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ABSTRACT  6 
In linear discriminant analysis, determinant and inverse of the covariance matrix are required to be 
computed. If number of features is greater than the number of available examples, covariance matrix is 
no longer invertible. A common approach is to reduce dimensionality due to which some features of 
interest may be lost. When we are not interested in dimensionality reduction, one approach to solve such 
problems is to take pseudoinverse of covariance matrix which is not always possible. We propose, in 
such cases, to project covariance matrix onto a highly correlated space to compute pseudoinverse of the 
matrix. Proposed solution has been tested for classification of microarray gene expression data of colon’s 
tumor. 
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1. INTRODUCTION  10 
 11 

Let  be data points or collection of observations such that  for  and , where  12 

is a set of real numbers and number of data points be . Therefore,  is our sample space. In 13 

classification, a pattern is a pair of variables where  is the concept behind the observation. 14 

The task is to discriminate examples from different classes with respect to . Examples from the same 15 

class should have similar  while examples from different classes have different . The minimum-error-16 

rate classification can be achieved by use of following discriminant functions: 17 

 18 

If , we have 19 

 20 

The covariance matrix  is always symmetric and positive semi-definite. In the following, we discuss the 21 

general case when  is arbitrary.  22 

In a general multivariate normal case, covariance matrices are different for each category. The only term 23 

that can be dropped from Eq. 2 is the  term, and the resulting discriminant functions are 24 

inherently quadratic. 25 

 26 

Where   27 
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 28 

 29 

and  30 

 31 

This shows that computing inverse of covariance matrix (i.e., ) is essential in discriminant analysis. In 32 

this situation, two types of problems arise when relationship between  and  is considered. 33 

• Case 1 : When number of available samples ( -samples) is equal to or greater than the 34 

number of dimensions ( -dimensions), the computation of   is trivial. 35 

• Case 2 : In most of practical problems (e.g., classification of cardic signal or detection of 36 

tumor from microarray gene expression data),  is large such that . Such problems are 37 

known as undersampled problems (Krzanowski et al., 1995).  38 

There are three common approaches to solve these problems when  is smaller than .  39 

• Dimensionality reduction is applied such that , where  is number of dimensions in reduced 40 

space. However, it is possible that some useful features may lose.   41 

• Eigen values are translated such as none of eigen values is zero. This reshapes the system matrix.  42 

• Computing pseudoinverse of  which is not always possible.  43 

In this paper, we propose a solution to problem when   does not exist and dimensionality reduction and 44 

reshaping the system matrix are to be avoided. The related work is presented in Section 2. The proposed 45 

methodology is described in Section 3. Results and discussion are presented in Section 4. Finally, the 46 

paper is concluded is Section 5. 47 

 48 

2. Related work 49 

There are many algorithms developed so for to tackle undersampled problems (Akguna, 2016; Friedman, 50 

1986; Yang, 2001; Yuen, 2003; Bensmail, 1995; Baudat, 2000; Raudys, 1998; Hastie, 1995; Howlan, 51 

2004; Belhumeur, 1997). Most of the methods are proposed in the context of scatter matrix in classical 52 

linear discriminant analysis (LDA). This is because to perform discriminant analysis, the scatter matrix 53 

must be non-singular. Depending on nature of pre-processing of scatter matrix, the proposed methods 54 

can broadly be categorized in two categories: dimensionality reduction (DR) and matrix transformation 55 

(MT). The DR techniques are applied to reduce the dimensionality such that the features vectors have 56 

dimensions smaller than the number of samples. For instance in (Belhumeur, 1997; Swets, 1996; Zhao, 57 
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1999), principle component analysis (PCA) is used and orthogonalization is applied in (Zheng, 2004a; 58 

Zheng, 2004b) for reducing the dimensionality. Afterwards, LDA is applied for classification. DR is useful 59 

when we have to classify over the dominant features. However, in cases like classification of ventricle 60 

diseases using electrocardiogram waveforms or classification of cancerous genes using microarray data, 61 

classification may not be carried out using dominant features. Therefore, DR may not be helpful. In this 62 

situation, MT techniques can be used to make the scatter matrix invertible. The most notable examples of 63 

these techniques include regularized LDA (RLDA) (Friedman, 1986; Sullivan, 1986; Titterington, 1981), 64 

penalized LDA (PLDA) (Hastie et al., 1995), pseudo-inverse LDA (Raudys and Duin, 1998) and shrinkage 65 

LDA (SLDA) (Cornfield, 1967). In RLDA, all the eigen values of the scatter matrix are given a scalar, 66 

constant and equal shift. This replaces zero eigen values with some positive real value. This shift in eigen 67 

values makes the scatter matrix invertible (Friedman, 1986). This regularization minimizes within-class 68 

variance at the cost of bias. Therefore, we have to play with parameters(s) for optimal tradeoff between 69 

variance and bias. In penalized LDA, all values of within class scatter matrix are given a positive scalar 70 

shift, i.e., we use  where is a within class scatter matrix and  the shift matrix. If  for 71 

some constant  and  as identity matrix, penalized LDA converges to the regularized LDA. Therefore, 72 

penalized LDA is more general as compared to regularized LDA. A problem with this technique is that 73 

there is no single algorithm  for any set of applications (Hastie, 1995).  When the scatter matrix is 74 

singular, sometimes its pseudo-inverse is possible. Therefore, we consider pseudo-inverse of the scatter 75 

matrix in place of its inverse. The technique is referred as pseudo-inverse LDA. However, pseudo-inverse 76 

is not possible when numerical values are very small during computations. Pseudo-inverse is an estimate 77 

of the inverse of the matrix using least square estimation (Fukunaga, 1990; Raudys and Duin, 1998). 78 

Effect of the sample size and dimension on classification error was studied in (Krzanowski, 1995). 79 

Performance of this technique is comparable to PCA + LDA and RLDA (Skurichina and Duin, 1996). 80 

 81 
3. METHODOLOGY 82 
 83 

Let be a space onto which  is projected. We consider that  is an ideal covariance matrix 84 

which is drifted by the covariance matrix of the system, i.e., . We define  such that it is a projection of  85 

on . 86 

                                87 

Matrix  represents a situation (space) between ideal space and real space and possesses all the 88 

properties of , like symmetry, Hermitian etc. The matrix  is defined such that elements along the main 89 

diagonal are α and all other elements are β; and α and β are real numbers. Some properties of  are 90 

given below.  91 

 92 
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3.1. Inverse 93 

Let  be a matrix of size , as it is a symmetric Hermitian matrix, its inverse is computed as 94 

follows: Consider that , , , where  is the dimensionality and . Usually, matrix 95 

inversion is a computationally heavy task; we have derived simple expressions for its computation. 96 

 97 

 98 

 99 

 100 

This  is the determinant of . 101 

 102 

where  is defined as a matrix of size  with all elements as 1, and  is an identity matrix of the 103 

same size. 104 

3.2. Eigenvalues of  105 

 We have found that the largest eigenvalue of  is: 106 

 107 

Other eigenvalues are: 108 

 109 

for . 110 

3.3. Eigenvalues of  111 

As eigenvalues of  are inverse of eigenvalues of . Therefore, minimum eigenvalue is: 112 

 113 

and other  eigenvalues are: 114 

 115 

for . 116 

3.4. Eigen Value Decomposition of   117 
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Consider that: 118 

 119 

 120 

is given by: 121 

 122 

We have found  as: 123 

 124 

 125 

 126 

 127 

and 128 

 129 

for . 130 

First column of  is an eigenvector corresponding to the largest eigenvalue of . Matrix  is 131 

computed as: 132 

 133 

 134 

3.5. Eigen Value Decomposition of  135 

 136 
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 137 

 138 

The matrix  is a diagonal matrix with eigenvalues of on its diagonal.  139 

3.6. Pseudo Inverse of   140 

Let us consider that 141 

 142 

 143 

And 144 

 145 

 146 

 147 

 148 

We have found that under the assumption of and : 149 

 150 

 151 

 152 

Therefore 153 

                154 

Where  represents the pseudoinverse of .  155 

3.7. Density Function in the Projected Space  156 

The general expression for multivariate normal density in d-dimensions, in the projected space is as 157 

follows: 158 

 159 

Or simply . The discriminant function corresponding to Eq. 29 is: 160 



7 
 

 161 

where  is arbitrary. We assume that  is also arbitrary. Therefore, 162 

 163 

 164 

Where  165 

 166 

 167 

And 168 

 169 

3.8. Classification 170 

Let , , …,  be data points from class . Let  be the length of , for .  171 

We compute the mean of the class. 172 

 173 

Transforming  to :  174 

    175 

Where  means  value of  sample in class.  176 

Let 177 

 178 

The scatter matrix is: 179 

 180 

 181 

Pseudo inverse is computed as: 182 
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 183 

The classification algorithm produces  and . 184 

3.9. Threshold Setting 185 

Eq. 31 is quadratic with  variables where  is large. Therefore, it is very hard to compute the closed 186 

form solution or any general expression for the threshold. We suggest that training samples, i.e., , , 187 

… for  are used in  given by Eq. 31 and human or machine intelligence is used for 188 

deciding threshold values, as optimal as possible. 189 

3.10. Testing 190 

Let  be a vector from unknown class. We transform distribution from y from  to  using: 191 

 192 

where  is the  value of the vector y. Compute  for  where  is the number of 193 

classes. Considering the threshold and , we decide the class to which  probably belongs. 194 

 195 
  196 
4. RESULTS AND DISCUSSION 197 
 198 

To analyze the effectiveness of proposed approach, we have taken a cancer gene expression dataset, 199 

namely “Colon Tumor”, which is collected from Kent Ridge Bio-medical Dataset Repository (Ridge).  The 200 

dataset contains 62 instances collected from colon-cancer patients. There are 40 tumor biopsies from 201 

tumors. Other instances are normal biopsies taken from healthy parts of the same patients. Every sample 202 

has expressions from large number of genes and a class label (i.e. normal or cancer).  The data has 203 

higher number of dimensions as compared to the number of samples, thus making the problem as low 204 

sample size problem, i.e., , where  is dimension and  is the number of samples in the set. In 205 

this case,  and  and  for biopsies from sick and normal cells, respectively. As 206 

microarray experiments are very expensive, it seems impossible to have .  207 

This work does not include preprocessing of the raw dataset. Every sample is in the vector form. Such a 208 

form of data is the input to the method. 209 

To show the performance of our classifier, standard metrics, namely, sensitivity , specificity , 210 

positive predicted value , negative predicted value  and precision  are computed and 211 

shown in table 1.  212 

 213 
 214 
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Table 1. Performance analysis of the classifier. 215 
 216 

Metric Measure (%) 

 
 

 
 

 

66.67% 
83.33% 
75.00% 
76.92% 
76.19% 

  
 217 
 218 
 219 
5. CONCLUSION 220 
 221 

We have studied a case in classification when dimensionality is larger than the number of samples. This 222 

paper discussed when neither the number of dimensions is reduced nor pseudoinverse is possible. We 223 

have proposed that in such cases projection of the scatter matrix onto an ideal scatter matrix makes 224 

computation of pseudoinverse possible. However, due to the computation of large power (Equations 5 to 225 

8), the accuracy of the method can be affected. Moreover, the computational complexity and space 226 

complexity of the proposed technique is  where  the dimension is and  is very large. Therefore, 227 

it is a computationally heavy technique and requires large space, but the same is true for the existing 228 

techniques. The proposed classifier is also noise sensitive like existing techniques. However, by gaining a 229 

larger dataset and preprocessing, the results may further be improved.  230 

 231 
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