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Then**Power Transformation of the Error Component of the Multiplicative Time Series
Model

Abstract

In this paper the author(s) present derivations for the mean and variance of the nth power transformation

of the error component of the multiplicative time series model. as a general rule to any power
transformation. Some of the published transfornmatike the square root and the inverse were usedlidate
the results obtained. The results showed thatebaformed to the general rule.

1.0 Introduction

The pdf of the normal distribution is given in Ughleas
1(x—1
fx) =

2
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The error componery, of the multiplicative time series model has a §di, o ) where
e; > 0, lwueze[2] established the distribution of tei-truncated normal distribution and is
given by

flx) = I ,x>0,62>0 (2)

o (D)

With meanE (X) and varianc& ar(X) given by

E(X)=1+#iz(%)],x20,az>0 3)
and
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respectively.

Iwueze[2] examined some implications of truncatingN (1, 02 ) to the left. Which include:

() that the truncated values are always greater aleéguihe non-truncated values for
all values ofs. However, the two stochastic variables behavesafikhe interval
6<0.30. It follows from the analysis that the 0.0ibdits may be used to give
practical assurance that the truncated (truncatiaero) values from the N(&?%)
distribution are all positive. In the interva0.30, the truncated and the non-
truncated variables have the same mean equalid aaiance equal t6”.

(i) The most important implication of truncating thelN§?) distribution to the left at
zero is in descriptive modelling of time seriesaglathere the logarithmic transform
of the truncated distribution is equally assumebaee mean zero and some finite



variance. It was noted that the logarithmic trarmsfavill have mean zero and the
same variance as both the original N3, distribution and its truncated distribution
in the intervab<0.10.
The truncated normal distribution has gained mwdeptance in various fields of human
endeavours, these include inventory managemengssign analysis, operation
management, time series analysis and so on. Jolamsbfihomopoules [3] considered the
use of the left truncated distribution for improyiachieved service levels. They presented
the table of the cumulative distribution functidrttoe left truncated normal distribution and

derived the characteristic parameters of the distion, and also presented the table of the

partial expectation of the left truncated normakmbution.

A time series is a collection of ordered obseoratnade sequentially in time. Examples
abound in Sciences, Engineering, Economics, etar@ttiods of analysing time series

constitute a vital area in the field of Statistics.

According to Spiegel and Stephens [4] the gertera series model is always considered as
a mixture of four major components, namely the @ITx Seasonal variatiorS;, Cyclical
variationsC, and Irregular variations or Random MovemeetsHence classifications of the

time series model are

Multiplicative model: X =TS Cr e (5)
Mixed model: Xe =T, S C + e (7

In short term series the trend and cyclical comptsare merged to give the trend-cycle

component; hence equation (5) through (7) canwetten as

Xt = M:S; e; €)



Xe= M+ S, + e, €©))

X, = M,S, +e, (10)
whereM, is the trend cycle component agjds independent identically distributédd)
normal errors with meah and variance? > 0 [e;, ~ N(1,0 ?)]

Most data in real life are non negative in nates@mple, annual rainfall in a given city,

sales, school enrolments, reported cases of crimeegjents, the list is endless.

2.0 Data Transformation

Data transformation is a mathematical operationd¢hanges or modifies the value and
shape of a distribution function. Reasons fordfarmation include stabilizing variance,
normalizing, reducing the effect of outliers, makism measurement scale more
meaningful, and to linearize a relationship. Foren@ferences see Bartlett [5] Box and
Cox [6], etc.

Many time series analysis assume normality arglwtall known that variance
stabilization improves normality of the series. Thest popular and common
transformation are the logarithm transformation tredpower transformations (square,
square root, inverse, inverse square, and invesa s root). It is important to note that,
if we apply thent” power transformation on model (8), we still obtaimultiplicative
time series model given by

Y= M{Si'et = Mg S¢ e (11)

where M{ = My, S} = S, el' =ef

Several studies abound in statistical literaturefects of power transformations on the error
component of a multiplicative time series model sd@rror component is classified under

the characteristics given in equation (3). The st of such studies is to establish the
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conditions for successful transformation. A suctéssansformation is achieved when the
derivable statistical properties of a data set remumchanged after transformation, there
basic properties or assumptions of interest forstiuelies are (i) unit mean and (ii) constant
variance. Also Nwosu et al [7] studied the effemftsnverse and square root transformation

respectively on the error component of the sameemadd discovered that the inverse

transformY =ei can be assumed to be normally distributed withrmeae and the same
t

variance providedr < 0.07. Similarly Otuonye et al [8] discovered that theua root
transformation/e, can be assumed to be normally distributed withh onéan and variance

40% for 0, < 0.3 whereo,® is the variance of the original error componenfole

transformation.

Ibeh et al [9] studied the inverse square transéion of the error component of the
multiplicative time series model, the results af tesearch showed that the basic assumptions
of the error term of the multiplicative model whighnormally distributed with mean 1 and
finite variance can only be maintained if the stmdddeviation of the untransformed error
term is less than or equal to 0.@7< 0.07). The study also revealed that the variatheo

transformed error term is 4 times the variancehsf untransformed far < 0.07.

Ajibade et al[10] studied the distribution of theverse square root transformed error

component of the multiplication time series modad found out that the means are the same

and varianc&ar(e;) ~ Z—Var(et) foro < 0.

In this paper a general rule expression for the puafan and variance ofn!® power
distribution was used to verify some published powansformations, example, the square

root and the inverse transformation.



Derivation of the Probability Density Function (pdf) of nt® Power Transformation

Given

y=x" whereX = [e; ~ N(1,0 2)]
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We now show that it is a proper pdf
i.e.f;of(y)dy =1 (14)
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ButP. (u> —ﬁ) = 1—c1>(—l)

(16)

Therefore (15) is a proper pdf.

3.1 Derivation of the Mean of the nt"* Power Transformation

From definition E(Y) = ["yf(y)dy

1 2
_Yyn-1
001 %_16 2
n'y

) am(l_@(_;)fy

=> E(Y) =
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1fyn-1
1 _7< o >
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= f(l + ou)"e 2% du (18)
aw(1-0(-3)3

Recalled from binomial series
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(i.e after taking the transformationp = u?,0 <p < F)

Using integration by parts, we have
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=> the third term
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We carry the transformatign= u? =>du = ‘i—p, ﬁ <p<m®
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3.2Derivation of the Variance
Var(Y) = E(Y?) — (E(Y))?

But,
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Similarly the first integral
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For the second integral
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3.2 Validation of pdf of the nt" power transformation using published transformation

(a) Inverse transformation where= —1

1(y~1-1
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_1fyn-1
2\ o
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This conforms to Nwosu et al [7]

=> f(y) =

(b) Validation of the pdf fon = % (ie square root transformation)

. 1
Square root transformation where= 3

This is the same as Otuonye et al[8] pdf for squaoé transformation

(c) Inverse square transformation whare —2

1 \? 1\2
1{ yE2-1 1y 2-1
1 1 4 72 o 3 "2 .
| v=2)~ o
|—2| Y € _

yZe
fy) = . = .
wE(1-0(-3))  2ovE(1-0(-3))

This conforms to Ibeh et al [9]
(d) Inverse square root Transformation where —%

1 2
(-2)
_AfyN 2/
1 2 o

(50 .

(-2)

Juy

f()’) = aﬁ(k@(—%))

This conforms to Ajibade et al [10]

3.3 Validation of the Mean and Variance using Published Transfor mations
3.3.1 Square Root Transfor mation

3.3.1.1 Mean for Square Root Transformation

Substituting fom = % in the mean of the™ power transformation, we have
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using the second approximation to the binomialsegiby Otuonye et al [10], the mean
conform to it.

3.3.1.2 Variance of Squareroot Transformation

Given
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3.3.2 Inverse Transfor mation
3.3.2.1 Mean for Inverse Transformation

Substituting fom = —1 in the power expression (1) f&(Y) in the square root
transformation, we have
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This conforms to Nwoset al [9]

3.3.2.2 Variance of Inverse Transfor mation
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Substituting fom = —1 in the above ftransformation foE(Y?) , we have
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Without loss of generality, the subsequent term&(ir?) and E (Y) with the factore 22
will decay fast to zero for values of
Hence,

2
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This conforms to Nwosu et al [9]
3.0 Summary and Conclusion

In this study, the pdf of theth power transformation of the left-truncated erromponent of

the multiplicative time series model(,o®) was established. Also the mean and variance of

the distribution were derived. These results weakdated using some published works on

power transformations.
5.0 References

1. Uche P. I. Probability Theory and Applicationsnigman Nigeria, Lagos, 2003,pp 91

2. lwueze I. S. Some Implications of Truncating theriNal Distribution to the left at zero,
Journal of Applied Sciences,2007, 7(2), 189-195

3. Johnson A. C. and Thomopolous N. T. Charactesisthd Tables of the Partial
Expectation of the left-Truncated Normal Distriloutj Midweek Decision Science Institute,
2004 Annual conference proceedings.

4. Spiegel M. R. and Stephens I. J/ Statisti€sEgition, McGraw Hill Companies, USA, 1999,
p435.

5. Bartlett M. S. The Use of TransformatioBspmetrics 1947,3, 39-52.

6. Box G. E. P. and Cox D. R. An Analysis of Tramsiations. J. Roy. Statist. Soc.,1964, B-
26, 2 11-243, Discussion 244-252.

7. Nwosu, C. R, lwueze I.S and Ohakwe J (2010). rbigion of the Error Term of the
Multiplicative Time Series Model Under Inverse Ts&grmation. Journal of Advances and
Applications in Mathematical Sciences.2010, Voluméssue 2, pp. 119 — 139

17



8. Otuonye E. L, lwueze I. S and Ohakwe J. The Eif¢Square Root Transformation on the
Error Component of the Multiplicative Time Serieodél . International Journal of Statistics
and Systems.2011, Vol. 6, No. 4, pp. 461 - 476NIS®73 — 2675

9. Ibeh G. C, and Nwosu C. R. Study on the Ermmjpgonent of Multiplicative Time Series
Model under Inverse Square Transformation. Ameriaurnal of Mathematics and Statistics

2013,(396): pp 362 — 374

10. Ajibade B. F., Nwosu C. R. and Mbegdu J. |. Thstfibution of the Inverse Square Root
Transformed Error Component of The Multiplicativemg Series Model. Journal of Modern
Applied Statistical Method2015 Vol. 14. Issue 2. pp 171 — 199.

18



