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Abstract: In this paper, we are concerned with a class of second-order nonlinear delay
dynamic equations on time scales. By using the generalized Riccati technique and the integral
averaging technique of Grace-type, four new oscillation criteria are obtained for every solutions
of the equations to be oscillatory.
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1 Introduction

According to the important academic value and application background in Quantum Physics (especially
in Nuclear Physics), engineering mechanics and control theory, oscillation theory of dynamic equations on
time scales has become one of the research hotspots now. The theory of time scales, which has recently

received a lot of attention, was introduced by Hilger [1], in order to unify continuous and discrete analysis.

0t Corresponding author, E-mail: 3314744@163.com.



Several authors have expounded on various aspects of this new theory, see [2-4]. A time scale T is an
arbitrary closed subset of the reals, and when this time scale is equal to the reals or to the integers
the cases represent the classical theories of differential and difference equations. The oscillation theory
of dynamic equations on time scales not only unifies oscillation theories of differential equations and
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difference equations but also extends these classical cases to cases “in between”, e.g., to the so-called

¢-difference equations when T = ¢No = {¢' : t € Ng, ¢ > 1} or T = ¢%Z = ¢% U {0} (which has
important applications in quantum theory). For another example, when T = hN, T = N2 = {t? : t € N}
and T =T, = {t, = >, %, n € Ny} , it can be applied to dynamic equations different from the
differential equations and difference equations.

In recent years, there has been much research activity concerning the oscillation and nonoscillation
of solutions of various equations on time scales, and we refer the reader to Bohner [5], Erbe [6,7], and
[8-16]. In this paper we deal with the oscillatory behavior of all solutions of nonlinear second-order delay
dynamic equation

(a(t)(@®(®))> + ) f(a(r(t) =0, teT, t>t, (L.1)

subject to the hypotheses:

(H;) T is a time scale (i.e., a nonempty closed subset of the real numbers R) which is unbounded above,
and tg € T with ¢y > 0. We define the time scale interval of the form [¢g, 00)r by [to, 00)T = [to,00) N T.

(H2) v > 1 is the ratio of two positive odd integers;

(H3) a, g are positive real-valued right-dense continuous functions on an arbitrary time scale T.

(Hy) 7 € Cl,([to,00)T,T) is a strictly increasing and differentiable function such that 7(¢) < ¢,
7(t) = 00 as t — oo.

(Hs) f € C(R,R) is a continuous function such that satisfies for some positive constant L,

MEL for all x # 0.
xY

By a solution of (1.1), we mean a nontrivial real-valued function z satisfying (1.1) for ¢ € T. We recall
that a solution z of equation (1.1) is said to be oscillatory on [tg, c0)r in case it is neither eventually

positive nor eventually negative; otherwise, the solution is said to be nonoscillatory. Equation (1.1) is said



to be oscillatory in case all of its solutions are oscillatory. Our attention is restricted on those solutions

z of (1.1) which z is not the eventually identically zero. Since a(t) > 0, we shall consider both the cases

[ (aé))i At=oo, 12)
/t:o <a(1t)># At < 0. (1.3)

Tt is easy to see that (1.1) can be transformed into a second-order nonlinear delay dynamic equation

and

(a®)a® () +a() f(x(7(t) =0, teT, t=t, (1.4)
where v = 1. In (1.1), if f(z) = 27, 7(t) = t, then (1.1) is simplified to an equation
(a(t) (> @)D +qt)zY(t) =0, teT, t>tg. (1.5)
In (1.4), if a(t) = 1, then (1.4) is simplified to an equation
z28() + qt) f(x(r(t) =0, teT, t>to. (1.6)
In (1.6), if f(z) = 2, then (1.6) is simplified to an equation
z22(t) + q(t)z(r(t) =0, teT, t>to. (1.7)

In 2005, Agarwal, Bohner and Saker [12] considered the linear delay dynamic equations (1.7), Sahiner
[13] considered the nonlinear delay dynamic equations (1.6), and established some sufficient conditions
for oscillation of (1.7) and (1.6). In 2007, Erbe, Peterson and Saker [14] considered the general nonlinear
delay dynamic equations (1.4), setting to obtain some new oscillation criteria which improve the results
given by Sahiner [13]. In 2005, Saker [15] and in 2009, Grace, Bohner and Agarwal [10] considered the
half-linear dynamic equations (1.5), and established some sufficient conditions for oscillation of (1.5). In
2009, Sun, Han and Zhang [8] extended and improved the results of [12-14] to (1.1), meanwhile obtained
some oscillatory criteria of (1.1). On this basis, we continue to discuss the oscillation of solutions of the
equation (1.1), by using the generalized Riccati transformation and the inequality technique, we obtain

some new oscillation criteria of the equation (1.1), our results extend and improve some known results.



The paper is organized as follows: In Sect. 2 we give several useful formulas. In Sect. 3, we give
several lemmas. In Sect. 4, we intend to use the generalized Riccati transformation and the inequality

technique, to obtain some sufficient conditions for oscillation of all solutions of equation (1.1).

2 Some preliminaries

We will make use of the following product and quotient rules for the derivative of the product fg and

the quotient f/g of two differentiable functions f and g

()™ (1) = FA(a(t) + Fo()g (1) = FE)g™(®) + I (g0 (), (2.1)
A AW — FHg )
<g> 0= ey 22)

For b,c € T and a differentiable function f, the Cauchy integral of f% is defined by

/b CFAAL = £(e) — 1),

The integration by parts formula reads

/bc FEWgt)At = f(e)gle) — f(b)g(b) — /b Fo (g (1At (2:3)

and infinite integrals are defined by

For more details, see [3,4].

3 Several lemmas

Lemma 3.1 (Bohner et al. [3, Theorem 1.93]) Assume that v : T — R is strictly increasing and

T := o(T) is a time scale. Let w : T — R. If v2(¢) and wﬁ(v(t)) exist for t € T*, where

. T\ (p(sup T), sup T], if supT < oo,
T =

T, if supT = oo.



Then

A

(wov)® = (W ov)v™. (3.1)

Lemma 3.2 (Bohner et al. [3, Theorem 1.90]) Assume that x is delta-differentiable and eventually

positive or eventually negative, then

(z()")> = 7/0 [ha(o(1) + (1 = h)z(t)]"~ ' (t)dh. (3.2)

Lemma 3.3 (Sun et al. [8, Lemma 2.1]) Assume (H;)-(Hs) and (1.2). Let « be an eventually position

solution of (1.1). Then there exists ¢; € [tg,o0)r such that

22() >0, (alt)(@®(t))2 <0, te [t, 00 (3.3)

4 Main Results

Theorem 4.1 Assume that the conditions (Hp)-(Hs) and (1.2) hold, if there exists a positive

nondecreasing A— differentiable function ¢ € C!,([to, 00)T, R) such that for every T € [to, 0o)r

lim sup/ [Lo(s)q(s) — 0 (7(5))07 (s)] As = o0, (4.1)

t—o00 T

where

/; (ww) % TA(S)AS) - (12)

Then (1.1) is oscillatory on [tg, 00)T.

Proof Suppose to the contrary that x is a nonoscillatory solutions of (1.1) on [tp,00)r. We may
assume without loss of generality that z(¢) > 0 and z(7(¢)) > 0 for all ¢ € [t1,00)T, t1 € [to,00)T. We
shall consider only this case, since the proof when x is eventually negative is similar. By Lemma 3.3 we
have 2 (t) > 0 for all t € [ta, 00)T, t2 € [t1,00)T, and by Lemma 3.1 and (Hy), there exists T' € [t2, 00)T

such that (z(7(t)))® > 0 for all t € [T, c0)r. Using (3.2) and (3.3), we have
((2(r())")* = 7/0 [A(x(r(£))” + (1 = R)a(r(t)] ™ ((r(¢)))*dh

> 7/0 [A(z(r (1)) + (1 = R)a(r ()] (@(7(1)) > dh



= (a(r(1) " (@(r(t)>.

Let v = 7,w = z in Lemma 3.1, we know that T is unbounded above by (Hj), which implies T+ = T.

Then
(a(r () = 22 (r(1) T2 (1).
Thus
((@(r(0)))2 2 A(a(r(6)~ a® ()2 () > 0. (4.3)
Define the function W (t) by

a(t)(z? R
W(t) = 5(t)m, t € [T, 00)r. (4.4)

Then on [T, 00)T, we have W (t) > 0, by (2.1), (2.2) and (1.1), we obtain

Ay O A YA L a0 (e (o) ETED T () = 8(0) (((£))
WA(0) = o o (@ 07)° + ala0) @ o) ST T SO T
. alo ()@ (@(1)02(1) _ 5alo(®) () (=(r(t))>
N GO ) o) )
. alo (1) (a2 (0(1) 6% (1)
= OO T o))
_ a(r () (= ()55 (1) _ s (TN
< ~zawt) + L EOREO __pys0 + a0 (S5 - @0
Now
Hr(t) =) + [ 0 o) 6) s
T
= T\T t L %G/TS %xATS TAS S
o)+ [ () @) e o) e
t 1 5 A A v\ 7
> ( /| (a@(s») r <s>As) (atr®) (@ @)") "
and thus

G0 N T S A SN )
(Gewr) <avm </T ()~ (S)AS> =Gy fer tetheom (D)

Using (4.7) in (4.6), we have



Integrating (4.8) from T to ¢, we obtain

t

0< Wi(t) < W(T) /T [L8(5)(s) — 7 (r(5))6° ()] Ls,

which gives a contradiction using (4.1). This completes the proof. [J
Now, when (1.3) holds, we give the condition that guarantee that every solution of (1.1) oscillates.
Theorem 4.2 Assume that the conditions (H;)-(Hs) and (1.3) hold. Let § is as in Theorem 4.1 and

conditions (4.1), (4.2) hold, if for every T € [tg,c0)T

/TOO {a(ls) /TS 07(u)q(u)Au] ; As = o0, (4.9)

o(t) = /too <a(15)> As. (4.10)

where

Then (1.1) is oscillatory on [tg, 00)T.

Proof Suppose to the contrary that x is a nonoscillatory solutions of (1.1) on [tp,00)r. We may
assume without loss of generality that z(t) > 0 and x(7(t)) > 0 for all t € [t1,00)T, t1 € [to,00)T. We
shall consider only this case, since the proof when z is eventually negative is similar. Since a(t)(z*(t))Y
is decreasing for all t € [T, 00)t, T € [t1,00)T, it is eventually of one sign and hence 2 (t) is eventually
of one sign. Thus, we shall distinguish the following two cases:

(1) z2(t) >0 for t > T; and

(IT) x2(t) <0 for t > T.

Case (I). The proof when 2 (t) is an eventually positive is similar to that of the proof of Theorem
4.1 and it hence is omitted.

Case (II). For s >t > T, we have

and hence

a2z (49 (et (411)



Integrating (4.11) from ¢t > T to u > t and letting u — oo yields

x(t) > [ / N <(1)) As] (a(t)7 (—z () = —0(t)a™ ()2 (1) for t € [T,00)r,
and thus

(@(1)) = —(0())a®) (@™ ()" > —(0(£) a(T)(@>(T))" = b(0(t)? for te[T,00)r, (412
with b = —a(T)(z*(T))” > 0. Using (4.12) in equation (1.1), we find

—(a(t)(@®(1))")* = La(t)(x(r(1)))" = Lq(t)(x(t))” 2 bLO™ (t)q(t) for t € [T, o00)r, (4.13)

Integrating (4.13) from T to ¢, we have

—a(t) (@A (1)) > —a(T)(z2 7+bL/ 0 (s As>bL/ 07 ()q(s) A,
so that
—z2 b—L t 7(s)q(s)A\s !
R RACICIN (4.14)

Integrating (4.14) from T to ¢, we obtain
bL ¥
oo > x(T) > —x(t) + 2(T) /{ /97 Au} As =00 as t— 00

by (4.9), a contradiction. This completes the proof. O
Remark 4.1 Suppose that the condition (1.3) is satisfied, then Theorem 4.2 obtains the sufficient
condition of oscillation for equation (1.1). The usual result is that the conditions (1.3) was established,
then every solution of the equation (1.1) is either oscillatory or converges to zero on [tg, 00)T.
Theorem 4.3 Assume that the conditions (H;)-(Hs) and (1.2) hold, if there exists a positive A—

differentiable function & € C.;([to, c0)r, R) such that for every T' € [ty, o0)r

K a((s)))7 (62(s))?
limsup/ qu(s)&(s)—( (7)) (07(s)) (n°(s))77 1| As = oo, (4.15)

t—oco JT 475(3)7A(3)
where 7 is as in (4.2). Then (1.1) is oscillatory on [tg, c0)T.
Proof Suppose to the contrary that x is a nonoscillatory solutions of (1.1) on [tp,00)r. We may

assume without loss of generality that z(t) > 0 and x(7(t)) > 0 for all ¢ € [t1,00)T, t1 € [to,00)T. We



shall consider only this case, since the proof when z is eventually negative is similar. Proceeding as in

the proof of Theorem 4.1, we obtain (4.3) and (4.5). Using (4.3) in (4.5), we have on [T, c0)r that

a 55(1) | 28(Balo (D) (0(1) 1 (1) (1)
By (a(t)(z®(t))")> < 0, we have
a7 () > (D) > a0 ()@@ i.e. 22 > LTONT a0y (4.17)
(a(r(1)))’
Substituting (4.17) in (4.16), we obtain
WA (1) < —La®d(t) + = w (o (1)) VOO )= o [T,00)
- 3(o()) (alr ()7 (5(a ()™
i.e., on [T, 00)T
WA M) < —La®(t) + =D wio®) - — OO ooy T W)t (@18)
- o(o()) (a(r(t)7 (5(a(t)))
Now inequality (4.7), i.e.
w(r(t) _a(r(®) [ =) e
) S arw) S w0 )

implies on [T, 00)r that

- X 71 1y a 7
(W) = 6a) T (205) = 60T

Using (4.19) in (4.18), we have on [T, co)r that

_ (a(r(t))7 (52 ()
= —La(®3(0) + =L gy (e (1)
I R O OICTCI ) N VA Gl GOV AL O
5(a(t)\/ (alr(t)* 28674 () (n(o (1)1 =




Integrating both sides of this inequality from T to t, taking the lim sup of the resulting inequality as t — oo
and applying condition (4.15), we obtain a contradiction to the fact that W (¢) > 0 for ¢ € [T, c0)r. This
completes the proof. [

Using the same ideas as in the proof of Theorem 4.2, when (1.3) holds, we can now obtain following
result.

Theorem 4.4 Assume that the conditions (Hy)-(Hs), (1.3), (4.9) and (4.15) hold, let n and 6 be as
in (4.2) and (4.10). Then (1.1) is oscillatory on [tg, c0)r. [J

Remark 4.2 Our results in this paper improve and extend some theorems in [15] and [10]. Especially,
when f(x) =z7, 7(t) = t, the Theorems 4.1-4.4 can convert into Theorems 3.2, 3.1, 3.6 and 3.5 in [10].

Here, we shall reformulate the above conditions which are sufficient for the oscillation of (1.1) when
(1.2) holds on different time scales:

If T =R, then (1.1) becomes

(a()(@' (1)) + ) f(2(7(8)) =0, t € [to, o0), (4.20)

condition (4.1) and (4.15), respectively, becomes

1

liirisogp /tlt Lé(s)q(s) — ' (s) (/T(T:) (a(lu)> ! du) - ds = o0, (4.21)

. t _(a(T(s)))%((gl(s))z 7(s) L 5 1—y B
hﬁsc}.fp/tl Lq(s)(s) A3 (s)7'(s) (/T(tl) (a(u)> du) ds = oo, (4.22)

conditions (4.21) and (4.22) are new. The Theorems 4.1 and 4.3 are new even for the cases T = R.

and

If T =Z, then (1.1) becomes
Aan(Dzy)?) + gnf(@p—o) =0, n=0,1,2,---, (4.23)

condition (4.1) and (4.15), respectively, becomes

n l—o—1 1\ 77
limsupz qu51A61< Z (alk) ) = 00, (4.24)

n—o0o
l=ng k=ng—0o

and

n % 9 l—0o % 1=y
limsupz qualW( Z <6l11c> ) = 00, (4.25)

n—oo
l=ng k=ng—o

10



conditions (4.24) and (4.25) are new. The Theorem 4.1 and 4.3 are new even for the cases T = Z.

Example Considered the second-order nonlinear delay 2-difference equations
5
RS A S ANE 2 (1 5Z
(ta(;p ) ) +7% (o5 1+a?(5)) =0, te?, t2t=2. (4.26)
Here
2 _s 5 5 t 5
a(t) =3, q(t)=t7%, fl@) =23 (1+27), 7()=3, 7=3
The conditions (H;)-(Hy) are clearly satisfied, (Hs) holds with L = 1, next, for ¢ > 2 so that
t : t 3 3
1\~ ts —2
/() As:/s*%As: 53 ° o0 as t — oo,
2 \a(s) 2 25 —1
hence (1.2) is satisfied. Now let 8(t) = ¢35 for all ¢ > s > 2,
~1
O NT 4 ( P A T
T(t)) = —— | 77(s)As = / 35As> =25 ,
i) </ (sem) @ 2 . Y
t — 00,

5

28 1

/2 [Lé(s)q(s) — 777(7'(5))(5&(8)] As = /2 % -2 (M

5
3 5 A
<s ) As — o0 as
so that (4.1) is satisfied as well. Altogether, by Theorem 4.1, the equation (4.26) is oscillatory.

then
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