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system of Caginalp type with polynomial growth potential.

Mayeul Evrard Isseret Goyaud*!, Fidéle Moukamba?,
Daniel Moukoko?, Franck Davhys Reval Langa*

1,2, 3, 4 Faculté des Sciences et Techniques,
Université Marien NGouabi B.P.69,

Brazzaville Congo,

Type of Article

Abstract

Aims/ objectives: We are interested in a hyperbolic phase field system of Caginalp type,
parameterized by e for which the solution is a function defined on (0, T') x 2. We show the existence
of the global attractor for a hyperbolic phase field system of Caginalp type, with homogenous
conditions Dirichlet on the boundary, this system is governed by a polynomial growth potential,
in a bounded and smooth domain. the hyperbolic phase field system of Caginalp type is based on
a thermomecanical theory of deformable continua.

Note that the global attractor is the smallest compact set in the phase space, which is invariant by
the semigroup and attracts all bounded sets of initial data, as time goes to infinity. So the global
attractor allows to make description of asymptotic behaviour about dynamic system.

Study design: propagation study of waves.

Place and Duration of Study: Departement of mathematics (group of research called
G.R.A.FE.D.P), Sciences Faculty and Technical of Marien NGOUABI University PO Box 69,
between October 2015 and July 2016.

Methodology: To show the existence of the global attractor about the perturbed damped hyperbolic
system, with initial conditions and homogenous conditions Dirichlet on the boundary, we proceed
by proving the dissipativity and regularity of the semigoup associated to the system, and we then
split the semigroup such that we have the sum of two continuous operators, where the first tends
uniformly to zero when the time goes to infinity, and the second is regularizing.

Results: We show the existence of global attractor, about a hyperbolic phase field system of
Caginalp type, governed by polynomial growth potential.

Conclusion: All the procedures explained in the methodology being demonstrated , we can assert
the existence of the smallest compact set of the phase space, invariant by the semigroup and which
attracts all the bounded sets of initial data from a some time.
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1 Introduction and Setting of the problem

We recall that the global attractor A is the smallest (for the inclusion) compact set of the phase space
which is invariant by the flow (i.e. S(¢)A = A, V¢ > 0) and attracts all bounded sets, of initial data
when time goes to infinity. The property of invariance satisfied by the global attractor makes sure of
its unicity (when the global attractor exists). It is the smallest closed set which verifies the property of
attraction; and it thus appears as a suitable object in view of the study of the asymptotic behaviour of
the system. In fact the global attractor is the smallest compact set of the phase space which contains
the solution of a dynamic system, when time goes to infinity.

The Caginalp phase field system

ou

o~ Dut S = 6
00 ou
a2 = T
has been proposed in [1] to model phase transition phenomena, such that melting-solidification
phenomena, in certain classes of materials. In this context, v = wu(t, z) denotes the phase-field
or the order parameter, 6 = 6(¢,x) stands for the relative temperature defined as 6 = ‘:’T‘j, where

a = aft,x) is the thermal displacement variable or the primitive of 6 and f is the derivative of a
double-well potentiel F.

In this paper, we are based on the following

0%u ou oo

Eﬁ + a — A’u + f(u) = a, (11)
& da oo’ ou
R TR T TS (12)

with homogenous conditions Dirichlet on the boundary
ulpa = alaa = 0, (1.3)

and initial conditions

da

E‘f:o = 1, (14)

ou
U|t:0 = Uo, ah:o = ui, Oé\t:O = o,

which is the hyperbolic relaxation system of Caginalp phase-field based on the type Il (see [5]). Q2 is
a bounded and smooth domain of class C? in R™ (1 < n < 3), 99 the smooth boundary of Q, and
e > 0 is a relaxation parameter.
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Hypotheses of potential f

f is of class C?, (1.5)

f(0) =0, (1.6)

—co < F(s) < f(s)s + c1, c0>0, c1 >0, seR, (1.7)
ith F = ’ T)dT,

with F(s) = [ 1)

1F'(s)] < cals| + 1), c2>0, p>0, s€R, (1.8)

f'(s) > —c3, 3 >0, seR, (1.9)

Very often, we will need restrictions on p when n = 3; these will be precised when needed.

Our aim in this paper is to show the existence of global attractor of the hyperbolic relaxation system
(1.1)-(1.4).

Such studies have already been made in many works; in the case of a parabolic-hyperbolic
phase-field system (see [2], [3], [5], [6], [7], [9]). We can also mention the recent work of Daniel
Moukoko, for example [8] and [9] in which the hyperbolic system was the subject of a study with
regular potential f(s) = s® — s, and [10] in which the hyperbolic relaxation system was the subject of
a study with a singular potential. In [2] Doumbé Bongola brice Landry has studied the same system
as in this article, but the parameter of relaxation ¢ = 0.

2 Notations

*(.,.) denotes the scalar product on L?(2), and ||.|| the associated norm.

*(.,.) x denotes the scalar product on X, and ||.|| x the associated norm.

*|92| is a measure of Q.

*H"(Q) = W*2(Q) is Sobolev classic space.

*e" (e) coincide with [H" 1 (Q) x H*(Q2)]N{(|aq = 0} if e > 0 and with [H" "' (Q) x H*~(Q)]N{{|oa =
0} if ¢ = 0, whenever the traces make sense. Note that when x = 0, we write £(¢) instead of £°(e).
*II'. H?,c(é) with e > 0, is energy norm in ”(¢) for the equation (1.1) with Dirichlet boundary counditions,
defined by

>4

o120 = 11

o
(8), 252 12y = ol + €ll 2 + 12211200

*cp is the constant of Poincaré.

3 Preliminary results

We begin by recalling below the two theorems (see [4] Theorem 3.2 and Theorem 3.3) very useful
later.

Theorem 3.1

If (U(), ui, 0o, al) € Hé(Q) X LQ(Q) X H&(Q) X Lz(Q) and F(UU)
has a unique solution (u, «) such that u, o € L*(0, T ; H (),
u e L™(0, T;L*(Q) N L*(0, T; L*(Q)) and 22 € L>(0, T; L*(Q)) N L*(0, T'; Hy (), for all
T > 0.

< +o0, then the problem (1.1)-(1.4)

With more regularity we got the second theorem
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Theorem 3.2
If (uo, u1, o, 1) € (H2(Q)NHF(Q)) x Hy(Q) x (H*(Q)NHF(Q)) x H(Q), then the problem (1.1)-
(1.4) has a unique solution (u, «) such that u a € L0, T; H2(Q) N H(Q)),

9u ¢ >0, T; HY(Q)) N L0, T; HY(Q)), 22 € L>=(0, T; Hy(Q)) N L*(0, T; H*(Q) N H} (Q)) and

gi;, 0 € L0, T; L*(Q)), forall T > 0.

’8t

the Theorems 3.1 and 3.2, two respective phase spaces

Dy = e(e) x Hy(Q) x L*(Q)
and
1 =ce'(e) x (H*(Q) N Hy(Q)) x Hg ()
and we have two energy norms for the system (1.1)-(1.4), in those phase spaces

1Gus @, GE, = NGullZe (o) + lell Frnsr + (155 7= for & =0, 1.
We then define the continuous semigroup,
Se(t) : @ — Dy

Gupra0san) > (Gult),a(0), 21,

for k = 0,1, with (Cu(t), a(t), 2312) such that (u, ) is the unique solution of problem (1.1)-(1.4) and
(Cu(0), 2(0), 2592) = (Cup, @0, 1).

4 Main results

In this study, we have two main results; the dissipativity and regularity of the semigroup {S.(¢)}+>0
associated to the problem (1.1)-(1.4) and the existence of the global attractor.

5 Dissipativity and regularity

The dissipativity and regularity of the semigroup {Sc(t)}:>0 associated to the problem (1.1)-(1.4)
mean that the semigroup {Sc(¢)}+>0 associated to the problem (1.1)-(1.4), possesses a bounded
absorbing set.

The following lemma gives the uniform estimates of ||ul| 1, ||| 2 and || 22 || which are independent
of e.

Lemma 5.1. Assume the hypotheses of Theorem 3.1 verified, ¢ < 1 and (u, «) the solution of
problem (1.1)-(1.4) such that (¢.(0), a(0), 252 € ®,. Then, the solution (u, ) satisfies the following
estimate

el + el 282 4 a2 + 12282
u(r) 2, 0T) 2\ —p—r 90(0) —pt
+ 025D+ 2D e < Q0. a0). 2Dl + 0l 61

where the positive constants 3, C and the monotonic function Q@ are independent of e.
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Proof. We multiply (1.1) by w and (1.2) by « and we have, integrating over €2, thanks to (1.7)

A

ou
& (el +2eGr)) +2 [ Fydo+lulfn < I 57 + 2150 + 2010, 52)
Q
da
& (bl +258.)) + loll < 26l + 200 G + 215007 (63)

We multiply (1.1) by ¢ and (1.2) by 2« 57, we integrate over 2 and we have, summing the two resulting
differential equalities, the following estimate

d
a4 (||u\|H1+e|| 242 [ Fods + al +15517) + 215 P
A2 2 20 <l 5.4

Summing 71 (5.2), 72(5.3) and v3(5.4), where 1, 2 and 3 > 0 are such that
Y- 20?,72 —cpy3 > 0
2v3 — 271 — 2¢cpy2 > O,
YN —2y2 > 0
we find

d
aE3+01||U\|H1+CzH =12+ 2m /F dw+V2||0<||H1+03H || +2H ||H1<C (5.5)

where the positive constants C; and C' are independent of ¢, and

B = (IO + 24252, 00)) + (Il + ol + 252 aw))
o () + el 22 +2 [ P + ol + 1250 1F).

Moreover, for sufficiently small values of v1 > 0 and 2 > 0, there exists C' > 0 independent of € such
that

Ol + Al 28212 4o + 1228 12) < 00
< O3+ el 282 1 o) +1 ( 200 2
to the above estimate, (5.5) can be rewritten as
9 Byt 88+ N 2P+ ol D22 < 0

dt
where the positive constants 3, C; and C' are independent of .

Applying Gronwall’s Lemma, we have

20 12 4 o)

+/<Ila“( D21 2240 2 e < QU1 Gu0), a00),
0

) s + el 00 2

0a(0)
ot

Jag)e™ +C,

where the positve constants 3, C' and the monotonic function @ are independent of e. This gives the
uniform estimates of ||u|| 1, ||| 1 and || 22 || which are independent of e. O
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Theorem 5.1. Assume the hypotheses of Theorem 3.1 verified, ¢ < 1, and (u, «) the solution
of problem (1.1)-(1.4) such that ((.(0), a(0), a‘gf’)) € ®q. Then, the solution (u, o) satisfies the
following estimate

IGatt),a(e), 253,

+/O<Ila“( L2 1 2200 2 e < Q11 (cu0), a(0),

da(0)
ot

Mao)e™ +C,

where the positive constants 3, C and the monotonic function Q are independent of c.

Proof. Firstly, we determine the uniform energy estimate of the perturbed damped hyperbolic equation
(1.1) with initial conditions and homogenous conditions Dirichlet on the boundary. Equation (1.1) can
be rewritten as follows

Pu 2 s )+ 20 o), o= w@lm =0 69
to the proposition A.2 (see [9]) found from equation (5.6), we have
1 ®)20) + / 1240 o mstem gy
< Ce” 5f(||<<u<0>||g<e> + [[hua (0) |7 -1)
+0 [ U + 12220 e, 5.7

where the positive constants 5 and C are independent of e.

To estimate the last term of the second member about (5.7), we first find the estimate of the term
[P () 1% -1 + [ 222D 12, . We have

0 , 0
M (s + 1222 < + 1287 2 ) 28 2
a2y 58)
The estimate (5.1) gives uniform estimates of ||u|| g1, ||« 5 and || H independent of ¢, these imply
0 _
Hulliw < cnunips@(||<cu(o>,a<o>, i;(t)>||%>e e 59)
0a(0 Bt
12008, < a2 < QU (0),a0), 22 ja e 1 ¢, (5.10)

where the positive constants 3, C' and the monotonic function @ are independent of e.

1.8

Jul [u]
1f(w)] < ca </0 |s|2pds+/0 ds> =C (Jul*" + Jul), (5.11)

the same hypothesis implies for all w € Hg (£2)

( / el wlds + [ |u\|w|d:r)

¢ (] uPriultulds + sl )
Q

| (f(w),w) |

IA

IN
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Furthermore, if n = 2 and p > 0, we have, owing to Hélder’s inequality and the continuous embeding
of H*(Q) in L*(Q2) and in L*?(Q),

[(f),w) | < C(lullfpllullpsllwlpe + llullmlw] )

< C(llullZh + Dllull g flwl g (5.12)

and if n = 3 and p < 1, we have, using Hélder’s inequality (for p = 1) and the continuous embeding
of H'(Q) in L*(Q),

[(f(u),w)| < C (lullzallull pallwllps + llull g lfwl 1)
< Clllullzn + Dllull g [[wl - (5.13)
The estimates (5.12) and (5.13) allow to deduce

17+ < QUIC0), a(0), 280 o e 1 ¢, (5.14)

where the positive constants 3, C and the monotonic function @ are independent of .

1.8

gl < (/‘ 715 |df+/| ||w|dx)
(/‘Wlwud+nmwmmg.

If n = 2 and p > 0, we find, using Hélder's inequality, and the continuous embeding of H*(Q) in
L2(2p+1)(Q)’

IN

’ ou
@Gl < 0 (Il 15 Mol e + 15wl

A

ou
< Ol + DI 2wl - (5.15)

If n =3 and p < 1, we obtain owing to Holder’s inequality (for p = 1) and the continuous embeding of
H'(Q)in L%(Q),

/ 8 811,
(' () 5w n<c@wm%JWMHw WWm)SaMﬁrﬂmEWWm-ﬁw
The estimates (5.15) and (5.16) allow to deduce
[If(w ) HH 1<CH H (5.17)

where the positive constant C' is independente of e.

Equation (1.2) implies

0 (oo’ oo’ ou
W**E‘FAaﬁ’Aaf 75.

We deduce from the above equation, estimates (5.9), (5.10) and from the uniform estimates of ||«|%,.,
lull7 and || 22|1%;1, the following estimate

8012
1St < o(15 nH1+H\mermerml+nmm{)

804( )

IN

Q[1(¢u(0), a(0),

>no—“+00+u 242 MQ. (5.18)
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The estimates (5.10), (5.14), (5.17) and (5.18) inserted into (5.8) allow to obtain

Ohua(T) da(0) st
ez o < QUICG(0), a(0), " lag)e™

+c(1+|| 1242 \|H1), (5.19)

P, (7)1 +

where the positive constants 3, C' and the monotonic function @ are independente of e.

We insert (5.19) into (5.7). We find from the estimate (5.1)
t o Qu(r (7
GOl + [ 1252 e ar
0

ccero(f <Q<||<<u<o>,a<0), 2 ) +1) e ar)

+c/(| 1242 HH)e*‘*“*”dT

< QU(¢u(0), a(0), 24 )>||q>o>e—‘” +e, (520

where the positive constants 3, C' and the monotonic function @ are independent of ¢, but C' depends
on the initial conditions.

Combining (5.1) and (5.20), we have
0
Iut0),te), 2202,

+ LERE 4125 e ar < QI 0),a0), 5 a0 (521

|

Corollary 5.1. The semigroup of operators S.(t),t > 0 associated to the problem (1.1)-(1.4) is
dissipative in ®, that's to say, it possesses a bounded absorbing set in ®.

This corollary is a straightforward consequence of Theorem 5.1.

We denote Br,(€) = {(Cu,, 32) € ®0/||(Cus v, %) ||lo < Ro} where Ry is large enough, a bounded
absorbing set for the semigroup Sc(t) in ®q.

Lemma 5.2. Assume that the hypotheses of Theorem 3.2 hold, ¢ < 1, and (u, «) the solution of
problem (1.1)~(1.4) such that (C.(0), «(0), 229 ¢ Bg,(e) N ®1. Then the solution (u, «) satisfies
the following estimate

()

Gl 15
Q)

+f (||aqg([)|\?ﬂ)e*ﬁ(“>drscz(u(cu(om(ox O jeyev0, 522)

i+ la@®l7e + 1=~

Ou(t)
ot

where the positive constants 3, C' and the monotonic function @ are independent of e.
Proof. We multiply (1.1) by —Awu and we get, integrating over Q

& (Wl + 24958 90 ) +2lulle = 2070, 80+ 250 80 + 2| 5o, (629
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The estimate (5.11) allows to obtain owing to the Hélder’s inequality, the continuous embeding of
HY(Q) in L*®*+D(Q) and if n = 2 and p > 0, the following estimate

(f(u), Au)

IN

C (IelZhapn el acemsos 1w + | A
ClullZ: + Dllell s ] (5.24)

where C' > 0 is independent of e. Moreover if n = 3, p < 1 (for p = 1) and taking into account the
continuous embeding of H'(Q) in L°(£2), we obtain

(f(w), Au) < Cllulfgsl|Aul + Clulll|Aull < C(llullz + D)llulla llull gz, (5.25)

IN

where C' > 0 is independent of e.

the estimates (5.24) and (5.25), applying young’s inequality and considering
(<U7a7 %) € BRO(e)

1
(f(u),Au) < C(llullfy + Dl llullzz < Cllullg luflm < 5Hu|\?{z +C, (5.2
where C' > 0 is independent of e.
We insert (5.26) into (5.23). We get to (5.1), the following estimate
d 2 ou 2
o lulles +2e(Vop, Vu) | 4 lulle - < Z‘cp\l Hm + 2H IIH1 +C. (5.27)
where C > 0 is independent of e.

(1.2) by —Aa and we get, integrating over Q2

d foe
& (1l + e + 2952 90)) +

IN

2¢p|ul|7 + 2c,,|\ HHl + 2H 8t =3

IN

C"||ullz +2Cp|| HHl +2H (5.28)

ot HHl

We multiply (1.1) by —A %% and (1.2) by —A 2> and we integrate over €. We obtain, summing the
two

d

ﬁowmruu MrWMMrwaﬂm>+% s+ 20901 + 2092 e
O

5

The assumption (1.8) allows to find owing to the Hélder’'s inequality, considering the continuous
embeding of H*(Q) in L2V (Q) and if n = 2 and p > 0, the following estimate

du
8t)|

< 2/(f'(w)Vu, V )|+2\(V Vo (5.29)

IN

(' (w)Vu, V CI\uIIL2<2p+1>IIVUHL2<2P+1>HV =+ Clvulll|v t\

IN

Cllull 3 (lullzr2 + 1) (5.30)

124
ot M
where C' > 0 is independent of e. Moreover if n = 3, p < 1, taking into account the continuous
embeding of H'(Q) in L°(Q) (for p = 1), we obtain

ou

| () Vu, 750

IN

CH“”LGHVUHLBHV H+CHV IIHV ||

IN

Cllullzr (lull 2 + 1)H (5.31)

ot ”Hla
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where C' > 0 is independent of e.

The estimates (5.30) and (5.31) allow to obtain
Ju

) < Clul?,

where C' > 0 is independent of e.

|(f' (w)Vu, V

We insert (5.32) into (5.29). We find

ou ou
2 < Ol + 1)

(a2 + 1) Sl

(HUIIHz +e H HHl Tl + 122 5 HHl) + H ||H1 + || HHl < C"lulfe +C,

where the positive constants C*”” and C are independent of e.

Summing v4(5.27), v5(5.28), v6(5.33) where ~4, v5 and v > 0 are such that

- 01174 _ 20”"76 > O
Y6 — 274 — 2¢cpvs > 0,
Y6 — 2¢pya — 275 > 0
we have
d
Gl t Cillullz + CzH ||H1 + Csllal 3= + C4H I\Hl <C, G, C>0
where
2 2 Oa 2 ou
Ey = (el + HaHHz +2(V, Va)) +s(l|ulla +26(Vor, V)

olulys + el 2

22+l + 15 ),

(5.32)

(5.33)

(5.34)

for sufficiently small values of v4 > 0 and ~s > 0, there exists C' > 0 independent of e such that

O (a1
C(|lu(t)7

Ou(t)
ot
Ou(t)
ot

)|l

i + ez + 1=~

1% + [l

8a(t)
( )2

31) < Ea(t)

1)-

We deduce from the above astimate and (5.34) the following estimate

d
d7E4 + BEs + C’H
where 8 and C are positive constants independent of e.

Applying Gronwall’s lemma, we obtain

e 3+ e 240

toou(r) 2
+ [ 15 e

I+ lla() |2

D dr < Q(I1(¢u(0), (0),

HH1 <C,

80((t) 2

8t ||H1
da(0)

S Dllen)e " + €,

where the positve constants 3, C' and the monotonic function @ are independent of e. Then we have

uniform estimates of ||u|| sz, ||| = and || 22

| z: independent of .

]
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Theorem 5.2. Assume that the hypotheses of Theorem 3.2 hold, ¢ < 1, and (u, «) the solution of
problem (1.1)-(1.4) such that (¢.(0), a(0), 2%2) € Br,(e) N ®1. Then, the solution (u, a) satisfies
the following estimate

() () acgfhuél
+ [ 12D e Mar < Q16 0,00, 2 e 4 €,

where the positive constants 3, C and the monotonic function @QQ are independent of e.

Proof. We first determine the uniform energy estimate of the perturbed damped hyperbolic equation
(1.1) with initial condtions and homogenous conditions Dirichlet on the boundary. Equation (1.1) can
be rewritten as follows

*u  Ou _ Oa(t)
* ot
to the proposition A.1 (see [10]) found from equation (5.35), we have

I + / I

< Ce([|(¢u(0 )Hgl(ﬁl\hua( 0)[I*)

8hua
+ c/ (ha (@l + 2Ly

= hua(t), Culimo =¢°, u(t)]an = 0. (5.35)

*5(t*7')d,r

Dz,

)e P dr (5.36)
where the positive constants 5 and C' are independent of e.

To estimate the last term of the second member, we first find the estimate of || A, (7)(| 31 +|] M 1.
We have

P+ 1222z < e+ 1220 2,
HP 2D Ty s
1.8
£ = IV =17 Val® < e ([ uivupas s [ 9upas)
< o (/Q|u|4p|Vu\2dx+HuH§{1>. (5.38)

If n =2 and p > 0, we find, using the Hélder’s inequality and owing to the continuous embeding of
HY(Q) in L°?(Q) and in L5(Q), the estimate

IF @l < eallull I Vulze + callullzn < Cllullfs lullz + ezllullz- (5.39)

If n =3 and p < 1, we find owing to Hélder’s inequality (for p = 1) and considering the continuous
embeding of H'(Q2) in L°(2), the estimate

4
IF @ < exllullzellVullze + callullzn < Cllull lullz + czllullz. (5.40)

thanks to the estimates (5.39) and (5.40), considering (Cu, «, at) €
Br, (€) and the uniform estimate of ||u/| g2

5@ < QUG 0),a(0), 28D oy )e 5 1 0 (5.41)
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Equation (1.2) implies

82704 8(1 oo ou
otz ot ot ot’

Thanks to the above equation and the uniform estimates of ||ul| 2, [|a[|z2 and || 42|41, we deduce
the following estimate

0
15t < o (15 15 |\H1+||a|\H1+||u\|H1+||at|\H )
< (IG5 + e + Nl + 1511 )
0a(0 -
< QUG 00), 280 o )e 4 04 1 0 ). (542

The estimates (5.17), (5.41) and (5.42) inserted into (5.37) allow to obtain

() + 1225202 < () (0), a(0), 22

We insert (5.43) into (5.36). we find from the estimate (5.22)
I, / 1247 2, m00-mg,
Oa —r
< Ce ‘“+c(/0 ( (1640, a(0), 25 o) + 1) ¢ ar )
CLou(T) 2 _pu—n
-I-C/O | En Iz e dr

< Q((6u(0),a(0), 22D o )e " + ¢, (544

Moa)e ™ + O+ el (543)

where the positive constants 3, C and the monotonic function @ are independent of ¢, but C depends
on the initial conditions.

Combining (5.22) and (5.44) we have

1(Gutr),ate), 22z,

¢ _B(t—7 da(0 _
+ [0 s+ 1 25D e < QU1 0) a(0), 2 o) 40, (649
0
where the positive constants 3, C' and the monotonic function @ are independent of e. a

Corollary 5.2. The semigroup of operator S.(t) associated to the system (1.1)-(1.2) is dissipative in
b4, ie, it possesses a bounded absorbing set in ®; .

This corollary is a straightfoward consequence of Theorem 5.2.

6 Existence of global attractor

Theorem 6.1. Assume that the hypotheses of Theorem 5.2 hold. Then the semigroup Sc(t), t > 0
defined from ®, in ®y, and associated to the problem (1.1)-(1.4) possesses a global attractor A.
which is compact in ®,, bounded and connexe in ®;.
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Proof. We have already proved the dissipativity and regularity of the semigroup {S(t) }+>0 associated
to the problem (1.1)-(1.4). It remains to split the semigroup Sc(¢) as the sum of two continuous
operators S!(t) and SZ(t), such that the solution (u, ) with initial condition belonging to Br, N ®;
can be write as

(u, @) = (v, n)+ (w, &) with
S0, 55 = G005,

Sf(t)(0,0,0) = (4w(t),£(t), W)v

where S{ (t) is the solving operator associated to the linear hyperbolic system

821/ v on
9%y on on B v
ﬁ"f‘a—Aat A’I7 = —I/—E, (62)
viege = nlag = 0,
oo = w0, Demo =
V|t=0 = uo, ot t=0 = U1,
7]
Nt=0 = o, 81Z|t 0o = o,
S2(t) is the solving operator associated to the nonlinear hyperbolic system
82 Ow 13
0%¢ 73 9 _ Ow
e T S 8T Y T (6.4)
wloa = €laa = 0,
7] 0
Wli=o = %\t:o = {lt=0 = £|t o = 0,

and to show that the operator S?(t) uniformly converges to 0 over all bounded subset of &, and S2(t)
is regularizing on ®1, when the time ¢ tends to the infinity.

We first prove that the operator S’ (t) uniformly converges to 0 over all bounded subset of ®,, when
the time t tends to the infinity.

We multiply (6.1) by v and (6.2) by n and we get, integrating over (.

d ov
& (WP v2eGm) 1ol < el G+ 250 65

d 0
& (it + i+ 2G0m ) + il < 2 + 201 S 42 5P (68

We multiply (6.1) by - and (6.2) by g and we obtain, integrating over €2, the two following equalities

d B on Ov
G (i rare)eage = 2L 5.
. on ov On
& (it + 050R )+ 250+ 2150 = 2050 - 25 D,
the sum of the above equalities allow to obtain the following estimate
(||u||H1+eH 12+ s + 122 ||)+2|| 40201 4 20 23 < ol (67)
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Summing 5(6.5), 79(6.6) and v10(6.7) where s, y9 and 10 > 0 are such that
Y8 — 20?;79 > 0
Yo —cpyo —ys > 0,
710 —CpY8 — 279 > 0

we get
%EerCl\IVIIHﬁCzH I® +Csllv7|\H1+C4|| H +Cs|\ ||H1 <0, Ci>0 (6.8)
where
Bs = s(lv)? +26(8 ; ))+79(Hn||2+\|nllin+2(%,n))
+y10([[v[l3 +6|I || +lnllE + || || )-

Moreover for sufficiently small values of ~s and o > 0, there exists C > 0 independent of e such that

_ ov(t
)+ el 2 e+ 128 2) < g
ov(t
O + el 21 1 ey + ”n)
6.8
d
d*Es-f—ﬁEs-i-ClH H +CQH HHI <0, (6.9)
where the positive constants 3, Cy and C; are mdependent of e.
Applying Gronwall’s lemma, we get
ov(t
)+ el 22 1 o + 12002
v _B(t—~ oa(0 _
+ [l )u #1280 2 s >dr < QI (cu(0), a(0), 22D g, ), (6.10)
0
where the positive constants 3, C and the monotonic function @ are independent of e
The above estimate allows to obtain the uniform estimates of ||v|| 51, ||7]|z: and H || independent

of e.
The uniform energy estimate of the perturbed damped hyperbolic equation (6.1) with initial conditions
and homogenous conditions Dirichlet on the boundary, is determined as follows.
6.1

0%v v an(t) 0
ew—‘ra—All:W:hn(tL <u|t:0:C P V(t)|BQ:0 (611)

The proposition A.2 (see [10]) allows to find from equation (6.11), the estimate
toov(r _B(t—r
G @10 + [ 1252 e Dar

< CeP (IGO0 + (O3 +C/ () + 122 2 eo0ar - (6.12)

where the positive constants C' and  are independent of ¢.

We first find the estimate of ||, (r)[|%,—1 + || 22|12, _,. We have
T
s +1 22y <) 20y T (6.19)
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The estimate (6.10) gives uniform estimates of ||v|| g1, ||n||z1 and ||% || independent of ¢, these imply

da(0)

il < waSQW@®a®,m)Mwﬂt (6.14)
1900 < CIZUP < QUG 0),a(0), 22D o), (6.15)

where the positive constants 3, C' and the monotonic function @ are independent of e.
Equation (6.2) implies

n_ on
- "o A

877+A17—1/—%.

We deduce owing to the above equation, estimates (6.14), (6.15) and the uniform estimate of ||n|| 1 ,the
following estimate

82
15 < o (1500 +15] |\H1+|\n||H1+HvHH1+||at||H )

Q<\|<<u<o>,a<o>,8i§§)>||¢O>e—ﬂt+c(|\ 415 ) . @16

IN

The estimates (6.15) and (6.16) inserted into (6.13) allow to obtain
Ohy (1)
ot

(s + 122 s < QUG 0000, 25D e+ ¢ (1571 + 1 52 ) - ©.47)

We insert (6.17) into (6.12). We find from the estimate (6.10)

GO0+ [ 124D e Nar < e +QU6u0) a0), 2Dy e

¢ ov(r) 2 on(r) 2 ) —B(t—T)
+/ ( + e “dr

QUI(¢u(0),a(0), 220y g et (6.18)

IA

Combining (6.18) and (6.10) we have

1o 61,00, %ﬁmzo
0a(0)

+ L0282 4 125 e < QUG 0),a(0), 25 e

So the operator S} (t) uniformly converges to 0 over all bounded subset of ®, when ¢ tends to the
infinity.

It remain to prove that SZ(t) is regularizing on ®;, when ¢ tends to the infinity.
We multiply (6.3) by w and (6.4) by £ and we have, integrating over Q
d 2 Ow 2
o wll” +2e(w, 20) ) Fllwllzn < 21 f(u )* +2¢ pll ||H1 + 2cpll IIHu (6.19)

0
<|\€|| + €Nz +2(¢, *& ) el < 26 wlE +2 pH ||H1 +2c,,\| HHl (6.20)

N
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We multiply (6.3) by A 2 and (6.4) by — A > and we get, integrating over

d _ Ow oE Ow
& (Mol + 520 ) 4+ 2520 = —2(@Tu, v5) + 275 95,
d 0 Ow 0
& (el + 1550 ) + 2158 0 421 S = 2%, 95 - 2952 958,
The sum of the above equalities allows to find the following estimate
d
P (IIwIIH2+eH i + €l + 15 IIH1>+II HH1+|| ||H1+2H IIHz
< | () Vull® + [lwllF- (6.21)
We multiply (6.3) by 2 8t2 and We get, integrating over €, the following estimate
(6.22)

Ow
(15208 +270, 99)) + D2 < GullfI* + Cal Sl + 2152 .

Summing 11(6.19), 712(6.20), v13(6.21) and v14(6.22), where 11, 712, 13 and 14 > 0 are such that

Y1 - 26712 =13 > 0
Y13 — 2¢pY11 — 2012;%2 —2v14 > 0,
Y13 — 20?,’711 —2¢py12 —Coyia > 0

we find

d
EEes + Cs

< If () Vul* + Culf (u )II ;

ol +C4H ||H1 + s €7 +CGII IIH1 +C7|| ||H2 +Csl\ 52 17

we deduce the estimate

d /
2 Be < Gl (Vul” + Collf (W), (6.23)
where
13 0
Es =71 (Hw\F + 2¢(w, a—“)) + 712 (Han? + el + 20, §)>
ow
s (Wolfs + AN 52 B + el + 155 1 ) + s (I52I° + 2%, 9520 )
For sufficiently small values of y11, y12 and y14>0, there exists C' > 0 independent of e such that
(6.24)

0
a0, B3, < B,
The assumption (1.8) allows to find owing to (u, ) € Bgr, N ®; that  to say v € H?*(Q)) with
H?(Q) C L>=(Q), the estimates

I @Val® < e / [l [Vl da + cz / Vulde < C (Jull e oy ulfn + ulldn ) < Clluld

Ifl* < ¢ / (ful*[ul® + Jul?) do < € (1l 2 o Il + [ull” ) < Clullfes.
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Thanks to the estimate (5.1), the above estimates can be write as follows

17 @Vul? < QUIG(0),a0), 22 g,)e 57 4 (6.25)
@I < QUIc0),a0), 23 a,)e 7 +¢, (6.26)

where the positive constants 3, C' and the monotonic function @ are independent of €. After inserting

(6.25) and (6.26) into (6.23), we find
4B < QUIG0),a(0), 25D lag)e ™ +C, (6.27)

integrating (6.27) from 0 to ¢ € [0, 7] and combining with (6.24),

oo, e0, ZDya, - < c/( (11(¢u(0 <>,aog§0)>||¢o>e*ﬁwc)d7

< (1) QUIGu0), a0), 22O, +
< QU 0),a0), 3 a,) + 7
< ) QIG0),a0), 22Dy g,
o0, ZDE, < (147 QU (0. a0, 22D ). (629

ot

The estimate (6.28) allows to assert that the operator S.(¢) is regularizing in ®;, and there exists a
bounded and attracting compact set in @;. ]

7 Conclusion

The works contained in this manuscript about dynamic system, are very interesting to explain the
context of phase transition phenomena, when the solution of the system exists. The existence and
unicity of global attractor, associated to the problem (1.1) — (1.4) that we have proved in this paper,
allow to assert that the solution of the problem (1.1) — (1.4) studied in [4], belongs to the subset called
global attractor, from a certain time.
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