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Abstract

Aims/ objectives: We are interested in a Caginalp hyperbolic phase field system parameterized by ¢
for which the approached solution is found on (0, T"). We show the existence of the global attractor
for the Caginalp hyperbolic phase field problem, with homogenous Dirichlet boundary conditions,
governed by polynomial growth potential, in bounded and smooth domain. The Caginalp hyperbolic
phase field system is based on a thermomecanical theory of deformable serie in which there is no
difference between constitutive components.

Note that the global attractor is the smallest compact set of the phase space, which is invariant by
the semigroup and attracts all bounded sets of initial data, as time goes to infinity. So the global
attrator allows to make description of asymptotic behaviour about dynamic system.

Study design: wave propagation study.

Place and Duration of Study: Department of Mathematics (group of research called G.R.A.F.E.D.P),
Sciences Faculty and Technical of Marien NGOUABI University, between October 2015 and July
2016.

Methodology: To show the existence of the global attractor about the perturbed damped hyperbolic
system, with initial and homogenous Dirichlet boundary conditions, we proceed by proving the
dissipativity and regularity of the semigoup associated to the system, and we then split the
semigroup such that we have the sum of two continuous operators, where the first tends uniformly
to zero when the time goes to infinity, and the second is regularizing. To split

Results: We show the existence of global attractor, about Caginalp hyperbolic relaxation phase-
field system governed by polynomial growth potential.

Conclusion: All the procedures explained in the methodology being demonstrated , we can assert
the existence of the smallest compact set of the phase space, invariant by the semigroup and which
attracts all bounded sets of initial data from a some time.
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1 Introduction and Setting of the problem

We recall that the global attractor A is the smallest (for the inclusion) compact set of the phase space
which is invariant by the flow (i.e. S(t)A = A, V¢t > 0) and attracts all bounded sets of initial data
when time goes to infinity. The property of invariance satisfied by the global attractor makes sure of
its unicity (when the global attractor exists). It is the smallest closed set which verifies the property of
attraction; and it thus appears as a suitable object in view of the study of the asymptotic behaviour of
the system. In fact the global attractor is the smallest compact set of the phase space, in which the
solution of a dynamic system must be found when time goes to infinity.

The Caginalp phase-field system

ou

o~ Dut S = 6
00 ou
T T
has been proposed in [1] to model phase transition phenomena, such that melting-solidification
phenomena, in certain classes of materials. In this context, v = wu(t,z) denotes the phase-field
or the order parameter, 6 = 6(¢,x) stands for the relative temperature defined as 6 = ‘:’T‘j, where

a = at,z) is the thermal displacement variable or the primitive of 6 and f is the derivative of a
double-well potentiel F.

In this paper, we are based on the following Caginalp system

0%u ou oo

Eﬁ + a — A’u + f(u) = a, (11)
& da oo’ ou
R TR T TS (12

with homogenous Dirichlet boundary conditions
ulon = alea = 0, (1.3)

and initial conditions

da

E‘f:o = o1, (14)

ou
U|t:0 = Uo, ah:o = ui, Oé\t:O = o,

which is the hyperbolic relaxation system of the Caginalp phase-field based on the type Il (see [5]).
Q is a bounded and smooth domain of class C? in R™ (1 < n < 3), 99 the smooth boundary of ©,
and ¢ > 0 is a relaxation parameter.
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Hypotheses of potential f

f is of class C?, (1.5)

f(0) =0, (1.6)

—co < F(s) < f(s)s + c1, c0>0, c1 >0, seR, (1.7)
ith F = ’ T)dT,

with F(s) = [ 1)

1F'(s)] < cals| + 1), c2>0, p>0, s€R, (1.8)

f'(s) > —c3, 3 >0, seR, (1.9)

Very often, we will need restrictions on p when n = 3; these will be precised when needed.

Our aim in this paper is to show the existence of global attractor of the hyperbolic relaxation system
(1.1)-(1.4).

Such studies have already been made in many works; in the case of parabolic-hyperbolic systems
(see [2], [3], [5], [6], [7], [9]). We can also mention the recent work of Daniel Moukoko, for example [8]
and [9] in which the hyperbolic system was the subject of a study with regular potential f(s) = s* — s,
and [10] in which the hyperbolic relaxation system was the subject of a study with a singular potential.
In [2] Doumbé Bongola brice Landry has studied the same system as in this article, but the parameter
of relaxation € = 0.

2 Notations

*(.,.) denotes the scalar product on L?(2), and ||.|| the associated norm.

*(.,.)x denotes the scalar product on X, and ||.|| x the associated norm.

*|92| is a measure of Q.

*H5(Q) = W*2(Q) is Sobolev classic space.

*e" (e) coincide with [H" () x H*(2)]N{|aq = 0} if e > 0 and with [H" "' (Q) x H*~(Q)]N{{|oa =
0} if ¢ = 0, whenever the traces make sense. Note that when x = 0, we write £(¢) instead of £°(e).
*II'. H?,c(é) with e > 0, is energy norm in ”(¢) for the equation (1.1) with Dirichlet boundary counditions,
defined by

>4

o120 = 11

o
(8), 252 12y = ol + €ll 2 + 12211200

*cp is the constant of Poincaré.

3 Preliminary results

We begin by recalling below the two theorems (see [4] Theorem 3.2 and Theorem 3.3) very useful
later.

Theorem 3.1

If (U(), ui, 0o, al) € Hé(Q) X LQ(Q) X H&(Q) X Lz(Q) and F(UU)
has a unique solution (u, «) such that u, o € L*(0, T ; H (),
u e L™(0, T;L*(Q) N L*(0, T; L*(Q)) and 22 € L>(0, T; L*(Q)) N L*(0, T'; Hy (), for all
T > 0.

< +o0, then the problem (1.1)-(1.4)

With more regularity we got the second theorem
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Theorem 3.2
If (uo, u1, o, 1) € (H2(Q)NHF(Q)) x Hy(Q) x (H*(Q)NHF(Q)) x H(Q), then the problem (1.1)-
(1.4) has a unique solution (u, «) such that u a € L0, T; H2(Q) N H(Q)),

9u ¢ >0, T; HY(Q)) N L0, T; HY(Q)), 22 € L>=(0, T; Hy(Q)) N L*(0, T; H*(Q) N H} (Q)) and

gi;, 0 € L0, T; L*(Q)), forall T > 0.

’8t

Thanks to the Theorems 3.1 and 3.2, we have two respective phase spaces

Dy = e(e) x Hy(Q) x L*(Q)
and
1 =ce'(e) x (H*(Q) N Hy(Q)) x Hg ()
and we have two energy norms for the system (1.1)-(1.4), in those phase spaces

1Gus @, GE, = NGullZe (o) + lell Frnsr + (155 7= for & =0, 1.
We then define the continuous semigroup,
Se(t) : @ — Dy

Gupra0san) > (Gult),a(0), 21,

for k = 0,1, with (Cu(t), a(t), 2312) such that (u, ) is the unique solution of problem (1.1)-(1.4) and
(Cu(0), 2(0), 2592) = (Cup, @0, 1).

4 Main results

In this study, we have two main results; the dissipativity and regularity of the semigroup {S.(¢)}+>0
associated to the problem (1.1)-(1.4) and the existence of the global attractor.

5 Dissipativity and regularity

The dissipativity and regularity of the semigroup {Sc(t)}:>0 associated to the problem (1.1)-(1.4)
mean that the semigroup {Sc(¢)}+>0 associated to the problem (1.1)-(1.4), possesses a bounded
absorbing set.

The following lemma gives the uniform estimates of ||ul| 1, ||| 2 and || 22 || which are independent
of e.

Lemma 5.1. Assume the hypotheses of Theorem 3.1 verified, ¢ < 1 and (u, «) the solution of
problem (1.1)-(1.4) such that (¢.(0), a(0), 252 € ®,. Then, the solution (u, ) satisfies the following
estimate

()‘ ()”

llu(®)l| + el |+ Nl + 1l

+/0 (12472 1) 20D 2 o5 < ()6 (0), a(0), 220

ot

Mao)e ™+ C, (5.1)

where the positive constants 3, C and the monotonic function @QQ are independent of e.
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Proof. Multiply (1.1) by » and (1.2) by «, integrate over Q2. We get thanks to (1.7)

ou
(P r2eGrw) +2 [ Pagde+lulf < SR+ v 2ei, 62)
O
& (ol +253.0)) + ol < 2l + 20 51 + 215507 (62)

Multiply (1.1) by +and (1.2) by 2 ¢ » integrate over (2 and add the two resulting differential equalities,
we obtain the foIIowmg estimate

d

= (uunm rel 0P+ 2/ Pluda + ol + |22 ) ol 2 22 12 S0 <

cpllullz (5.4)
Adding 71(5.2), 72(5.3) and v3(5.4), where 71, 2 and 3 > 0 are such that

Y- 20272 —cpy3 > 0
2v3 —2v1 — 2¢py2 > O,
Y= —272 > 0

we find

d
EE5+01||UHH1+CQH =2 +271/F dfrJr’YzllallHlJrCaH || +2H ||H1<C (5.5)

where the positive constants C; and C are independent of ¢, and

Bs) = (IO + 24252, 00)) + (Il + ol + 252 a(w)

gat)

ot '
Moreover, for sufficiently small values of v1 > 0 and ~2 > 0, there exists C' > 0 independent of € such
that

(HU()HH1+ 2882 +2/F £)dz + [|a(t)|2

250 12 < iy (1
( 20 2)

@l + 282 4 a3
bult)
ot

< Cllu)lz I+ lla(®) 7 + |

Thanks to the above estimate, (5.5) can be rewritten as

d
de3+5E3+01H*|| +C2H ||H1<C

where the positive constants 3, C; and C' are independent of e.
Applying Gronwall’s Lemma, we have

ez + el 2822 4 fag)3

+ / (12472 1 20D 2 o507 < Q1 (6u(0), 0(0)

dalt)
ot

da(0)
ot

Mao)e™ ™ +C,

where the positve constants 3, C' and the monotonic function @ are independent of e. This gives the
uniform estimates of ||u|| 1, |||l 1 and || 22 || which are independent of e. O

104



British Journal of Mathematics and Computer Science X(X), XX-XX, 2016

Theorem 5.1. Assume the hypotheses of Theorem 3.1 verified, ¢ < 1, and (u, «) the solution
of problem (1.1)-(1.4) such that ((.(0), a(0), a‘gf’)) € ®q. Then, the solution (u, o) satisfies the
following estimate

o), ote), 220 2,

+/O<||3“( Jp 4 1240 2 e ar < Q1€ 0),a0)

da(0)
ot

)|‘¢0)€_ﬁt + 07

where the positive constants 3, C' and the monotonic function QQ are independent of e.

Proof. Firstly, we determine the uniform energy estimate of the perturbed damped hyperbolic equation
(1.1) with initial and homogenous Dirichlet boundary conditions. Equation (1.1) can be rewritten as

*u  Ou Oa(t)
W‘FE*AU— 7f(u(t))+ 6t

Thanks to the proposition A.2 (see [9]) found from equation (5.6), we have

= h“ﬂ(t)a Cﬂ‘t:() = Coa U(t)|3g =0. (56)

I(Gu(®) 120y +/ 1= 177 dr < Ce™ ™ (1(Gu(0)120) + 1w (0)7—1)

' o (T s
4 [ (hua@l-s +1 22O e an,
0
(5.7)
where the positive constants 5 and C are independent of c.

To estimate the last term of the second member about (5.7), we first find the estimate of the term
e (P31 + ||M|\H . We have

() u(r) 12

- < I (ulr )) - -1+ 1 () =5~ N

Pa(r) 2
ot2 HH*1 . (58)

(@l + 12

Oa(T)
ot

12

The estimate (5.1) gives uniform estimates of ||| 1, ||| ;1 and ”%ZH independent of ¢, these imply

da(0)

Huniffl < Ol < QUG (0),0(0), 225 ) 4 0 59
12908, < a2 < QU 0),a0), 22D e e 1 ¢, (5.10

where the positive constants 3, C' and the monotonic function @ are independent of e.

Thanks to the hypothesis (1.8), we get the estimate

|ul [ul
If(uw)] < e </0 |s|2pds—i—/0 ds> =C ([ul***" + Jul), (5.11)

the same hypothesis implies for all w € Hg (),

( [ wPlauas + [ |u\|w|d:r)

¢ (] Priultulds + s ol )
Q

| (f(w),w) |

IN

IN
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Furthermore if n = 2 and p > 0, we have owing to Hélder’s inequality and the continuous embending
of H*(Q) in L*(Q2) and in L*?(Q),
| (f (), w)| C (lull oy llull pallwll e + [l g el 1)

Cllullzy + Dllull g w2, (5.12)

and if n = 3 and p < 1, we have, using Hélder’s inequality (for p = 1) and the continuous embending
of H'(Q) in L*(Q),

INIA

[(fu)w)| < C(llullfallullpallwllzs + [l llw] z1)
< C(llull + Dllullr [w] - (5.13)
The estimates (5.12) and (5.13) allow to deduce

1+ < QUIC0), a(0), 220 o ye 1 ¢, (5.14)

where the positive constants 3, C' and the monotonic function @ are independent of e.

Thanks to the hypothesis (1.8) and for all w € Hg (2), we have

Fhol < o[ |2P|—||w|dx+/| v luldz )
¢ ([ 1 Geitulas + 1 5t wln )

If n = 2 and p > 0, we find, using Hélder’s inequality and the continuous embending of H'(Q) in
L2(2p+1>(9),

IN

ou
6@ G0 < € (1Bl G s + 1 ol ) < CCQalh + D Gl (615)

If n =3 and p < 1, we obtain owing to Hélder’s inequality (for p = 1) and the continuous embending
of H*(Q) in L%(9),

. Ou ou ou ou
((f (w5, w <C (”u”iG”EH”wHL6 + ||§|H|w|\m> < C([lullFn + Dl Mlwlle- (5.16)

The estimates (5.15) and (5.16) allow to deduce

IIf() HHl C'H H (5.17)

where the positive constant C' is independente of e.

Equation (1.2) implies

&a Jda Jda ou
wf—a—FAa-FAa— —E.

We deduce from the above equation, estimates (5.9), (5.10) and from the uniform estimates of || ||3;1,
lull3: and [|22(3,:, the following estimate

(9 (6]
15t < o (15 15 \|H1+na||H1+|\u||H1+|\atuH )

804( )

IN

Q[1(¢u(0), a(0),

Yllwo)e —‘“+c(1+\| 242 |\H1). (5.18)
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The estimates (5.10), (5.14), (5.17) and (5.18) inserted into (5.8) allow to obtain

() aa()

(@l + 1222 < Q1 ¢a(0), al0),

Moo)e ™+ (1415012 + 1501 ) 619
where the positive constants 3, C' and the monotonic function @ are independente of .

Insert (5.19) into (5.7). We find from the estimate (5.1)

GOl + [ 124 e s
< cerve(f ( (16 (0 ),a(0)7805i0))|\%)+1)e’ﬁ(t”)dwr (150 4150 ) eear
< QUG 00), 28D oo 1 ¢, (5.20)

where the positive constants 3, C and the monotonic function @ are independent of ¢, but C' depends
on the initial conditions.

Combining (5.1) and (5.20) we have
2
(e, a0, 22Dz,

+ [ A2 125 e dr < QIG0).a0), 257

ot

)y )e  + C.(5.21)

O

Corollary 5.1. The semigroup of operators S.(t),t > 0 associated to the problem (1.1)-(1.4) is
dissipative in ®, that's to say, it possesses a bounded absorbing set in ®.

This corollary is a straightforward consequence of Theorem 5.1.

We denote Br,(€) = {(Cu,, 52) € ®0/||(Cus v, 22)||lo < Ro} where Ry is large enough, a bounded
absorbing set for the semigroup Sc(t) in ®o.

Lemma 5.2. Assume that the hypotheses of Theorem 3.2 hold, ¢ < 1, and (u, «) the solution of
problem (1.1)-(1.4) such that (¢.(0), a(0), ‘%‘(0)) € Bgry(e) N ®1. Then the solution (u, o) satisfies
the following estimate

[

Ju(t) 2
+ (||aqg([)|\zl>e*ﬁ<f*f>drs@(||<cu<o>7a<o>,a O jeye ™ +0, (522)

s + o) 3 + 12292

Ou(t)
ot

where the positive constants 3, C and the monotonic function QQ are independent of e.

Proof. Multiply (1.1) by —Aw and integrate over Q. We get
d 1o}
& (Il + 295 )+ 2lulfs = 207, 80+ 25 Aw) 4 24 G, (529

The estimate (5.11) allows to obtain owing to the Hélder’s inequality, the continuous embending of
HY(Q) in L*®*+D(Q) and if n = 2 and p > 0, the following estimate

(f(u), Au)

IN

C (IlulZszpn Il aensny | A + fuf | A
CllullZ + Dlel g a2, (5.24)

IA
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where C' > 0 is independent of e. Moreover if n = 3, p < 1 (for p = 1) and taking into account the
continuous embending of H* () in L°(£2), we obtain

(f(w), Au) < Cllullpsl|Aull + Cllulll|Aull < Cllullz + D)llulla llull gz, (5.25)

where C' > 0 is independent of e.

Thanks to the estimates (5.24) and (5.25), applying young’s inequality and consdering (Cu, «, m) €
Bg,(€), we deduce

1
(f(u),Au) < Cllullfy + Dllulla l[ullmz < Cllullg luflm2 < 5llu||§;z +C,  (5.26)
where C > 0 is independent of e.

Insert (5.26) into (5.23). We get thank’s to (5.1), the following estimate

d 2 ou
& (Il + 249 52,

Vo) 4l < 2G2S O (627)
where C' > 0 is independent of e.
Multiplying (1.2) by —Aa« and integrating over Q, we get

d Oa
a (Ha\lfql + [l 72 +2(Vg Va)) +llalz < 2eullin +2cp|\ HHl +2H ||H1

N

IN

C"lu ||H2+20p|| HH1+2H (5.28)

ot HHl

Multiply(1.1) by —A2% and (1.2) by —AZ2, integrate over Q and add the two resulting defferential

ot
equalities. We obtain the estimate

& (e + a3y ||H1+ua||H2+u8th1)+2\| s + 20512 + 2152 e

da
5

The assumption (1.8) allows to find owing to the Hélder’s inequality, considering the continuous
embending of H'(Q2) in L2?P*Y(Q) and if n = 2 and p > 0, the following estimate

< 2/(f' () Vu, v \+2|(V ver (5.29)

|(f (w) Vu, Vo=

IN

CI\UIIQLZ(QP+1>IIVUHL2<2P+1>HV [+ Cl[Vu ||HV \

IN

Cllull3 (lull = + 1)|| (5.30)

ot HHl

where C > 0 is independent of e. Moreover if n = 3, p < 1, taking into account the continuous
embending of H*(Q) in L°(Q) (for p = 1), we obtain

ou
(f Ve, Vo)l < OHU||L6||VUHL6HV H+CHV IIHV ||
< C\IullHl(l\ulleJrl)H ot =, (5.31)
where C' > 0 is independent of e.
The estimates (5.30) and (5.31) allow to obtain
ou q ou
(FVu, VIl < Cllullin (lulla +1)H HHl < Cllullmz + Dligp i, (5.32)
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where C' > 0 is independent of e.

Insert (5.32) into (5.29). We find

d

5 (Wulls + NG + Halls + 15 B ) + 1501 + 150 W < Ol 40, (639

where the positive constants C*”” and C are independent of e.

Summing v4(5.27), v5(5.28), v6(5.33) where ~4, v5 and v > 0 are such that
Y4 — C,/’Y4 _ 20/”’76 > 0
Y6 — 274 — 2¢p75 > 0,
Y6 — 2¢pya — 275 > 0

we have
d
EEzl + C1||UHH2 + CQH ||H1 + C3||CMHH2 + C4H HHI <C C;, C>0 (5.34)
where
2 2 Oo 2 ou
EBs = mllella +llallz: +2(Vor, Va)) +vs(llullm +26(V 50, Vu))

ol + el Sl + llalide + 192 1),
for sufficiently small values of 44 > 0 and s > 0, there exists C' > 0 independent of e such that
1 9 Au(t) Oa(t) 2
<
(lu(®) 5 5 i) < Ea()

< O(lu(t) 3z + ) 2240 20,

[[zr1)-

2 2
[ + [l (@) 2

e+ llo ()2

We deduce from the above astimate and (5.34) the following estimate

d
9 ot s+ 01 2 <

where g and C are positive constants independent of e.
Applying Gronwall’s lemma, we obtain
2 8u(t)
Jlu(t)] o
toou(r) 2 _B(t—1) 0a(0)
1 < u ’ )
+ [ 125 e < QUG 0).0(0). 5

where the positve constants 3, C' and the monotonic function @ are independent of e. Then we have
uniform estimates of ||ul| 2, ||| 2 and || 22 || ;1 independent of e. O

8a(t) 2
t

I8

2 2
[+ [le(®)] 52

Mey)e ™ +C,

Theorem 5.2. Assume that the hypotheses of Theorem 3.2 hold, ¢ < 1, and (u, «) the solution of
problem (1.1)-(1.4) such that (¢.(0), a(0), 2%2) € Br,(e) N ®1. Then, the solution (u, a) satisfies
the following estimate

t)

u><>7;m&
n T2 e < Q1 0),(0), 20D o e 1
ot

where the positive constants 3, C and the monotonic function @QQ are independent of e.

o5}

109



British Journal of Mathematics and Computer Science X(X), XX-XX, 2016

Proof. We first determine the uniform energy estimate of the perturbed damped hyperbolic equation
(1.1) with initial and homogenous Dirichlet boundary conditions. Equation (1.1) can be rewritten as

0%u  Ou Oa(t)

ez T gp — Au=—fut) + =5~ =hua(®), Culizo=C", u(®)lon =0. (5.35)

Thanks to the proposnion AA (see [10]) found from equation (5.35), we have
e P dr < Cem (| (Gu(0) 121 (o) + e (0)]1%)

8hu,o¢ T —B(t—1
+0 [ ol + 1222 e ar,

(5.36)

[Cu@®)I2 o) +

where the positive constants 5 and C' are independent of e.

To estimate the last term of the second member, we first find the estimate of || A, (7)(| %1 +|] M 2,1
We have

0 19
(B + 12722 is + 1287 2 4 i) 28,
0
-+l g;i”uiﬂ. (5.37)
Thanks to the assumption (1.8), we also have
If @7 = IVF@)? = I @)Vul]® < e (/ |u|4p|Vu\2de+/ \VU|2d9ﬂ)
Q Q
< o (/ |u|4p|vu\2dm+\|u|\§,1). (5.38)
Q

If n =2 and p > 0, we find, using the Hélder’s inequality and owing to the continuous embending of
H'(Q) in L°?(Q) and in L°(Q), the estimate

2 4 2 2 4 2 2
[f@lm < eallull, IVullze + callullzn < Cllull llullz + callullz. (5.39)

Ifn =3 and p < 1, we find owing Hdélder’s inequality (for p = 1) and considering the continuous
embending of H'(Q2) in L°(Q), the estimate

2 4 2 2 4 2 2
If @)z < eallullzsl[Vullze + collulz < CIIUHm llullzrz + callullzn- (5.40)

Thanks to the estimates (5.39) and (5.40), considering ({u, , 2%) € Bg, (€) and the uniform estimate
of ||ul| g2, we deduce

da(0 _
1F @)l5n < QUII(Cu(0), a(0), = ))an)e el (5.41)
Equation (1.2) implies
a da da ou
W__E—FAE—‘_AQ_U_E
Thanks to the above equation and the uniform estimates of ||ul| 2, |||/ ;2 and || 2 || ;1, we deduce
the following estimate
1290 < (1220 + 1223+ s + s +11 222
oz =1 = ot "H! mt mt H-L g NH -
< (n s+ Nles + Nl + 11 51 s )
da _
< QUIGu(0),a0), 22 jo)e 4 01+ 2 ). (5.42)
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The estimates (5.17), (5.41) and (5.42) inserted into (5.37) allow to obtain

e (>||H1+\|8h“<*>uH1<Q<||<<u<> <>,a 0)

Moue™® +C0+ [ 00). (543)
Insert (5.43) into (5.36). we find from the estimate (5.22)

1Gu @20 + e dr

< Ce f’tw(/o ( <||<<u<o>,a<o>,8‘g§° o) +1) e+ [

< QU(6u(0),a0), 22D o e + ¢, (544

) %{16*5(t*7)d7)

where the positive constants 3, C' and the monotonic function @ are independent of ¢, but C' depends
on the initial conditions.

Combining (5.22) and (5.44) we have

Iut), (o), 22Dz,

tou(r oa(r _B(t—r d0a(0 _
L2+ 125 e < QG0 a0), 25 )
(5.45)
where the positive constants 3, C' and the monotonic function @ are independent of e. O

Corollary 5.2. The semigroup of operator S.(t) associated to the system (1.1)-(1.2) is dissipative in
dq, ie, it possesses a bounded absorbing set in ;.

This corollary is a straightfoward consequence of Theorem 5.2.

6 Existence of global attractor

Theorem 6.1. Assume that the hypotheses of Theorem 5.2 hold. Then the semigroup Sc(t), t > 0
defined from @, in ®o, and associated to the problem (1.1)-(1.4) possesses a global attractor A.
which is compact in ®,, bounded and connexe in ®;.

Proof. We have already proved the dissipativity and regularity of the semigroup {S.(t) }+>0 associated
to the problem (1.1)-(1.4). It remains to split the semigroup Sc(¢) as the sum of two continuous
operators SZ(t) and SZ(t), such that the solution (u, ) with initial condition belonging to Br, N &1
can be write as

(u,a) = (v, 1)+ (w, &) with
SH0G 0,00, 2% = (6w, a0, 220,
%(t)

S2(t)(0,0,0)

Il
s
€
—~
~
N
oy
—
~
N
o5l
Iy
~—
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where S{ (t) is the solving operator associated to the linear hyperbolic system

o*v v on
Eat2 + E — Al/ = E, (61)
9%y on on _ v
@‘FE—AE—A’I] = —IJ—E7 (62)
vlpa = mloa = 0,
| . 61/| _
V|t=0 = Uo, E t=0 = U1,
0
Nt=o = ao, azl = o,
S2(t) is the solving operator associated to the nonlinear hyperbolic system
0w Ow o€
W + E — Aw + f(u) = a, (63)
9%¢ ¢ o¢ _ Ow
e + 2% ~ A% —Af = —w — o (6.4)
wloa = &loa = 0,
0 0
w|t=0 = 870:‘1::0 = £|t=0 = 8§|f =0 = 07

and to show that the operator S?(t) uniformly converges to 0 over all bounded subset of &, and S2(t)
is regularizing on ®1, when the time ¢ tends to the infinity.

We first prove that the operator S (t) uniformly converges to 0 over all bounded subset of &, when
the time ¢ tends to the infinity.

Multiply (6.1) by v and (6.2) by 7, and integrate over Q2. We get

A

d ov

() R A L R T ©5)
d 2 2 377 2 <
2 Il A+l +2(55m) ) +lnle < 2CpHV||H1+20PH H + H || (6.6)

Multiplying (6.1) by Z and (6.2) by 7 and integrating over €2, we obtain the two following equalities

on Ov
2 = 2=, —
G (W rae)eage = 25 5.
d on ov  On
(||nuH1+|| R A5 2 = 20 5D - 25 D,
the sum of the above equalities allow to obtain the following estimate
& (W 4 G+ s+ ) + 20500+ 1S+ A5 <ol (67
Add 5(6.5), 19(6.6) and v10(6.7) where s, o and 10 > 0 are such that
78—2012,79 > 0
Yo —cpYye —7s > 0,
Y0 —Cpy8 — 279 > 0
we get
d
pr E5+Cl\|V||H1+C2H H +03||?7HH1+C4|| H +05H ||H1<0 C;>0 (6.8)
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where
2 v 2 2 an
Es = (v +2e(§ v)) + o (lInll +HnIIH1+2(§,n))

+ro([vllzn +6|| || +lnllEn + || || )-

Moreover for sufficiently small values of vs and 9 > 0, there exists C' > 0 independent of ¢ such that
_ ov(t
e+ el 2 e+ 12289 )12) < 1y

< (@2 + e 240 “ “n)

I+ @)1 +

Thanks to the above estimate and (6.8) we have the foIIowmg estimate

d

aES +ﬁE5+01H H +C2H HHl <0, (6.9)
where the positive constants 3, C; and C are mdependent of e.

Applying Gronwall’s lemma, we get

on(t
@3+ el 24202 4 iy + 1 22 2
ov _B(t—r Oa(0 _
+ [ )u FIZED e b < Q6 (0),a(0), 22D e, (6.10)
0

where the positive constants 3, C' and the monotonic function @ are independent of e
The above estimate allows to obtain the uniform estimates of ||v|| z1, ||7]|z: and H || independent
of e.

The uniform energy estimate of the perturbed damped hyperbolic equation (6.1) with initial and
homogenous Dirichlet boundary conditions, is determined as follows.
Thanks to the equation (6.1) , we have

*v  Ov an(t) 0
Gﬁ‘*‘g—&/:?:hn(t)? Culi=0 = ¢, v(t)]aa =0. (6.11)

The proposition A.2 (see [1 O]) allows to find from equation (6.11), the estimate

(6] == +/ 1= 1%e ™D dr < Ce™ P ([[(Go (0)1Z(e) + I1ha(0) 1 F-1)

+c/0t(|

n

Ohy (T B(t—r
gi )Hijq)e A=) qr

(6.12)
where the positive constants C' and g are independent of .
We first find the estimate of ||k, (7)||%,-1 + ||6h”(7) 17,-1. We have
(s +1 22y < 2Dy T e (6.19)

ot?
The estimate (6.10) gives uniform estimates of ||v|| g1, ||7||z1 and ||6—Z || independent of ¢, these imply

0a(0)

7 < Clvlii < QUIG(0), a(0), =5 =) o)™ (6.14)
1201 < 20 < QI (0),a0), 22Dy o, e, (6.15)
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where the positive constants 3, C' and the monotonic function @ are independent of e.
Equation (6.2) implies

an—i—An—l/—@.

n _ on
+ A ot

o2~ ot ot

We deduce owing to the above equation, estimates (6.14), (6.15) and the uniform estimate of ||n|| ;1 ,the

following estimate

82
15 < € (15H— + N5 + s + 1 \|H1+||6t||H )
0a(0 _
< QUIG(0).a(0), gt))n%)e o (IR + I ). 618)
The estimates (6.15) and (6.16) inserted into (6.13) allow to obtain
oh on(0 _
() + 1222 s < QUG 000, 25D e+ ¢ (1571 + 1 52 ) - 847

Insert (6.17) into (6.12). We find from the estimate (6.10)
toov(r _B(t—r
IGO0 + [ 124D e—ar
0

€+ QUI€0),a0), X5y + [

da(0)
ot

Combining (6.18) and (6.10) we have

IN

(1) 2 on(t) 2 —B(t—T)
S+ 1L ) e

< Q(I(Gu(0), (0),

)H‘1>0)67Bt7

1o 6),m(o), 8’5—?”@0

Oa 0) —Bt
D llea)e ™.

4 / 01247 2 4 21 2 e 4 < Q1 (0), 0(0),

So the operator S} (t) uniformly converges to 0 over all bounded subset of ®, when ¢ tends to the
infinity.

It remain to prove that S2(t) is regularizing on ®;, when ¢ tends to the infinity.
Multiply (6.3) by w and (6.4) by &, integrate over Q2. We get

d Ow
—(||wu2+2e<w,E))Hw%ﬂ < 20l @I + 262 23 1261 22120, (6.19)
06\ 1oy o
e + e +26, %)) +elzn < 2ol + 221205 + 20 Bt 620)
Multiplying (6.3) by A = and (6.4) by Aat,mtegratingoverQ,weget
d _ Ow 193 Ow
& (Mol + 52 ) + 2500 = 27 @Tu, v5D + 275 95,
0 0 0
& (el + 1580 ) + 2155 420 5o = —2(¥w, 950 - 2952 952,
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The sum of the above equalities allows to find the following estimate

(IIwIIH2+ = IIH1+H£HH2+II IIH1)+II HH1+II ||H1+2H IIH2
sl\f(U)WH +HwHH1- (6.21)

Multiply (6.3) by 2 W and integrate over 2. We get the following estimate

Ow
& (15217 + 290, VI ) + A G217 < s + ol Sl + 21 . (622

Add ’}/11(6.19), Y12 (6.20), ’)/13(6.21) and Y14 (6.22), where Y11, Y125 V13 and Yi4 > 0 are such that

Y11 — 20712 — s > 0
Y13 — 2¢py11 — 262’712 —2v14 > O,
Y13 — 2612,’}/11 —2¢py12 —Coyia > 0

we find

d
= Bo + Cs|lw/ 7 +C4H ||H1 + s €7 +06|| IIH1 +C7H ||H2 +Cs|\ 5 17

dt
el + Gl
we deduce the estimate
d /
—Bs <O (w)Vull” + Co f(w), (6.23)
where
Ow 0.
Bo = ([l + 2e, 52)) + (W +lelln + 266, 5)
Ow
115 (Wolln + N5 s + el + 155 1 ) s (U5 0° + 27, 95 )

For sufficiently small values of 711, y12 and y14>0, there exists C' > 0 independent of € such that
0
Al .0, ZD3, < B, (6.24)

The assumption (1.8) allows to find owing to (u, a) € Br, N®; that to say v € H*(Q)) with H?(Q) C
L*°(Q), the estimates

£ (u)Vul®

IN

62/ 7T da:+62/ Vultde < C (e gl + ulf ) < Clluls

I <€ [ (Il + ) do < C (Il oy lul® + ) < Clluli.

thanks to the estimate (5.1), the above estimates can be write as follows

17 @Vul? < QUIG(0),a0), 22 4,)e 57 4 (6.25)
@I < QM) a0), 230 a,)e 7 +¢, (6.26)

where the positive constants g, C and the monotonic function @ are independent of e. After inserting
(6.25) and (6.26) into (6.23) we find

2B< QG0 a(0), 25 lag)e ™ +C, (6.27)
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Integrating (6.27) from 0 to ¢ € [0, 7] and combining with (6.24), we obtain

o600, < © [ (Q6u0).a0), 22 ay)e 7+ ) ar
< (1) QUG (0),000), 22D, + 01
< QUI0),a0), 220 4,) + o7
< 047)QUIG(0),a(0), 220y, )
1060, ), < (147 QI (0),a(0), 252 o) (6.28)

The estimate (6.28) allows to assert that the operator Sc(¢) is regularizing in ®;, and there exists a
bounded and attracting compact set in @;. a

7 Conclusion

The works contained in this manuscript about dynamic system, are very interesting to explain the
context of phase transition phenomena, when the solution of the system exists. The existence and
unicity of global attractor, associated to the problem (1.1) — (1.4) that we have proved in this paper,
allow to assert that the solution of the problem (1.1) — (1.4) studied in [4], belongs to the subset called
global attractor, from a certain time.
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