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Abstract

This paper analyses the dynamics of a fishery systemm iaqaatic environment that consists of two
zones: water hyacinth zone and free zone. Fish hargestailowed in both the zones and fish migratjon
is allowed from water hyacinth zone to free zone andbagk. This paper presents dynamics of {the
stability when discrete time delay is incorporatethim fish death rate due to oxygen depletion and water
pollution caused by water hyacinth. It is shown that time tilelay can cause a switch from stable state to
unstable state and there by Hopf-bifurcation occurs. Nuniaiivallations are carried out to validate the
analytical findings.
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1 Introduction

Water hyacinth Eichhorniacrassipes) is one of the aquatic plants in the nature though it isen&ti Brazil,
globally wide spread and creates a nuisance in the agm@tironment. Once these plants are introduced
into the natural environment they rapidly increase in caesteecause of the highest growth rate in saltwater
or fresh water. It doubles in number in a times range dmtw6-18 days, for these reasons hyacinth has
earned nicknames such as “the weed from hell” and “the ibdaigvil” ([1]).

Fish provides a good source of high-quality protein, and @ edsitains many vitamins and minerals. For
this reason, it is consumed as a food by many specieslinglhuman through out the world. So the study
of existence for Fish population is very much essemtialir society. Quantitative models of fish population
include simple models that consider only the biomass of thelgitgn processes, such as growth and
recruitment. These are often adjusted to incorporate ritpadt of external effects, such as predation,
competition for food supply and other environmental factors.

The water hyacinth effect greatly influence the fishustdy, its pollution appears in different levels ranging
from low to moderate and high. The hyacinth mats impagtsfigantly on fishing activities due to increase
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in time to access the fishing ground. The mats also hadngeiral effects by blocking light, severely
reducing oxygen levels and allowing poisonous gases sublidrogen sulfide and ammonia. This result in
loss of aquatic biodiversity ([2]).Already many resgeers ([3]),([4]).(5]).(6]).(71),(8]).([9D).([10Q),
([21D), ([12]),([13]) links water hyacinth pollution to fighroduction. In this they were discussed the effect of
water hyacinth in fish growth.

To protect the fishery population, having much threat froatew hyacinth, adopting two equal zonal
systems (in terms of area and volume of water) is bieféa. A zone having no influence of water hyacinth,
called hyacinth free zone, is formed and fishing is takingepia both zones. It should be noted that we are
considering the same fish species in both zones. In this ppegest it is assumed that the density of fish is
directly proportional to the abundance of fish at timea(i)l the catch ability coefficient decreases as the
abundance level of water hyacinth increases. Furthesstagsumed that water hyacinth abundance leads to
biological effects such as fish death and fish migratibhe oxygen depletion and the environmental
pollution([14]),([15]),([16]),([171),([18]),([19]),([20]),([A]),([22]),([23]) cause by the growth of water
hyacinth will not have immediate impact on the death ofifiepopulation, but it will have some time lag.
The effect of this time lag on the dynamics of thistegn is presented in this population.

2 Mathematical M odel

To formulate a mathematical representation of wagarcinth model the following notations are being used.
Let W(t) and F(t) represents the biomass densitiesbfdopulation in water hyacinth zone and free zone of
water hyacinth respectively at any time‘p denote the rate at which water hyacinth reduces fisthcd/
denote fish migration rate from water hyacinth zonede frone of water hyacinth; r and s denotes fish death
rates due to oxygen depletion and water pollution due to vgtsinth; ¢ and e denote the catchability
coefficient and harvesting efforts in both the zongsand [ denote the intrinsic growth rates of fish
population in both the zones respectively; m and n denote carmgpegity of fish population in both the
zones. Further both the variables W and F are non-negatid the parameters are assumed to be non-
negative.

The mathematical formulation of water hyacinth modekjwesented by the following system of first order
non linear ordinary differential equation:

dw W

e [ ‘ﬂ—(l—p)cew—(w”s)w

dF F (&)
—=fF (1——J+¢/W—ceF

dt n

Now incorporating time delayr() in fish death rate due to oxygen depletion and water pmilatused by
water hyacinth , the equation (2.1) becomes

% :a\N(l—%j—(l—p)ce\N—t//\N—rW(t—r)—s\N(t—r)

(2.2)
d_F:IBF [1_Ej+z//W—ceF
dt n

3 Equilibrium Analysis

The equilibrium points of the system (2.1) and (2.2) aresthations of the steady state equations.



a\N(l—%j—(l—p)ce\N—(z//+r+s)W: 0

BF (1—%j+¢/\/\/—ce|: =0

The possible equilibrium points are

E (O, 0) (In the absence of both the zones)
E, (y, 0) (In the presence of water hyacinth zone)
E, (0,5) (In the presence of free zone of water hyacinth)

E, (y* 0 ) (In the presence of both the zones i.e., the interioribguiin)

Case (i): The population is extinct and this trivial steady stdbeays exists.

Case (ii): if ) is positive solution OfE =0 then

m
y=—| pce+(a—-ce—-¢—-r—s
2 o+ )]
This positive steady state exists only when
pce+a >ce+y +r+s (3.1)
Lo " - dF
Case (iii): if O'is the positive solution ofa =0 then
n
d=—[p-cq
B

This positive steady state exists only when

B>ce (32)
Case (iv): if (y ) ) are the positive solutions % =0 andC;—T =0 then

y*:rg[pce+a—ce—t//—r—s]
0 +GJ5 +H =0 (3.3)

Where G _—%[,8— ce
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o _m
Qa,

[a+pce—(ce+y +r+s)]

From the biological point of view we only interested onittterior equilibriumE, (y* , ) ) .

LetW =y—) ,F =0-0 be the perturbed variables.

After removing the non-linear terms we obtain the lineadsystem corresponding to (2.2) is

d—y:{a—ﬂ—(l—p)ce—w—(r +s)e‘“}y

at m
5 (3.4)
49 =yy+ ,8——2’8 —-ce|o
dt n

The characteristic equation of the linear systemvsrgby

A(A,1)=A?+PA+Q+e" (RA+T)=0 (3.5)
Where P = -A-D;

Q= AD;
R=r+s; T=-D(r+s)
2ay
And A= g -—"—~-(1-p)ce-y
m
B=y
D=4 255 ce
n

Now we discuss the stability of the interior equilibrium painthe presence and absence of delay.
4 Stability Analysis
4.1 Stability analysisin the absence of delay
The characteristic equation of the model (2.2) is

A2+ XA+Y =0 (4.1)

Where X=P + R
Y=Q+T

Here X>0andY >0



So the Eigen values of the characteristic equationitirer @eal and negative or complex conjugate with
negative real parts.

Hence the system (2.1) is locally asymptoticallypkta

Theorem 1: The system (2.1) is locally asymptotically stabIeEgt(y* , o ) if the equation (4.1) has both

the roots with negative real parts.

4.1.1 Numerical analysis of the model in the absence of delay

Re arrangement of equation (2.1), a technique applied by ¢j8&s

d—Wz—W[EW HY T +s+ce—(a+pce)j
dt m

CI—F=—F(£F +ce—,8j+¢/w

dt n

In this mathematical model, the parametarss3, o,¢,r ,S,C,m N are assumed to be positive constants
and0<c<landO< p<1.

Fish catch in water hyacinth zoneceW — pceW
= (1-p)cew.

When p =1, then no fish catch in water hyacinth zone.

dw
If ¢ +r+s+ce- (a + pce) >0 thenE <0 then the system is collapsed. Hence the condition that

dF
Y+r+s+ ce—(a +pce) <0 is imposed. Similarlyce— 5 > Othena <0

Therefore, for the existence of the systeer £ < Qis imposed
Hence we requirg/ +r + s+ce< a + pce andce< 3.
Hence throughout our analysis in this work we assume that
a + pce—(y +r +s+ce) >0and S-ce>0.
This is explain it (3.1) and (3.2).
Example 1. Consider the following parameters for the model (2.1)

m=600;n= 300e= 10c= 0.00&4= 1K= 0p= 0.32= 0.1% 045,0.36;
W(0) =30;F (0 = 4C

Equilibrium points for the system (2.1) - (2.2) are (189.125, ¥33.8
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Fig. 1.Stable variation of the fish population for 7 =0

Fig.1. Shows the time series evolution of fish population in the 2enes showing stable oscillation of the
population towardsE, (yk 0 )

4.2 Stability analysisin the presence of delay

Let A (T) = 19(T) + iI7(T) be a root of the characteristic equation (3.5).

Let T be a particular value of the delay such trﬁ(r) = 0,17(2') >0
SubstitutingA = i77 in (3.5) we get,

(—/72 +i/7P+Q)+(Ri/7 +T)e™ =0
:>(—/72+i/7P+Q)+(Ri/7 +T)(cosyr —i simr) = 0

Separating the real and imaginary parts we get,
n*-Q=Tcosyr+Ry simr 4.2)
Pn=-Rpcospr +T simr ®.3
Squaring and adding (4.2)-(4.3), we get
7t +n*(P*- 2Q- R H(Q*-T?)= 0
The above equation can be written in the form of

n*+Kn?+L=0 (4.4)



Where K=P? -=2Q-R?: L1=Q*-T?
Casel: If K= P? - 20- R?>0 then the equation (4.4) does not have any real solutions.

Theorem 2: If K>0, L>0 then the equilibrium poinE4(yk,5 ) is locally asymptotically stable for all
r=0.

Proof: Forr =0, E, (y*,J ) is locally asymptotically stable from theorem 1.

Whenr >0, by case 1 the equation (4.4) does not have any reailbsolut
i.e., there exist no redj as a solution for the equation (4.4).

Hence no reall =i7 (7 is real) will be a solution to the equation (3.5).

It is obvious that the equilibrium poirft, (y* , o ) is locally asymptotically stable for all= 0.

Case 2: If K> 0, L <0 then the equation (4.4) have a unique positive i‘oist/]é and let the corresponding
T ber,.
Case 3: if K< 0, L >0andK?—4L > 0 then the equation (4.4) have two positive roots. Let themjbe

and the correspondingis7*.

Eliminating sin&r from (4.2)-(4.3)

_n*(T-PR)-QT
cospr = T2 +/72R2
2(T-PR)-QT
rz=1arcco{,7 ( 5 2) ZQ }2”2 (4.5)
n T°+n°R n

Wherez=0, 1, 2..., etc.

5 Hopf-bifurcation Analysis

In this section, investigate the effect of the time delaypifurcations of the system.
Now differentiating equation (3.5) with respecttq

[2/1+P+Re‘“—r(RA+T)e‘“]M:
dr
[Qrz 24P R 1
dr]  -A(A*+pA+Q) A(RI+T) A

AT [dAT? 2(7*-Q)+P? R?
o] [ e
dr dr n +(P —2Q);7 +Q* T +n°R

A€ (RA+T)

(5.1)



_|27°+P*-2Q-R?
_{ TR (5.2)
Thus S n{i(Re)l)} =sign R{ﬂj_l
J dr A=in J dr
27" +(P"-2Q-R’)
= sign (5.3)

T2 +,72R2
Thus /7 may be/), or/j, .
The above said positive roots , either from case 2 or éase 3, satisfy all the equations from (4.2)-(4.5).

Theorem 3: The system (2.2) is locally asymptotically stabld:_qt(f o) ) if

K>0and L < 0 for allT <T,and is unstable for alf > 7, and hopf-bifurcation occurs &t=17,.

Proof: From equation (5.3) we have

-1
sign[i(ReA)} =sign R{Mj
dr A=in i dr i

_2172+(P2—2Q—R2)
T2+I72R2

=sdsgn

It is clear that

. [d . dAY™
sign| —(ReA =sgn| Re — > ( 5.4
) [dl’( )lzmo ? l: {drj } e

1=11o.T=To

This signifies that there exists Eigen value with negatat part for < 7,and there exist Eigen value with

positive real part for > 7,.More over the condition of hopf-bifurcation is then satisfiedding the
required periodic solution.

Theorem 4: The system (2.2) is locally asymptotically stable at

E,(v.0 ) whenr O[z;,7,)U(75, 75 )U..U(r 77 ) if K < 0, L >0 andK? —4L > Oand it is
unstable wheﬁD[rg,rg)U(TI,T;)U ...U(Tf_l,ri__ 1) , for some positive integer i. Therefore there are

bifurcations at the equilibrium poirt, (y 0 ) whent =75 ,2=0,1,2,...

Proof: From equation (5.3) we have



K?-4L

n2{T?+R7}

SIgn[(;j (Re/\)L:w =sign +[(_,7++Q)

ﬁ,—‘

Therefore, {i( ReA )} > 0.
dr

n=n.r=1,

K?-4L
(—qf +Q)2 + Pzn_z}{T2+ R2/7_2}

Again, sgn[ d (Re/l)} =sign| -
d A=in. {

There foreL;i (Re/l)} <0.

n=n-.1=1,

Hence the transversality conditions are satisfied.
This completes the proof.

5.2 Numerical analysis of the model in the presence of delay:

Example 2: Consider the following parameters for the model (2.2)

m=600;n=300e= 10¢c= 0.004r= 1.B= 0p= 0.32= 0.1 0450.36;
W(0) =180;F(0)= 330;
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Fig.2.Stable variation of the population for 7 =1.53

Fig 2.shows the time series evolution of fish population intwee zones showing stable oscillation of the

population towardsE, (y* o) )del ay =1.53k 1.549)
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Fig.3.Unstable variation of the fish population for 7 =1.549

Fig 3. Shows the time series evolution of fish populatiaihéntwo zones showing unstable oscillation of the
population towardsE, (y 0 )del ay =1.549¢, )

Example 3: Consider the following parameters for the model (2.2)

m=600,n=300e= 10c= 0.004= 1.EB= 0p/= 0.38= 0.20;
r=0.465= 0.37;W 0= 180¢( p= 330.
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Fig.4. Stable variation of thefish population for T =1.48

Fig 4.Shows the time series evolution of fish population intti@e zones showing stable oscillation of the
population towardsE4(y*,5 )del ay =1.48k 1.495)
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Fig.5.Unstable variation of the fish population for 7 =1.495

Fig5. Shows the time series evolution of fish populatiothétwo zones showing unstable oscillation of the
population towardE4(y*,cY) delay =1.495¢, )

From our analysis it is observed that slight increments inntbeel parameters associated with water
hyacinth the value of ; decreases (see example 2 and example 3).

6 Conclusions

In this paper we investigated the effect of water mtacon the equilibrium of fish biomass densities. The
equilibrium of the model was analyzed.

1. The study has proved that water hyacinth have severe iropdish stock.
2. Slight increments on the model parameters associated witr Wwgacinth completely changed the
equilibrium of the model.

3. Fish population in the water hyacinth zone was decreasing iedghilibrium.
4. It is observed that the delay of certain dimensions can inchstability oscillations via hopf
bifurcation with switching of stability.

5. Water hyacinth may lead to fish extinction; therefeféorts should be done to eradicate it with
whatever means which are environment friendly.

Acknowledgements

This research is supported by University Grants CommisBidig [Grant No. 42 —18/2013(SR)].
Competing Interests

Authors have declared that no competing interests exist.

References

[1] Gopal B, Aquatic Plant Studies, Elsevier Publisher, ArdsierOxford, 1987.

11



(2]
(3]

(4]

(3]

(6]

(7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

Murray JD, Mathematical Biology, 3rd edition, 1993.

Dubey B, Chandra P, Sinha P, A model for fishery resouitte reserve area, Nonlinear Analysis:
Real World Applications 2003; 4: 625-637.

Kateregga E, Sterner T, Indicators for an invasivecigge Water hyacinth in Lake Victoria,
Ecological Indicators 2007; 7: 362-370.

Katerega E, sterner T, Lake Victoria Fish Stock and Effe€tsvater hyacinths, The Journal of
Environment and Development 2009; 18: 62-78.

LVEMP (Lake Victoria Environmental Management Programriuganda. Annual Report, Entebbe,
Uganda: Ministry of Water, Lands and Environment, 1997.

Masifwa WF, Twongo T, Denny P, The impact of waterdiyth, Eichhorniacrassipes (Mats) Solms
on the abundance and diversity of aquatic macro invertebrateg tie shores of northern Lake
Victoria, Uganda, Hydrobiologia 2001; 451 : 79-88.

Albright TP, Moorhouse TG, McNabb TJ., The Rise and &&lWater hyacinth in Lake Victoria and
the Kagera River Basin, 1989-2001, Journal of AquatictpN&magement 2004;42: 72-84.

Mpele JP, Nkansah-Gyekye Y, Makinde OD, A dynamic modelafdhree species open-access
fishery with taxation as a control instrument of harvestaifprts, The case of Lake Victoria,
Communications in Mathematical Biology and Neuroscience 2014;

Muli RJ, Environmental problems in Lake Victoria (East Af)i. What the international community
can do, Lakes and Reserviors: Research Management 199652: 47

Ochumba PBO, Observation on blue-green algae blooms in thengters of Lake Victoria, Kenya,
African Journal of Ecology 1989; 27: 23-34.

Twongo. T, Balirwa J, The water hyacinth Problem and theoBichl Control Option in the Highland
Region of the Upper Nile Basin: Uganda’s experienceg blinference, Arusha-Tanzania, 1995.

Wawire NWO, The impact of Water Hyacinth (Eichhornéssipes) on Productivity, Profitability and
Species Composition of the Lake Victoria fishery, KenpaD thesis, Moi University, Eldoret-
Kenya, 2003.

Gupta J, Studies on Allelopathic potential of some Tetaésaind Aquatic Weeds. University of
Rajasthan,Jaipur 1998 :1-128.

Saxena MK, varma P, Allelopathic potential of leaves ofllusa Extract of Lantana
camara.International journal of recent scientific rede2013 :1628-1630.

Gunnarsson CC, Petersen CM, Water hyacinth as a resouaggi¢ulture and energy production: A
Literature review, waste Manage, 2006:117-129.

Latha. N and Veenapani D, Response of water hyacinth mamugFowth attributes and yield in
brassica juncea,journal of central European agricukQfe :336-343.

Penfound WT, Earle TT, Biology of water hyacinth, Ecol.ogm1948:449.

Widjajanto DW, Honmura T Miyauchi N, Nitrogen releasenii green manure of water hyacinth in
rice cropping systems, journal of biological science 20@D-743.

Majid FZ, Aquatic weeds and Algae, the neglected naturaliress of Bangladesh 1983.

12



[21] Ogwang JA, Molo R, Threat of water hyacinth resurgencer &t successful biological control
program, Bio control science and technology 2004:1347-1360.

[22] Saxena MK, Allelopathicprotential of terrestrial plant agaithe growth of aquatic plants 1992:147-
148.

[23] Room PM, Fernando IVS, Weed invasion countered by biologioakrol salvia molesta and
eichhorniacrassipes in srilanka, aquatic. Botany 1992499-1

13



