5 us(t, ty) has six zeros in the[ty, t; +¢&) where[t;, t; + &) € [ty,7(t;))
four of six zeros are at the point, zero at the point,, and zero at the poing, this
contradicts the concept of semi-oscillatory inédrv

From the system (8), the first two equations caumgtia system of nonhomogeneous
system

cauy(tz, t1) + csus(ty, t1) = —c3usz(ty, ty)
cauy(ts, ty) + csus(ts, t1) = —c3us(ts, tq)

Using Grammar-method, we find the values of, and cs. Note thatc; is a free
parameter depends oft, and t; that isc; = c3(ty, ty, t3) then the general of non-trivial
solution for « (3111) — problem > depends on; i.e.

Ay (ty,tp, t3) Ag (t1't2,t3)

W. t,ty) = cusz(t,ty) +———u,(tty) + + us(t, t 9
3111( 1) 3 3( 1) A(tl,tz,t3) 4( 1) A(tl,tz,t3) 5( 1) ( )

where A; (ty,t,,t3), i=4,5 can be obtained from A (ty,t,, t3) replacing
(—c3us(ty, t1)  —csus(ts, t1))T by first and second columns respectively.



From the equations (5 ) and (9 ) we find

1 a(ty, ty, t3) t.t)
Uy T,
(t; —t)(ts — t;) 8(ty,tpty) 0 °

W3111(t, t1) = —c3 (—u3 (t,t) +

et et
where
Sttutats = [
i = [y
it = |2 TN Do

Since c; is an arbitrary constant, we assume that(t,,t,, t;) = (t, — t;)(t3 — t;). By
taking the limit of both sides when — t; we obtain,

(t3 — t1)YPo3(ty, t1) wa(bty) + PYoa(ts, t1)Po3(ty, t1)
Yoa(ty, t1) T Yos (Es, ) Poa(te, )

lim Wiq1,(t,ty) = — us(t, t1)
tz—)tl

wheret; is the new position of,

Now we taking the limit of both sides when— t; we obtain,

Yos3(t1, 1)
lim (lim W. t,t) =——u:(t,t 10
53_)t1(t2_)t1 3111 (¢ t1)) Vos (1) s(t, 1) (10)

From equation (6) we find ys(t;,t;) :%, Yos(tq,t1) :%. By substituting in
equation (10), we find

_llm (hm W3111(t, t1)> = ZOU.S (t, tl) (11)

t3—>t \tz2—t;

Thus we proved that the family of non-trivial sidm <« (3111) — problem >
contains a solution that becomes a solutiorkédi51) — problem > whent, - t; and t; -
t1.

From the lemma (2-1) The functions;,1 (@, t;, tot3) is continuous from the right,
then we get the following inequality

inf r3111(a, ty, by, t3) < inf  r3111(a ty) (12)

OCSt1<t2<t3<T3111(OC) 0C5t1<7'3111(0(

where



lim (lim r3111(a, ty, t5, t3)) = r3111(a, 1)
t3—t; ty—t

From equations (3) and (11), we find

inf r3111(@, ty, ty, t3) = 13111 (@) (13)
O(St1<t2<t3<r3111(0()
inf  r3(at) =r5(a) (14)
X<ty <r3111(X)

And from (12), (13) and (14), we get;;11(a) < 151(@).

Theorem 3-2: In the interval[a, 1,511 (@)), any non-trivial solution (for the equation (gt
has a zero at; of multiplicity five cannot have a simple zero the right of t;
i.e. ryy11(0) <rg (), whent, -» t; and t; - t;

Proof: Form Vallee Poisinee theorem [11], for eaghe [, r(a)), there exists a semi-
oscillatory intervalt,, r(t;)). Choose > 0, such thaft,,t; + €) < [ty, r(ty)).

Let uy(t, tq),uy(t, t1), ..., us(t, t;) be a set of fundamental normal solution for (1dhwi
respect tot; .

Thus, the family of non-trivial solution for the wafion (1) can be written as:

5

Wt ty) = Z cju;(t, ty) (15)

i=p1

From the boundary condition for« (2211) — problem >»> we get the following
homogeneous system.

5

2. u (6 =0 (16)

j=p1

where

m
ki=01..p— 1 i =234 ) p=6
I=1

A necessary and sufficient condition for the sysfé6) to have a non-trivial solution (
for unknownc]'.s) is:

D(ty, ty, t,t5) = det (uV(t, ) = 23,45, ki=01,..,p;— 1 i=234)=0

The rank of the matrix of system (16) is equal &n8 it's different from zero.

That is



uz(ta,ty)  uga(tz ty) us(tyty)
A (ty, ty, t3) = |U3(ty, t)  Us(ty ty) Us(ty, t))| #0
ug(ts, t1) ug(ts ty) us(ts,ty)

wherea <t; <t, <t; <t;+e€.

In fact, if A (t,t, t3) = 0 then the homogeneous system has a non-triviatisol
C3,C, and Cs in [ty,t; +€). Thus, the nontrivial solution for the equation, (W(t, t;) =
C3us(t, ty) + T4 uy(t, ty) + Cs ug(t, ty) has six zeros in the semi-oscillatory interval, t; +
€) where[t;,t; +¢€) C [tl,r(tl)) three of six zeros are at the paipttwo zeros at the point
t,, and zero at the point, this contradicts the concept of semi-oscillatiotgrval.

In the system (16), the first three equations ctrista system of nonhomogeneous
equation

cauz(ty, ty) + cauy(ty, ty) + csus(ty, t) = —cauy(ty, ty)
c3Us(ty, ty) + cauiy(ty, ty) + csls(ty, ty) = —cpuy(ty, ty)

cauz(ts, ty) + cauy(ts, ty) + csus(ts, t) = —cyuy(ts, ty)

Using Grammar-method, we find the values af;, c, and c;. Note thatc, is a free
parameter depends ap, t, and t; that isc, = c,(ty,t,,t3) then the family of non-trivial
solution for « (2211) — problem > depends on, i.e.

5

Wao11(t ty) = coup(t, ty) + Z

i=3

A (8, t,t3)

NGNS u; (6, ) (17)

where A; (t3,t,,t3),(i=3,45) can be obtained from A (t;,t,t;) replacing
(—couy(ty, t1)  —Colly(ta,t1)  —couy(ts, t))T by first, second and third columns
respectively.

From the equation (5 ) we find
A (ty, by, t3) = (t5 — t1)3(t, — t)°d (g, Ly, t3)
Az (ty, tp, t3) = (t3 — 1) (t; — t1)*d3(ty, ta, t3)
Ay (ty, by, t3) = (b3 — t)?(t — t1)*da(ty, ta, t3)
Ag (ty, ty, t3) = (t3 — t1)?(ty — t1)3ds(ty, ta, t3)
Where
d(ty, ta, t3) = (tz — t1)*Pos(ts, t)@(tz, 1) + 8(ty, ta, t3)

d3(ty, by, t3) = (t; — t1)*Poa (t3, t)alty, ty) + 83(ty, ty, t3)



dy(ty, ty, t3) = —(ty — t1)3Poy(E3, t) B (E2, t1) + 84 (ty, t2, t3)

ds(ty, ty, t3) = —(ty — t1)3Pg2(ts, t1)y (E2, t1) + 85(ty, ta, t3)

_ |Woa(ta, t1) o5tz ty) _ |Woa(ta,t)  Pos(taty)
ot tn) = P14ty t1)  Pys(ty, ty) oty &) = Y14ty t)  Pis5(ta ty)
_ [Wos(ta,ty)  Pos(ta ty) _ |Wos(ta,t1)  Poalty ty)
Bl &) = Y13(ta, t1)  Yus(ty, ty) Yt 6) = Yi3(ta, t1)  Pralty, ty)

S(tl, tz,t3) -0 and 6i(t1, tz, t3) i O, (l = 3,4,5) When tz i tl'

By substituting in equation (17), we find

1 d3(ty, ta, t3) + 83(t, ta, t3)
W. tLty) = —c, | —u(t,ty) + us(t t
221 (6 11) 2 < 2(6t) (t; —t)(t3 — 1) d(ty, ty,t3) + 8(Ey, ta, t3) ()
1 dy(ty,ty, t3) + 04(8, t5, t
+ 4(ty, b, t3) + 64(t4, L, 3)u4(t,t1)
(t; — t)(ts —ty) d(ty, to, t3) + 8(ty, ty, t3)
1 dc(tq,t,, t3) + 6:(t, o, t
+ . 5(ty, tp, t3) + O5(ty, ty 3)u5(t,t1)
(tz — t)(t; —t1)? 8(ty, ty,t3) + 6(ty, ty, t3)

Sincec, is an arbitrary constant, we assume thdlt,, t,, t;) = —(t, — t1)%(t5 — 1) .
By taking the limit of both sides whep — t; we obtain,

Yoo (3, t)y(t1, t1)
lim W,,,,(t,t;) = — u:(t, t 18
ot o Yoz (ts, t1)e(ty, t1) 5(t 1) (18)

Wheret; is the new position ot,

now taking the limit of both sides whepn— t; we obtain,

_ lpOZ(tll t1)]/(t1, tl)
> = ety (9

lim < lim W2211(t, tl)

t3—>tg \t2—t

and from equation (6)we find

1 1 1 1 . . .
oz (ti,t) =7, Yoslty, tr) =, alty, ty) =, and (ty,t,) = ;. By substituting in

equation (19), we find

lim ( lim W24, (¢, t1)> = 60us(t,t1) (20)

t3—otg \t2—tg

Thus we proved that the family of non-trivial sidm <« (2211) — problem >

contains a solution that becomes a solution fex (51) — problem >» when t, —

ty and t3 = t;



From the lemma (2-1) the functiony,;1(a, ty, t,, t3) is continuous from the right,
then we get the following inequality

inf T2211(@, ty, b5, t3) < inf  mon(at) (21)
X<t <t,<t3<r3711(X) x<t1<r211 ()

where

lim (lim 15511 (a, ty, t5, t3)) = 19211 (@, )
t2—>ty -t

From equations (4) and (20), we find

inf T2211(@, t1, ty, t3) = Tpp11 () (22)
O(St1<t2<t3<1”2211(0()
inf  1uet) =rs5(a) (23)
X<ty <1211 ()

From (21),(22) and (23), we get;,11(a) < 151(@) .

Theorem 3-3: In the intervala, 1,121 (@)), any non-trivial solution (for the equation (1hpt
has a zero at; of multiplicity five cannot have a simple zero the right of t;
i.e. ryqp1(0) <rgq(a), whent, - t; and t; - t;

Proof: Form Vallee Poisinee theorem [11], for eagle [o, r(a)), there exists a semi-
oscillatory intervalt,, r(t;)). Choose > 0, such thaft,,t; + €) < [t;, r(ty)).

Let uy(t, tq),uy(t,ty), ..., us(t, t;) be a set of fundamental normal solution for (1phwi
respect tot; .
Thus, the family of non-trivial solution for the @ation (1) can be written as:

5

Wt t) = ) quitt) el
j=p1
From the boundary condition for« (2121) — problem >»> we get the following
homogeneous system.

5

> qu,t) =0 (25)

j=p1



where

m
ki=0'1""'pi_1; 1=2;3i4; Zpl=6
I=1

A necessary and sufficient condition for the sys{gf) to have a non-trivial solution

(for unknownc;s) is:
_ O b = i _
D(ty, ty, ts, t,) = det (uj (t,t):]=2345; ki=01,..,p;—1; i= 2,3,4) =0

The rank of the matrix of system (25) is equal &n8 it's different from zero.

That is

uz(ta,ty) ugtz ty) us(tyty)
A (ty, ty,t3) = |us(ts, ty)  us(ts, ty) us(ts ty)|#0
Ug(ts, t1) Uy(ts ty) Us(ts,ty)

wherea <t; <t, <t; <t; +¢.

In fact, if A (ty,t,,t3) = 0 then the homogeneous system has a non-triviatisol
C3, C, and Ts in [ty,ty; + €). Thus, the nontrivial solution for the equation, (W(t, t;) =
Czusz(t ty) + T4 u,(t, ty) + Cs us(t, ty) has six zeros in the semi-oscillatory interval, t; +
g) where[ty,t; + €) € [ty,r(t,)) three of six zeros are at the point zero at the point,,
and two zeros at the poity, this contradicts the concept of semi-oscillatotgrval.

In the system (25), the first three equations c¢tuteta system of nonhomogeneous
system

cauz(ty, ty) + cauy(ty, ty) + csus(ty, t) = —caup(ty, ty)
c3ug(ts, t1) + cauy(ts, ty) + csus(ts, ty) = —cyuy(ts, ty)

caU3(ts, t1) + cauiy(ts, ty) + csUs(ts, ty) = —cruip(ts, ty)

Using Grammar-method, we find the values af;, c, and cs. Note thatc, is a free
parameter depends ap, t, and t; that iSc, = c,(ty,t,,t3) then the family of non-trivial
solution for « (2121) — problem > depends on, i.e.

5

Wo121 (6 1) = caup(t, ty) + Z

i=3

Ai (tll tZI t3)

A (t1 t2 t3) ui(t! tl) (26)

Where A; (t1,t,,t3), (i =3,4,5) can be obtained from A (t,t,, t;) replacing
(—Czuz(tz,tl) _Czuz(t3,t1) —Czaz(tz,tl))rr by firSt, second and third columns
respectively.



From the equation (5 ) we find
A (ty ty t3) = (t3 — t1)°(t, — t1)%d(ty, £y, t3)
Ag (g, ty, t3) = (t3 — t)*(tp — t1)?d3(ty, ta, t3)
Ay (bt t3) = (t3 — t1)3(tp — t1)?da(ty, ty, t3)

As (ty, ty, t3) = (t3 — t1)3(t, — t1)%ds(ty, ty, t3)

Where
d(ty, ta, t3) = (t3 — t1)3Pe3(ts, t)@(ts, t1) + 6(ty, ta, t3)
d3(ty,t,t3) = —(ts — t1)* P (ta, t)a(ts, 1) + 83(ty, ty, t3)
da(ty, ta, t3) = (t3 — t1)*Pop(ta, t1) B (ts, t1) + 84(ty, Lo, t3)
ds(ty,ty,t3) = —(ts — t1)> Yoo (ta, t)y (t3, t1) + 85 (ty, t2, t3)
_ |Woa(ts, t)  Pos(ts, t1) _ |Woa(ts, t)  Pos(ts, t)
oltstr) = P14(ts, 1) Pys(ts, ty) alts ) = Y14tz t1)  Pys(ts, ty)
_ |Wo3(ts t1)  Pos(ts, ty) _ |Wo3(ts t1)  Poalts, ty)
Blts, t7) = P13(ts, t1)  Pis(ts, ty) ¥t 6) = Y13(ts, t1)  Pralts ty)

6(t1, tz,t3) - 0 and 6i(t1, tz,t3) -0 , (l = 3,4‘,5) when tz i tl'

By substituting in equation (26), we obtain

1 d3(tll tz, t3) + 63(t1l t2: t3)

Wai21 (6 1) = —co | —up(tty) + us(t, ty)
e 2( Pt — )t — 1) Aty b, t5) +6(ty, b5 85)
1 dy(ty, ta, t3) + 8,(t, to, t3)

- 2 U4(t, tl)

(t; — t1)(ts — t1)? d(ty, tp, t3) + 5(ty, ty, t3)

1 dS(tll tz, t3) + 65 (tll tZI t3)
+ 2 Us (t, tl)
(ty — t)(t3 —t1)? 8(ty, ta,t3) + 6(ty, ty, t3)

Sincec, is an arbitrary constant, we assume thait,, t,, t3) = —(t, — t;)(t; — t;)?% .
By taking the limit of both sides whep — t; we obtain,

(t3 — t1)* Yoo (ty, t)a(ts, t1)
PYos3(t1, t)e(ts,t1)

lim W10, (6 t,) = us(t, t) —
t2_)t1

(t3 — t1) Yoo (t1, t) B (E3,t1) wa(t 1) + Yoo (t1, t1)y(E3, t1) u
Yo3(ty, t1)o(t3,t1) T Yos(ty, t)e(Es ty)

Wheret; is the new position ot;

Now taking the limit of both sides whegp — t; we obtain,



) _ Yoty t)y(ty, ty) ue(t ty) (28)
s(6 1ty

fim <lim Wara (61 | = Yoz (t1, t)e(ty, t1)

t3—otg \t2—-t

From equation (6) we find

1

>80 By substituting in

Yoo (ty,t1) = % » Yoty ty) = %. Yty ty) = ﬁ and @(ty,ty) =
equation (28), we find

_llm < lim WZlZl(t' t1)> = 6OU.5 (t, tl) (29)

t3—>tg \t2—t

Thus we proved that the family of non-trivial sidim <« (2121) — problem >
contains a solution that becomes a solution fex (51) — problem »> when t, —»
ty and t3 =t

By the lemma (2-1) The functiom,;,, (@, t;, t5, t3) is continuous from the right, then
we get the following inequality

inf 12121(@, ty, b, t3) < inf 12121(a, t1) (30)

XSty <tp<t3<r2121() XSt1<r2121(x)

where

lim (lim 13151 (a, ty, t5, t3)) = 12121 (@, )
t3_)t1 tZ_)tl

From equations (4) and (29), we find

inf T2121(@, t1, ty, t3) = 13121 (@) (31D
O(St1<t2<t3<1”2121(0()
inf  raa(at)) =15(a) (32)
XSty <r121(X)

from (30),(31) and (32), we gety,1 (@) < 1351 ().
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