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1 Introduction and Setting of the problem

The Caginalp phase-field system

ou

S Au+ fw) = 0,
00 ou
a - Ae —_ - 57

has been proposed in [1] to model phase transition phenomena, such that melting-solidification
phenomena, in certain classes of materials. In this context, v = wu(t,z) denotes the phase-field
or the order parameter, 6 = 6(¢,x) stands for the relative temperature defined as 6 = ‘:’T‘j, where
a = at,z) is the thermal displacement variable or the primitive of 6 and f is the derivative of a
double-well potentiel F.

In this paper, we are the following Caginalp system
*u ou da
‘o + % Au + f(u) = 3 (1.1)
&% Jda da ou
with
uloo = alaa = 0, (1.3)

and initial conditions

ou da

u|t:0 = uo, Eh:o = Ui, a\t:o = «Qo, E‘t:o = o1, (1-4)

which is the hyperbolic relaxation system of Caginalp phase-field based on the type Il (see [5]). Q2 is
a bounded and smooth domain of class C? in R™ (1 < n < 3), 99 the smooth boundary of Q, and
e > 0 is a relaxation parameter.
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of potential f

f is of class C?, (1.5)

f(0) =0, (1.6)

—co < F(s) < f(s)s + c1, c0>0, c1 >0, seR, (1.7)
ith F = ’ T)dT,

with F(s) = [ 1)

1F'(s)] < cals| + 1), c2>0, p>0, s€R, (1.8)

f'(s) > —c3, 3 >0, seR, (1.9)

Our aim in this paper is to show the existence of global attractor of the hyperbolic relaxation system
(1.1)-(1.4).

Such studies have already been in many works; in the case of a parabolic-hyperbolic
phase-field system (see [2], [3], [5], [6], [7], [9]). We can also mention the recent work of Daniel
Moukoko, for example [8] and [9] in which the hyperbolic system was the subject of a study with
regular potential f(s) = s® — s, and [10] in which the hyperbolic relaxation system was the subject of
a study with a singular potential. In [2] Doumbé Bongola brice Landry studied the same system

in this article, but the parameter of relaxation ¢ = 0.

2 Notations

*(.,.) denotes the scalar product on L?(2), and ||.|| the associated norm.

*(.,.) x denotes the scalar product on X, and ||.|| x the associated norm.

*|92| is a measure of Q.

*H"(Q) = W*2(Q) is Sobolev classic space.

*e" (e) coincide with [H" 1 (Q) x H*(Q2)]N{(|aq = 0} if e > 0 and with [H" "' (Q) x H*~(Q)]N{{|oa =
0} if ¢ = 0, whenever the traces make sense. Note that when x = 0, we write £(¢) instead of £°(e).
*II'. H?,c(é) with e > 0, is energy norm in ”(¢) for the equation (1.1) with Dirichlet boundary counditions,
defined by

>4

o120 = 11

o
(8), 252 12y = ol + €ll 2 + 12211200

*cp is the constant of Poincaré.

3 Preliminary results

We begin by recalling below the two theorems (see [4] Theorem 3.2 and Theorem 3.3) very useful
later.

Theorem 3.1

If (U(), ui, 0o, al) € Hé(Q) X LQ(Q) X H&(Q) X Lz(Q) and F(UU)
has a unique solution (u, «) such that u, o € L*(0, T ; H (),
u e L™(0, T;L*(Q) N L*(0, T; L*(Q)) and 22 € L>(0, T; L*(Q)) N L*(0, T'; Hy (), for all
T > 0.

< +o0, then the problem (1.1)-(1.4)

With more regularity we got the second theorem
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Theorem 3.2
If (uo, u1, o, 1) € (H2(Q)NHF(Q)) x Hy(Q) x (H*(Q)NHF(Q)) x H(Q), then the problem (1.1)-
(1.4) has a unique solution (u, ) such that u, o € L>(0, T; H*(Q) N H(Q)),

Gu c L>=(0, T; Hy(Q)) N L*(0, T; Hy (), 22 € L>=(0, T; Hy(Q)) N L*(0, T'; H*(Q) N Hy () and

gi;, 2% € L*(0, T; L*(2)), forall T > 0.

the Theorems 3.1 and 3.2, we have two respective phase spaces

Dy = e(e) x Hy(Q) x L*(Q)
and
1 =ce'(e) x (H*(Q) N Hy(Q)) x Hg ()
and we have for the system (1.1)-(1.4), in those phase spaces

1Gus @, GE, = NGullZe (o) + lell Frnsr + (155 7= for & =0, 1.
the continuous semigroup,
Se(t) : @ — Dy

(Caoraoran) s (Gu(t), a(t), 2210

ot

),

for k = 0,1, with (Cu(t), a(t), 2312) such that (u, ) is the unique solution of problem (1.1)-(1.4) and
(Cu(0)7 06(0)7 80(’;750)) = (Cuov Qo, al)-

4 Main results

In this study, we have two main results; the dissipativity and regularity of the semigroup {S.(¢)}+>0
associated to the problem (1.1)-(1.4) and the existence of the global attractor.

5 Dissipativity and regularity

The dissipativity and regularity of the semigroup {Sc(t)}:>0 associated to the problem (1.1)-(1.4)
mean that the semigroup {Sc(t)}+>0 associated to the problem (1.1)-(1.4), possesses

The following lemma gives the uniform estimates of ||ul| 1, ||| 2 and || 22 || which are independent
of e.

Lemma 5.1. Assume the hypotheses of Theorem 3.1 verified, ¢ < 1 and (u, «) the solution of
problem (1.1)-(1.4) such that (¢.(0), a(0), 252 € ®,. Then, the solution (u, ) satisfies the following
estimate

@3+ el 22 1 ool + 1229 2
s 024 2D e < Q01 a(0), 2Dl )e 51)
B, C Q €.
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Proof. 1.1 1.2 1.7
ou 2
ol + 265 0) +2 [ Pt +lulfn < ol SHE+2 50 +2al0l, 52
8
& (ol +253.0)) + ol < 2l + 20 51 + 215507 (62)
1.1 1.2 the two resulting
differential equalities,
d
& (Wl + 50+ 2 [ Flode + lalln + 15217 ) + 215017+ 1501 + 2155 1 <
cpllullz (5.4)

71(5.2), 72(5.3) and ~3(5.4), where 71, 72 and s > 0 are such that

Y- 20272 —cpy3 > 0
2v3 — 271 — 2¢py2 > O,
Y= —272 > 0

we find

d
EE5+01||UHH1+CQH =2 +271/F dfrJr’YzllallHlJrCaH || +2H ||H1<C (5.5)

where the positive constants C; and C are independent of ¢, and

Bs) = (IO + 24252, 00)) + (Il + ol + 252 a(w)

).

of v1 > 0 and v > 0, there exists C > 0 independent of € such

s (HU()HH1+ 2882 +2/F B)de + [l ()2

that
@3+ el 2 1 el + 12582 2) < By
C(u(t)3 8§>\| + ol + | ”n)
5.5
B+ BB+ Gl S + Call Sl < €.

where the positive constants 3, C; and C' are independent of e.
Gronwall's Lemma, we have

ou(t

Ju(t)|2 O 12 4 a3

+ / (1247 )u 12200 2 e < Q11 Cul0), a(0),

dalt)
ot

da(0)
ot

Mao)e™ ™ +C,

where the positve constants 3, C' and the monotonic function @ are independent of e. This gives the
uniform estimates of ||u|| 1, |||l 1 and || 22 || which are independent of e. O
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Theorem 5.1. Assume the hypotheses of Theorem 3.1 verified, ¢ < 1, and (u, «) the solution
of problem (1.1)-(1.4) such that ((.(0), a(0), a‘gf’)) € ®q. Then, the solution (u, o) satisfies the
following estimate

I(Gutt),a(e), 255,

+ A2 125 e dr < QUG 0), a0,

da(0)
ot

where the positive constants 3, C and the monotonic function Q are independent of c.

lag)e ™ +C,

Proof. Firstly, we determine the uniform energy estimate of the perturbed damped hyperbolic equation

(1.1) . Equation (1.1) can
be as follows

82u ou _ Oa(t) 0 B

T + 5 Au = —f(u(t)) + T hua(t), Culi=o=¢", u(t)|laa = 0. (5.6)

the proposition A.2 (see [9]) found from equation (5.6), we have
toou(r CB(t—7 _
GOl + [ 1242 dr < Ce P (G0 B + a0 )
0

' Oty o (T s
4C [l + 1250 e ar,
(5.7)

where the positive constants 5 and C are independent of e.

To estimate the last term of the second member about (5.7), we first find the estimate of the term
e (P31 + [ 25 HH 1. We have

( ) 2

oa(T) 2 , ou(r) 2
o0 M1 + I (u(7)) 71

I\H1<|\f(())2— 91

a(r)

atg HH*I'

(@l + 12

+H (5.8)

The estimate (5.1) gives uniform estimates of ||u|| 51, ||« z and ||%—C:H independent of ¢, these imply

ol < cnunipsQ(||<<u<o>,a<0),aogio))n%)e*%c 59)
Oa o 804(0) _ Bt
1520 < I < QMG 0),a0), 9 a,)e* + 0, (510

where the positive constants 3, C' and the monotonic function @ are independent of .

the hypothesis (1.8), we get the estimate

Jul Jul
[f(w)] < e </0 |s|2”ds+/0 ds> = C (Ju"" +|ul), (5.11)

’LUGH()(

( / el wlds + [ |u\|w|d:r)

¢ (] uPriultulds + ulls ol )
Q

| (f(w),w) |

IN

IN
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ifn =

2and p > 0, Holder’s inequality and the continuous

of H*(Q) in L*(Q2) and in L*?(Q),

|(Fw),w)| < C(lullFipllullzallwllzs + lullzr lwllzr)
< C(llull3 + Dllull g flwl g (5.12)
andifn=3and p < 1, Hoélder’s inequality (for p = 1) and the continuous
of H'(Q) in L*(Q),
[(fyw)| < O (lullfallulzalwlzs + full ] m)
< O(llullz + Dllull g [w]] - (5.13)
5.12 5.13
da(0 _
1l < QUIG(0),a(0), 22D o ye 4 0 (5.14)

where the positive constants 3, C' and the monotonic function @ are independent of e.

1.8 w € Hy (), we have

Fhol < o[ |2P|—||w|dz+/| v luldz )

< o 1S tde + 15 Wl ).
If n = 2andp > 0, we find, Hoélder’s inequality and the continuous of H*(Q) in
L2(2p+1>(Q),
ou
(f w5 w) < C (uunizwmn Sl 2epen + 115 |\||w|\H1> < Ol + 01 28wl (5.15)
lfn=3andp <1, we Hélder’s inequality (for p = 1) and the continuous of

H'(Q) in L%(Q),
Ju

ou

, ou ou
((f (w5, wl<C (”u”iG”EH”wHLG + ||§|H|w|\m> < C([lullFn + Dl Mlwlle- (5.16)

5.15

5.16

IIf() HHl C'H H (5.17)

where the positive constant C' is independente of e.

Equation (1.2) implies

&a Jda Jda ou
wf—a—FAa-FAa— —E.
We deduce from the above equation, estimates (5.9), (5.10) and from the uniform estimates of || ||3;1,
[|lul/?,, and H < |71, the following estimate
A
1St < 0 (N5 s+ 15+ Dol + s + 151 -1
da(0 _
< QUIG(0),a(0), ( Dllagse 40 (141500 + 1500 ) - 618
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The estimates (5.10), (5.14), (5.17) and (5.18) inserted into (5.8) allow to obtain

a2+ 1222 2 < Q(1(6u(0), a0), 22D oy e —‘“+c(1+|\ 12 ||H1>, (5.19)

where the positive constants 3, C' and the monotonic function @ are independente of .

(5.19) into (5.7). We find from the estimate (5.1)

IGO0 / 24
o m+c</o< (16600, 8D ay) + 1) e ar [ (151 + 152 B ) e ~ar)

< QUG 00), 28D oo 1 ¢, (5.20)

where the positive constants 3, C and the monotonic function @ are independent of ¢, but C' depends
on the initial conditions.

|2 —B(t— T)dT

IN

Combining (5.1) and (5.20) we have

(e, a0, 22Dz,

+ [ A2 125 e dr < QIG0).a0), 257

o Mleo)e™” +C.(5.21)

O

Corollary 5.1. The semigroup of operators S.(t),t > 0 associated to the problem (1.1)-(1.4) is
dissipative in ®, that's to say, it possesses a bounded absorbing set in ®.

This corollary is a straightforward consequence of Theorem 5.1.

We denote Br,(€) = {(Cu,, 52) € ®0/||(Cus v, 22)||lo < Ro} where Ry is large enough, a bounded
absorbing set for the semigroup Sc(t) in ®o.

Lemma 5.2. Assume that the hypotheses of Theorem 3.2 hold, ¢ < 1, and (u, «) the solution of
problem (1.1)-(1.4) such that (¢.(0), a(0), ‘%‘(0)) € Bgry(e) N ®1. Then the solution (u, o) satisfies
the following estimate

[

Ju(t) 2
+ (||aqg([)|\zl>e*ﬁ<f*f>drs@(||<cu<o>7a<o>,a O jeye ™ +0, (522)

s + o) 3 + 12292

Ou(t)
ot

where the positive constants 3, C and the monotonic function QQ are independent of e.

Proof. 1.1

d ou
& (Il + 295 )+ 2lulfs = 207, 80+ 25 Aw) 4 24 G, (529
The estimate (5.11) allows to the Holder’s inequality, the continuous of
H'(Q) in L**TY(Q) and if » = 2 and p > 0, the following estimate
(F),80) < C (IlulZapin Iull 2 |1 Aul + lul | Aul])

IA

C(lullzs + Dllull s lul g2, (5.24)
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where C' > 0 is independent of e. if n =3, p <1 (for p = 1) and taking into account the
continuous of H'(Q) in L°(Q), we obtain
(f(u), Au) < Cllullzs || Aull + Cllull|Aull < C(llull + Dl [lull 2, (5.25)

where C > 0 is independent of e.

Thanks to the estimates (5.24) and (5.25) we deduce, applying young’s inequality and considering
(Cuv a Bt) E BRO( )

1
(f(u), &) < Clllullfy + Dl fullzz < Cllullmlullgz < Sllulfz +C, (5.26)
where C' > 0 is independent of e.
(5.26) into (5.28). We get thank’s to (5.1),
d 2 ou 2
7\l +2e(Vgr, V) )+ luflgz - < ZCpH HHl +2H ||H1 +C. (5.27)
where C' > 0 is independent of e.

1.2 over €

d Oa
ﬁ(W%HWM#+%VfNM)WM# < 2eulld + 26| 20 +2) 2

ot = at i i

< ¢ Hulle+2cp|| HH1+2H HHl (5.28)
1.1 1.2 the
two resulting defferential equalities
d
ﬁ(wmrmu|Mwwwm+u&m0+m|nm+m Y+ 292
Oa
< 2( )V, V) 4 2], V5. (5.29)
The assumption (1.8) allows to find the Hélder’s inequality, the continuous
of H'(Q) in LGP+ (Q) n =2 and p > 0, the following estimate
ou
(F Ve, Vo) < CI\uIIL2(2p+1,IIVu\ILz<2p+1>HV =+ ClVu IIHV H
< Cllull (e + DI, (5.30)
where C > 0 is independent of e. if n = 3, p < 1, taking into account the continuous
of H'(Q) in L°(Q) (for p = 1), we obtain
ou
((f()Ve, VoI < C\IuIILGIIVuHLoIIV H +CVu IIHVfII
< Cllull (lull g2 + 1)H 5 |78 (5.31)
where C' > 0 is independent of e.
5.30 5.31
ou q ou
(Ve VIl < Cllullin (lulla +1)H HHl < Cllullmz + Dligp i, (5.32)
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where C' > 0 is independent of e.

(5.32) into (5.29). We find

d

5 (Wulls + NG + Halls + 15 B ) + 1501 + 150 W < Ol 40, (639

where the positive constants C*”” and C are independent of e.

v4(5.27), v5(5.28), v6(5.33) where v4, 75 and v > 0 are such that
74 _ C”’Y4 _ 20///’}/6 > O
Y6 — 274 — 2¢p75 > 0,
Y6 —2¢pya —27v5 > 0

we have
d
EEzl + C1||UHH2 + CQH ||H1 + C3||CMHH2 + C4H HHI <C C;, C>0 (5.34)
where
2 2 Oo 2 ou
Er = (el + HO‘HHZ +2(V, Va)) +75(\|U||H1 +2e(V,, Vu))

ol + el Sl + llalide + 192 1),

of v4 > 0 and s > 0, there exists C' > 0 independent of ¢ such that

_ Ou(t Oa(t
e + ol 222 12 + e + 1228 120 < Bao
ot ot
ou(t da(t
(e + el 24212 1 oo + 1220 2.
and (5.34) the following estimate
d
th4 + BE, +C’Hf\|H1 <C,
where g and C are positive constants independent of e.
Gronwall’s lemma, we obtain
oul(t da(t
e + el 282 2, 4 oy +1 28 2,
toou(r B(t—r oa(0 _
+ [ 12 e ar < QUG 0):a(0), 25l e 4 €.
0
where the positve constants 3, C' and the monotonic function @ are independent of e. Then we have
uniform estimates of ||ul| 2, ||| 2 and || 22 || ;1 independent of e. O
Theorem 5.2. , € <1, and (u, o) the solution of

problem (1.1)-(1.4) such that (¢.(0), a(0), 2%2) € Br,(e) N ®1. Then, the solution (u, a) satisfies
the following estimate

Gult). ( ) W)Mél
a(0)

/ 12U 2 =54 < Q((6ul(0), (0), o

where the positive constants 3, C and the monotonic function @QQ are independent of e.

o5}

e, )e—ﬁt +C,
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Proof. We first determine the uniform energy estimate of the perturbed damped hyperbolic equation

(1.1) with . Equation (1.1) can
be as follows
82 ou Oa(t) 0 _

the proposition A.1 (see [10]) found from equation (5.35), we have

toou(r _B(t—r _
6O + [ 1PA e ar < Ce (G 0) 21 + i O))
0

' e (T s
40 [ (el + 12 e,

(5.36)
where the positive constants 5 and C' are independent of e.
estimate the last term of the second member, we the estimate of || hy,a (T )||H1+||MHH 1
We have
da(r ou(r
M (P + 122202 iz + 12282 2 7 e 247,
Nl (5.37)
6t2 H— 1. .
the assumption (1.8), we also have
e = 197 = 17 @l < e ([ jai9ufas+ [ [ufa)
Q Q
< e (/ [ul*?|Vu|*dz + \|u|\§{1) 4 (5.38)
Q
Ifn =2andp > 0, we find, the Holder’s inequality and the continuous of
H'(Q) in L°?(Q) and in L°(Q), the estimate
If@lEn < eallull o, IVullie + eallullzn < Cllullg llullze + eallull (5.39)
Ifn =3and p < 1, we find Hélder’s inequality (for p = 1) and the continuous
of H*(Q) in L8(Q), the estimate
1@l < eallullze[Vullze + callullzn < Cllullg lullze + callullz (5.40)
the estimates (5.39) and (5.40), (Cu, v, &) € Br,(€) and the uniform estimate
of ||ul|| g2, we deduce
2 aa(O) —Bt
1F @)l < QUII(Cu(0), a(0), =5 = )lle)e™™ + C. (5.41)
Equation (1.2) implies
0’ (oo’ oo’ ou
R T T T
20¢ 9
15 < O (N2 + 1S s + s + s+ 1 -
< (n s + s+l + 122 qu)
O _
< QUIGu(0),a0), 22 jo)e 4 01+ 2 ). (5.42)
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The estimates (5.17), (5.41) and (5.42) inserted into (5.37) allow to obtain

e (>||H1+\|8h“<*>uH1<Q<||<<u<> <>,a 0)

Moa)e ™ + O+ el (543)
(5.43) into (5.36). we find from the estimate (5.22)

1Gu @20 + e dr

< Ce f’tw(/o ( <||<<u<o>,a<o>,8‘g§° o) +1) e+ [

< QU(6u(0),a0), 22D o e + ¢, (544

) %{16*5(t*7)d7)

where the positive constants 3, C' and the monotonic function @ are independent of ¢, but C' depends
on the initial conditions.

(5.22) and (5.44) we have

Iut), (o), 22Dz,

tou(r oa(r _B(t—r d0a(0 _
L2+ 125 e < QG0 a0), 25 )
(5.45)
where the positive constants 3, C' and the monotonic function @ are independent of e. O

Corollary 5.2. The semigroup of operator S.(t) associated to the system (1.1)-(1.2) is dissipative in
dq, ie, it possesses a bounded absorbing set in ;.

This corollary is a straightfoward consequence of Theorem 5.2.

6 Existence of global attractor

Theorem 6.1.
1.1 14
Proof.
1.1 14
(u, ) = (v, 1)+ (w, &) with
SH0)(€u(0),a00), 220) = (1), ), 220,
230

S2(t)(0,0,0)

Il
s
€
—~
~
N
oy
—
~
N
o5l
Iy
~—
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o*v v on
Eat2 + E — Al/ = E, (61)
9%y on on _ v
et fa M T YT e 6.2)
vlpga = nlaa = 0,
o = w, Py =
V|t=0 = Uo, ot t=0 = U1,
0
77|t:0 = o, £|t_o = O,
Pw  dw o€
W + E — Aw + f(u) = a, (63)
9%¢ ¢ o¢ _ Ow
2 + % 2o —AE = —w — TR (6.4)
wloa = &loa = 0,
0 0
w|t=0 = 870:‘1::0 = £|t=0 - 8§|T—O = 07
and to show that the operator S?(¢) uniformly converges to 0
6.1 6.2 , integrating over Q.
d ov
& (WP v2eGim) 1ol < el G+ 250 65
d 2 2 In 2 <
2 Il A+l +2(55m) ) +lnle < 2cp|\V||H1+20pH H + H || (6.6)
6.1 6.2 Q, the two following equalities
B on Ov
(||u|\H1+ 1% )+2\| R 0}
d _ NN
& (e + 1 50°) 250+ A5 = 205D - 25 G,
& (W 4 G+ s+ ) + 20500+ 1S+ A5 <ol (67
~8(6.5), 79(6.6) and v10(6.7) where 4s, 9 and 1o > 0 are such that
s —2cye > 0
Yo —cpYye —7s > 0,
Y0 —CpYs — 279 > 0
we get
d
pr E5+Cl\|V||H1+C2H H +Cs||?7|\H1+C4|| H +05H ||H1<O Ci>0 (68)
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where
ov 0
By = (vl + 25, u>>+vg<\|n||2+un||iﬂ+2(8—’j,n>>
+y0([[vl +e|| || + Il + || || )-

of vg and o > 0, there exists C' > 0 independent of e such that

PO 1 iz + 12289)2) < (0
<> ”n)

C (Il ()7
< CUllv@) Iz + ell =5,

and (6.8) we have the foIIowmg estimate

I+ @)1 +

d
aES +ﬁE5+01H H +C2H HHI <0, (6.9)

where the positive constants 3, Cy and C; are mdependent of e.

Applying Gronwall’s lemma, we get

on(t
@3+ el 24202 4 iy + 1 22 2
ov _B(t—r Oa(0 _
+ [ )u FIZED e b < Q6 (0),a(0), 22D e, (6.10)
0

where the positive constants 3, C' and the monotonic function @ are independent of e
The above estimate allows to obtain the uniform estimates of ||v|| z1, ||7]|z: and H || independent
of e.

The uniform energy estimate of the perturbed damped hyperbolic equation (6.1) with
, is determined as
Thanks to the equation (6.1) , we have

v v on(t
TLr Y A= ) Gl =%, v)lan =0, (6.11)
The proposition A.2 (see [10]) allows to find from equation (6.11), the estimate
[(AGI=E +/ 1= 1%e ™D dr < Ce™ P ([[(Go (0)1Z(e) + I1ha(0) 1 F-1)
t
4 [ (it haT) 2 e P ar,
0
(6.12)
where the positive constants C' and g are independent of .
We the estimate of ||, (7)[|% -1 + || 227 |12,_,. We have
oo s + 1 22 < 200y T (619
The estimate (6.10) gives uniform estimates of ||v|| 51, ||n]| 71 and ||6—Z\| independent of e,
0a(0 _
Wl < Ol < Qa1 0),a(0), 237 fag)e (614
da(0 _
1201 < 20 < QI (0),a0), 22Dy o, e, (6.15)
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where the positive constants 3, C' and the monotonic function @ are independent of e.

Equation (6.2) implies

8277_ on on v
T o A TATTY T g
6.14 6.15 7]l g1 the
following estimate
82
15 < € (15HB— + N5 + s + Wes + 157 i )
Jda(0 _
< Q0. a00), gt))n%)e o (IR + I ). 618)
The estimates (6.15) and (6.16) inserted into (6.13) to obtain

6797;)))”%)6_[3%0(“ 1>+ 115 HH1>. (6.17)

(6.17) into (6.12). We find from the estimate (6.10)

)+ 1222 < Q¢ (0), 000),

t
ov(r) 2 1+
IGO0 + [ 124D e—ar
0

€+ QUI€0),a0), X5y + [

da(0)
ot

Combining (6.18) and (6.10) we have

IN

(1) 2 on(t) 2 —B(t—T)
S+ 1L ) e

< Q(I(Gu(0), (0),

)H‘1>0)67Bt7

1o 6),m(o), 8’5—?”@0

4 / 24T ) 21 2 e e < Q1 0), (0), 22D g e

ot
So the operator S (t) uniformly converges to 0 to the
infinity.
6.3 6.4 Q
A (ol 26, ) +lwllt < 2epllf@IE + 2620 9ol + 20 S, (619)
dt T ot HY = P Cp H Cell g It
d 0 0
5 (e el + 206, 590) +leln < 2ol + 23050 + 20 G . (620
6.3 6.4 Q
d _ Ow 193 Ow
& (Mol + 52 ) + 2500 = 2 @Tu, v5D + 275 95,
0 ow 0
& (el + 1580 ) + 2155 420 5o = —2(¥w, 950 - 2952 952,
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The sum of the above equalities allows to find the following estimate

5 (Wl + el 5 -+ elen + 155 0 ) + 152 + N 55 +20 5
VTl + ol 621)
6.3 Q, the following estimate
Ow
& (15217 + 290, VI ) + A G217 < s + ol Sl + 21 . (622

711(6.19), 712(6.20), v13(6.21) and v14(6.22), where 11, y12, 713 and 414 > 0 are such that

Y11 — 260712 — s > 0
Y13 — 2¢py11 — 262’712 —2v14 > O,
Y13 — 2612,’}/11 —2¢pv12 —Coyia > 0

we find

d
= Bo + Cs|lw/ 7 +C4H ||H1 + s €7 +06|| IIH1 +C7H ||H2 +Cs|\ 5 17

dt
< |f (@) Vul® + Culf (u )II )
we deduce the estimate
d /
2B < Gl @ vul® + Callf @), (6.23)
where
ow 0
Bo = ([l + 2e, 52)) + (W +lelln + 266, 5)
ow
+y13 ( lwll e + E|| ||H1 + €13 + || ||H1 + Y14 H*H +2(Vw, V=)
ot ot
of 11, v12 and v14>0, there exists C' > 0 independent of e such that
0
Al .0, ZD3, < B, (6.24
The assumption (1.8) (u, a) € Br, N®; that to say v € H*(Q)) with H?(Q) C

L*°(Q), the estimates

£ (u)Vul®

IN

62/ 7T da:+62/ Vultde < C (e gl + ulf ) < Clluls

I <€ [ (Il + ) do < C (Il oy lul® + ) < Clluli.

thanks to the estimate (5.1), the above estimates can be write as follows

17 @Vul? < QUIG(0),a0), 22 4,)e 57 4 (6.25)
@I < QM) a0), 230 a,)e 7 +¢, (6.26)
e. After inserting
(6.25) and (6.26) into (6.23) we find
2B< QG0 a(0), 25 lag)e ™ +C, (6.27)
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Integrating (6.27) from 0 to ¢ € [0, 7] and combining with (6.24), we obtain

o600, < © [ (Q6u0).a0), 22 ay)e 7+ ) ar
< (1) QUG (0),000), 22D, + 01
< QUI0),a0), 220 4,) + o7
< 047)QUIG(0),a(0), 220y, )
1060, ), < (147 QI (0),a(0), 252 o) (6.28)

The estimate (6.28) allows to assert that the operator Sc(¢) is regularizing in ®;, and there exists a
bounded and attracting compact set in @;. a

7 Conclusion
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