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Abstract

Aims/ objectives: In this work, we deal an elasticity model in 2D and 3D dimension for
deformation under constraint by taking into account the deformation displacement orientation.
This mathematical model can be used, for example, to describe the heart deformation taking
into account the orientation of the fibers for estimating global and regional parameters of the left
ventricular function.

Place and Duration of Study: Department of Mathematics and Computer Science, Faculty of
Sciences An Chok, University Hassanll-Casablanca and C. Jordan UMR CNRS 5208 Institut-INSA
Lyon, from June 2012 to July 2015.

Methodology: In first, we start by studying a model of Poisson problem under constraint on a domain
Q C R™ (n=2 or 3), considering a constraint on a part K of this domain. Secondly, we consider
the proposed 2D and 3D elasticity model of deformation under constraint by taking into account
the displacement orientation in the deformation. We treat only the case where the orientation of
displacement is a given constant vector. The eigenvalues case is being finalized.

A major difficulty for those problems is to find a demonstration of existence and uniqueness of
solution, which are given in both 2D and 3D dimension. A numerical approach of the solution using
finite element method and its convergence is studied. Numerical simulations are performed with
Free Fem software. Simulations results and comments are given in the end.

Results: Existence and uniqueness results are established in Sobolev spaces for the proposed
models. Convergence of the FEM approached solution is given and numerical simulations are
performed with success.

Conclusion: This work has been devoted to study a problem of elasticity under constraint in order
to take account the orientation of structure displacement. Both analytical and numerical study of
the proposed problem are realized. The numerical simulations give good results.

Keywords: elasticity; orientation; deformation; simulation; existence; uniqueness; convergence.

1 Introduction

The heart is a vital organ whose eventual malfunctions can have fatal consequences, especially
cardiovascular disease and ischemic diseases are among the most deadly in industrialized countries.
Detection and prevention of such diseases is therefore a major challenge for modern medicine J.
Perk, P. Mathes, H. Gohlke, C. Monpre, I. Hellemans, H. McGee, P. Sellier, H. Saner 2007 .
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2 A Poisson problem under constraint of strain

A. Ern, J. L. Guermond 2004
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In the sequel, © is an open bounded domain of R™ (n=2 or 3), whose boundary is denoted by T'.

2.1 The mathematical model

We denote by u the vector describing the displacement of a material point x in €,
, wherein the constraint is verified.
The simplified model taking into account the constraint of gradient leads to the following equations:

u=0 on 09, 2.1)

—Au=f inQ,
Vuw =20 on Q.

where w is a given displacement vector direction such that w = : ,and (a1, .....,an) € R".

an

2.2 Weak mixed formulation

Let V = (L*(Q))"*™ and W = {v € (H3(Q))"/Vu.w =0 on Q}. Then W equipped with the inner
product (., '>(Hé(ﬂ))" is a non empty closed vector subspace in (Hg(Q2))". We set o = —Vu, and we
consider the following problem:

Find (o,u) € V x W verifying:
c+Vu=0 in €,

dive = f in Q, (2-2)
u=0 on o0f2.
Remark 2.1. The problem (2.1) is equivalent to (2.2).
Let 7 € V and v € W two test functions, then
/UXde—l—/VuXde:O VeV,
Q Q (2.3)
/diva.vdw = / fvdz Yv e W.
Q Q
with x is the matrix product in M, »n(R).
Using Green formula in the second equation and adding to the first one, we obtain
/G'XTdZC+/VuXle’+/O'XV’Ud.’L':*/f.'l)dl‘ VreVand veW. (2.4)
Q Q Q Q

For (o,7,v) € V x V x W, we put
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a(o,7) = / o X Tdx 2/ Z 0 TjidT
Q Q,

i,j=1
and

b(J,v):/UXVvdx:/ Z Jij%dl‘
Q Q [

i,j=1

Proposition 2.1. a(.,.) is a bilinear, symmetric and continuous formonV x V, and b(.,.) is a bilinear
and continuous form on' V- x W. Moreover a(.,.) is coercive.

Proof. We know that a(.,.) is a bilinear and symetric form. On the other hand we have,

a(o,7) = / o X Tdx :/ Z 04 Tijdx
Q Q

i,j=1

1
n 2
E / |Tij|2d3,’)

Q

4,j=1

thanks to Hlder and Minkowski inequalities, we obtain:

la(o,7)| < ( /Q%.zdx> x (

%=

then
la(o, T)| < lo||v |||V

so0 a(.,.)is a bilinear, symmetric and continuous form. Since
a(o,0) = / o x odz = ||o||}.
Q

We demonstrate that a(.,.) is a bilinear, symmetric, continuous and coercive formon V x V.
Using the same steps for the demonstration of continuity of the bilinear form a(.,.), we have:

b(o, )| < [lo]lv]IVollv < loflv[v]lw

so b(.,.) is a bilinear and continuous formon V' x W. O

In order to put the problem (2.2) in the context of a mixed formulation, we consider the following
system

find o € V verifying :
{ a(o,7)=0 VYreV. (2:5)
and satisfying the additional constraints
b(r,v) = / fodx forall veW. (2.6)
Q

since V and W are Hilbert spaces and thanks to the proposition (2.1) ,this problem is equivalent to
find o € V such that:

J(o) = min{J(T)/T €V and b(r,v) = 7/9 foudz, Vo € W} .

where .
J(T) = 50,(7'77');VT ev.
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Then the problem (2.5) under constraints (2.6) has been transformed into a minimization problem
under constraints.
We introduce now the following Lagrangian:

L(t,v) = J(7) + b(r,v) — G(v)

with
G(v):—/f.vdm.
Q
Notice that
OL (o,u), 7Y = alo,m) + b(ryu) =0
e o,u), T V—aU,T T, U) =
and

<%€(g, u),v>W — b(o,v) — G(v) = 0.

(.,-), and (., .), are respectively the inner product in V- and W. So a weak mixed formulation of the
problem (2.2) is given by the following system [A. Ern, J. L. Guermond (2004)]:

find(o,u) € V x Wverifying :
a(o,7) +b(r,u) =0 V7T eV, (2.7)
b(t,v) = G(v) Yv e W.

2.3 Existence and uniqueness theorem

We give in this paragraph, a result of existence and uniqueness based on Brezzi’s theorem [A. Ern,
J. L. Guermond (2004)][G. Allaire (2005)] for the solution of the Poisson model under a constraint of
deformation.

Theorem 2.1. If the bilinear form a(.,.) is symmetric, continuous and coercive on V x V, and the
bilinear form b(.,.) is continuous on 'V x W, then if there exist a real v > 0 satisfying the following
condition”in fsup” :
sup ( inf _b(rv)
rev veW [[vlly 7]y
the problem (2.7) admits unique solution.

) >

Proof. Thanks to proposition (2.1), we know that the bilinear form a(.,.) is symmetric and continuous
on V x V, and the bilinear form b(.,.) is continuous on V' x W. Moreover a(.,.) is coercive. On the
other hand, let choosing = = Vv for a given v € W, then

7 X Voudzx / Vv x Vudz
brv) / _Ja el
ol I7lly vl 17l lollw 171l [vllw Vol
So )
sup( inf (r,v) )>1

rev veW [[olly lI7lly,

and we deduce that the problem (2.7) is well posed, consequently the Poisson problem under
constraint of strain (2.1) admits a unique solution.

O

3 An elasticity model with stress fiber orientation

In this section, we focus on the case where the displacement u is described by a model of elasticity
in both cases 2D and 3D dimension, taking into account the orientation of the fibers in the heart
deformation. Let n € {2,3} and Q2 an open bounded domain in R™.
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3.1 The mathematical model

We recall that the strain tensor and the stress tensor are defined as follows:

sll(u) Elz(u)
621(u) EQQ(U)

en1(u) 5n2.(u)

where g;;(u) = % (3%‘ " 6uj>

all(u) 012(u)
021(u) 0'22(’&)

on1(u)  ona2(u)

Eln (u)
E2n (u)

(1)

Uln(u)
oon(u)

Onn (W)

Given § € R and w € €, the proposed mathematical model is defined as follows:

—divo(u) = f inQ,
e(ww=0w inK CQ,

u=20 inT.

K is the part of 2, wherein the constraint is verified and w is a given vector orienting the displacement

ai

such that w = and (ai, .....,an) € R™.

Gn

Before studying this model, we introduce some properties of matrix.
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Definition 3.1. Let T a matrix n? x n? and A a matrix n x n, such that

1111 T1112 - T111n 1121 T1122 oo 1120 coveveeeeieene, t11n1 t11n2 ... t1inn
t1211 t1212 ... t121n t1221 1222 .. £1220 coveriiniiinenne, t12n1 t12n2 ... t12nn
tinil t1n12 - tinin t1n21 T1n22 o T1n2n coveveveieininene. tinnl tinn2 - tinnn

ti111 ti112 ... titin ti21 tiio2 . tiin1 titn2 ... tilnn

ti211 ti212 ... ti2in tio21 lizoz ...

tion1 tizn2 ... tiznn

T (3.2)
tini1l tin12 . tinin Tin21 Tin22 oo Tin2n coevevrninenenenans tinnl tinn2 - tinnn
tn111 thi12 - tniin thi21l 122 «ov Tni2m covveiiiiiininns tnint thin2 ... thinn
tn211 tn212 .. th2in th221 Tn222 ... tn22n ceeveineniiienne. tnonl th2n2 ... tn2nn
tn'nll nnl2 -.. tnnl'n tanl tnn22 tann ~~~~~~~~~~~~~~~~~~~~ tnnnl tnan t... tnnnn

One can also write T = (tjk1) 1<i<n
1<5<n
1<k<n
1<i<n

Then, we define the following matrix product 7': A = > tijrax.

ijkl=1

Remark 3.1. 1. Idg,24,2 : B= Bforall Bin M, (R).

2. (A+T):B=A:B+T:BforalAand Tin M,2,,2(R), and B in M,x»(R).
3. A: (T:B)=(AxT):Bforall Aand T'in M,;2,,,2(R), and B in M,,x»(R).
To more simplify the model 3.1, we consider the following system:

—divo(u) = f inQ,
e(u) = ldzn In K C Q, (3.3)
u=0 inT.

Remark 3.2. If u is a solution of (3.3), then « is solution of (3.1).

Since the heart is an orthotropic medium[O. Bernus, Arun V. Holdena, Alexander V. Panfilov
(2009)][M. P. Nash, P. J. Hunter (2000)], the stress tensor can be written as follows:

o(u) =C :e(u).

C is the elastic stiffness. C is a n? rank tensor which can be writen as (3.2).
Knowing that o (u) = C : e(u), and that D is the C inverse matrix, witch named the elastic complaisance
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[G. I. N. Rozvany, T.Lewinski (2014)][N. Desbiens, E. Bourasseau,J. B. Maillet, C. Denoual (2009)],
then the problem (3.3) is equivalent to the following system:

—divo(u) = f inQ,
o(u) = C:0ldsn in K C Q, (3.4)
u=0 inT.

Thanks to remark (3.1), the problem (3.4) is equivalent to the following problem:

—divo(u) = f inQ,
o(u) +e(u) = (C+ Idgnxn) : 0Idgn in K C Q, (3.5)
u=0 inT.

We introduce the spaces
V _ LQ(Q)an

and
W ={ve (H;(Q)"/30 € R" suchas o(v)+e(v) = (C+ Idgnxn) : 0Idgn onK}

W equipped with the inner product (., .>(H%(Q))n is a non empty closed vector subspace in (Hg(Q))™,
consequently V" and W are Hilbert spaces. We consider the following problem

find (o,u) € V x W verifying :

o(u) +e(u) = (C+ Idgnxn) : 0Idgn in Q,
—div(o) = f in Q,

u=0 on Of.

(3.6)

Notice that a solution of the problem (3.6) is also a solution of the problem (3.1). Now let = € V and
v € W two test functions, then:

/erdx—i—/s(u) Xde:/(C—l—Ianxn):GIan X Tdx vreV
Q Q Q

f/ div(a).vdx:/f.vdm Yve W
Q Q

Using Green formula and adding those two equations, we obtain:

/a X Tda:—i—/ e(u) x Tdm—i—/ o X s(v)dm:/ f.vdx—l—@/(C—&—Ianm) : 0Idgn x Tdz (3.8)
Q Q Q K Q

We consider
a(o,T) :/ oxrdz, VY(o,7) €V XV,
K

b(r,v) = / T x e(v)dz, V(r,v) €V xW,
K

I(r) = / (C + Idgnxn) : Odsn x 7dz, Vr €V,
Q

G(v) = /Kf.vdx, Yv e W.

Proposition 3.1. a(.,.) is a bilinear, symmetric, continuous and coercive formonV x V, and b(.,.) is
a bilinear and continuous formonV x W.

108



British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

Proof. We know that a(.,.) is a bilinear and symmetric form. On the other hand we have,

a(o,7) = / o X Tdz
Q
Thanks to Hlder and Minkowski inequalities, we obtain:
la(o, 7)| < Mllo|v||7]lv.
So a(.,.) is a bilinear, symmetric and continuous form. Since

a(o,0) = / o X odz
Q

then:
a(o,0) = ||o]|7.

so a(.,.) is a bilinear, symmetric, continuous and coercive form on V' x V. For the bilinearity of b(.,.)
is easily verified, let demonstrate that it's continuous.

/QT % e(v)dw

thanks to Hider and Minkowski inequalities, we obtain:

Ib(r,v)| < (Ezj / |nj|2dac>é (Ezj / |6ji(v)|2dx)é

< |Irllvlle@)llv < lIllvilvliw

lb(7, v)| = =

/Q i Tij€5i(v)dx

i,j=1

So b(.,.) is a bilinear and continuous formon V" x W. O

We consider the following problem:

{ find o € V verifying : (3.9)

a(o,7)=1l(r) VreV

under the additional constraints b(7,v) = G(v) for all v € W.
Since V and W are Hilbert spaces, and thanks to proposition (3.1), this problem is equivalent to
finding o € V such that:

J(o) = min {J(T),T €V and b(r,v) = / fovdx, Yv € W} .
K

Where: L

J(T) = ia(r, T)=1l(r) YTeV
We introduce now the following Lagrangian:

L(r,v) = J(1) + b(1,v) — G(v)

then

and
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(.,.)y and (., .),;- are respectively the inner product in vV and .
So the weak formulation of the modified problem (3.6) is given by the following mixed problem [A.
Ern, J. L. Guermond (2004)]:

find(o,u) € V x Wverifying :
a(o,7) +b(r,u) =1l(r) VreV (3.10)
b(r,v) = G(v) Yue W

3.2 Existence and uniqueness of solution

As like as the section (2.3), we deal to demonstrate the existence and uniqueness of solution for the
proposed elasticity model under constraint of deformation. We will use for this Brezzi’s theorem [A.
Ern, J. L. Guermond (2004)][G. Allaire (2005)].

Theorem 3.1. If the bilinear form a(.,.) is symmetric, continuous and coercive on V x V, and the
bilinear form b(.,.) is continuous on V' x W, then if there exist a real v > 0 satisfying the following
condition”in fsup” :
sup( inf _b(ry)
rev veW ||y, 7]y

the problem (3.10) admits unique solution (1, ).

) >

Proof. Thanks to proposition 3.1, we know that the bilinear form a(.,.) is symmetric and continuous
on V x V, and that bilinear form b(.,.) is continuous on V' x W. Moreover a(.,.) is coercive. On the
other hand, if we choose 7 = ¢(v) for given v € W, then

b(r, v) _ /QT x e(v)dz _ /QE(U) x e(v)dx - HE(U)H%/ »

[ollw Il vl NIl Wl 7l Dol lle@)lly

and

b
sup( inf ﬂ) > 1.
rev veW [[olly [I7lly

We deduce that the Elasticity problem (3.1) under constraint of strain admits unique solution. O

3.3 The a priori error estimate

3.1
A. Ern, J. L. Guermond 2004

3.10

a(wh,Th)+b(Gh,Uh):l(Th) V7, € X (311)
b(‘l‘h,’uh) = G(’Uh) Yo € My,

where a(.,.), b(.,.), I(.) and G(.) are defined in the section (3.1).
The norms considered respectively on X, and M, are those introduced respectively on X and M.

{ Find (o, un) € Xp X M}, which satisfy :
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Theorem 3.2. If the bi-linear form a(.,.) is continuous and coercive on X, x X, and if there exist a
real v, > 0 satisfying the following condition "infsup":
inf (sup — o)y (3.12)

wn€Mn e Xy, [ITnllx,, lvnllp,
then the problem (3.11) is well posed.

Proof. X; C X and M; C M,Thanks to proposition 3.1, then the bilinear form a(.,.) is coersive
and continuous on X, x X, and b(.,.) is a bilinear and continuous form in X, x M. We choose
7 = e(vp) for given vy, € My, then

d s d
b(rn, vn) / X e(vn)de /Qd”') <ewdr je(on)ll,
— = = =1 V’Uh c Mh
Imllx, Nonllag, — lvnllag, I7ellx, lvnllag, el x, lvnllag, le(a)llx,
and there exists v, = 1 such that
b
inf ( sup M) > Y. (3.13)
vn€My e Xy, 1Tl [10nll g,

Thus the problem (3.11) is well posed. O

Let B : X — M’ the operator introduced by b(.,.) on X and defined by the relation:
< Br,v >=b(T,v)

and
N(B)={reV/ b(r,v) =0, Yve M}
the Kernel of B.
We denote by By, : X, — M;, the operator introduced by b(.,.) on X} and defined by the relation:
< BrTh,vn >= b(Th,Uh)
and
N(Br) = {1 € Xn/ b(th,vn) =0, Yor € Mp}
the Kernel of By, [A. Ern, J. L. Guermond (2004)].
The bi-linear form a(.,.) is continuous and coercive on X; x X, then we have

a(on,on) = |lonllk, . Yon € N(Bn)

and
U o) _ g, € N(B). (3.14)
llonllx,
Let oy, € N(Bs), SO
sup M) >1 (3.15)

mex, Inllx, llonllx,
and one can write that:

a(on, 7n) (3.16)

Jap, >0/ inf > ap

sup @ —————————
orh€N(Br) 7,eN(By) HTh”Xh HUhHXh

In the following we denote by (o, u) the solution of the problem (3.10) given by the theorem 3.1 and
by (on,un) the solution of the discretized problem (3.10) given by the theorem 3.2 thus one can
announce the following error estimates.
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Lemma 3.3. Under the hypothesis (3.12) and (3.16), the solution (o, un) of the problem (3.11)
satisfies the following estimates:
llo —onllx <Cun_inf (llo —7n|[x) + Con inf (|[u—vn|lar)

ThEX) vy, €My,

[lu —un|lm < Ca_inf (||lo —7al|x) + Con inf (|Ju— vnl|m)
ThEXH vy, €My,
with

Cop = @ IfN(Bh) g_ N(B) and Csy;, =0 IfN(Bh) C N(B),
h

moreover
b b
Cin=01+ M)(1 + M), Csp = Cth and Cyp = (14 M) + C’th~
. . Ch h T L. Th Th
ay, Is the coercivity constant of a(.,.) and ~y, is the infsup condition constant.
Proof. See [A. Ern, J. L. Guermond (2004)]. O

Proposition 3.2. Under the assumptions of theorems 3.1 and 3.2, and supposing that there is a
interpolation constant ¢; > 0 which verifies:

inf (I — 7hllx + [Jv — vnllar) < esh(]|7]x + |[v]lar) (3.17)
(Th,vn)E(Xp X My)

{ Vh € Ri,Y(r,v) € X X M,
then the error estimate for the finite element method applied to the problem (3.10) is given by:
llo = onllx < Crih(|lol|x + [[ullar)
and
||u - uhHM < C2h(HUHX + ||U||M)-
Proof. Thanks to (3.3) lemma, we have
llo—onllx < Cun_inf (lo—ullx)+ Con inf ([lu—vnllw)
and:

llu —unllm < Cs_inf ([l — 7allx) + Can inf (|Ju— val|m)-
ThE€X) vy €My,

Let Clmaz = max(Cip, Copn) and C2p,4, = maz(Csp, Capn) SO:

[lo —onllx < Clmaz inf (llo = 7allx + [|u — val|n) (3.18)
(Th,vn)€(Xp X Mp)
and:
[lu = un|lvr < C2maq inf (e = 7nllx + [lu = val[nm). (3.19)

(Th,vn) €(Xp X Mp,)
Taking 7 = o and v = w in (3.17), one can conclude that

Vh € R, (o,u) € X X M,
(3.20)

inf o — Thl|lx + [|lu — vnl|ar) < cih(||o||x + ||u||ar
e (o = el < cin(llollx + llullar)

We replace (3.20) in (3.18) (3.19), then there exists ¢; > 0 that:

112



British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

llo = onllx < Clmazleih(|lof|lx + [[ullar)]

and:
[lu — unllvr < C2mac(cih(||o]|x + ||ullar)]-
So:
llo —onllx < Crh(llol|x + [|ul|ar)
and:

[lw —unllm < Coh(llollx + [lullar)-
with C1 = ClmazCi and Co = C21mazCi.-

Remark 3.3. This error estimate is also verified for the Poisson problem under constraint.

4 Numerical Results
We used the

S. Auliac 2014 F Hecht 2015 F Hecht 2012 .
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4.1 The Poisson model under constraint simulations

The following simulations are performed with zero Dirichlet boundary conditions for two different

orientations, w = ( (1) ) and w = < (1) ) Moreover the deformation follow the y-direction.

Figure 1: Poisson model under constraint, with Vuw = 0 and w = (0;1)

Figure 2: Poisson model under constraint, with Vuw = 0 and w = (1;0)

Comment: In the figure 1, the chosen orientation w follows the deformation direction y-axis, then
we have a great deformation which follows the y-direction. In the second figure, the orientation w
follows the x-axis, so we observe that we have a low deformation.

We conclude that when the chosen orientation w follows the deformation direction, we have a great
deformation.

114



British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

4.2 The elasticity model under constraint simulations: 2D dimension

In the case of the elasticity model, simulations are performed under mixed boundary conditions for

two different orientations, w = ( (1) ) and w = ( (1) )

0.1
o1,
0.06 :
0.04 g-gg
e 0.02
0.02 0
0.04 -0.02
0.06 -0.04
0.08 -0.06
-0.08

Figure 3: Elasticity model under constraint e(u)w = 3w with w = (1;0)

1.5
= X KA ST 1
1.5 =~ CEREZIASIA A 0.5
1 = =
0.5 B 0
0 k = > e -0.5
-0.5 : -1
-1 -1.5
15 -
1
.8
0
0.2 i
0.4 4y
0.6 2
= 0.8
1 0

Figure 4: Elasticity model under constraint e(u)w = 3w with w = (0; 1)

Comment: As like as the proposed Poisson model, in the figure 4, the chosen orientation w
follows the deformation direction y-axis, then we have a great deformation which follows the y-
direction. In the figure 3, the orientation w follows the x-axis, so we observe that we have a low
deformation.

We conclude that when the chosen orientation w follows the deformation direction, we have a great
deformation.
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4.3 The elasticity model under constraint simulations: 3D dimension

We present in this section the simulations performed for the elasticity model under constraint taking
into account mixed boundary conditions for different orientations. The chosen deformation direction
follows the y-axis, then follows the xy-plane.

Figure 6: Elasticity model under constraint e(u)w = 3w with w = (1;0;0)
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Figure 8: Elasticity model under constraint e(u)w = 3w with w = (1;1;1)

Comment: In the figure 5, the chosen orientation w follows the deformation direction xy-plane,
specially the y-direction, so we remark that we have a great deformation, more then the deformation
recorded in the figure 6 because the chosen orientation w follows the deformation direction x-axis in
xy-plane. When the orientation w follows z-axis, we observe a low deformation. Moreover, when the
orientation w follows x-axis, y-axis and z-axis in the same time, we remark a low deformation. We
conclude that when the orientation follows the deformation direction.

117



British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

5 CONCLUSIONS

As a conclusion, this work has been devoted to study an elasticity problem under deformation constraint.
In first section, we started by studying the Poisson model under constraint for more understand the
saddle point problems[A. Ern, J. L. Guermond (2004)]. The second section was dedicated to study
the elasticity problem under deformation constraint. We demonstrate the existence and uniqueness
of solution for this problem, and we make an error estimation of solution.

To illustrate numerically what we did in the two section before, we integrated some numerical simulations
in the third section.

In what follows this project, we are in the phase of studying the case of eigenvalues and his simulations,
and after that, we will apply these simulations on an image of the heart, to make a correction of the
cardiac images segmentation.
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