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Abstract

S.D. Berman and P. Charpin characterized the Reed-Muller codes over the binary field or over
an arbitrary prime field as the powers of the radical in a modular group algebra. We present a
new proof of this famous theorem. Furthermore, the same method is used for the study of the
Generalized Reed-Muller codes over a non prime field.
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1 Introduction

S.D. Berman [4] showed that the binary Reed-Muller codes may be identified with the powers of the
radical in the group algebra over the two elements field F-» of an elementary abelian 2-group.

P. Charpin [6] gave a generalization of Berman'’s result for Reed-Muller codes over a prime field.
Many authors explored Berman'’s idea and gave another proofs of Berman’s theorem (see [2],[9]).
Recently, I.N. Tumaikin [11][12] studied the connections between Basic Reed-Muller codes and the
radical powers of the modular group algebra F,[H] where H is a multiplicative group isomorphic to
the additive group of the field F, of order ¢ = p" where p is a prime number and r is an integer. The
index of nilpotency of the radical of Fy[H] is r(p — 1) + 1.

This paper presents an elementary proof of Berman and Charpin’s characterization of the Reed-
Muller codes by using a polynomial approach.

The quotient ring Fp[X1,..., Xmn] / (X7 —1,..., Xk —1) where m > 1 is an integer is used to
represent the ambient space of the codes. It is isomorphic to the group algebra F,[F,~] used by P.
Charpin. We utilize some properties of a linear basis of the ambient space.

We study also the case of the Generalized Reed-Muller (GRM) codes over a non prime field F, (with
r > 1). We consider the quotient ring

A=TFy[X1,. ., Xn] /(XI—1,... XL —1).
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A is a modular algebra and the index of nilpotency of the radical M of A is m(q — 1) + 1. Thus there
are m(q—1)+1 non-zero powers of M (with M° = A). It is well-known that there are also m(q—1)+1
non-zero Reed-Muller codes of length ¢™ over F,. The main result is Theorem 3.6 which gives the
GRM codes over a non prime field F, which are radical powers of A. We show that except for M°, M
and M™~1 none of the radical powers of A is a GRM code over the non prime field IF,.

2 Definitions and Basic Properties

2.1 Definitions

Let ¢ = p" with p a prime number and » > 1 an integer. We consider the finite field F, of order g.
Let P(m, q) be the vector space of the reduced polynomials in m variables over F,:

q—1 g—1
P(m,q) := {p(yl,...,ym) =D > Y iy, € Fq}. 2.1)

i1=0 i =0

The polynomial functions from (FF,)™ to F, are given by the polynomials of P(m, q).

Let v be an integer such that 0 < v < m(q — 1). Consider the subspace of P(m, ¢q) defined by
P,(m,q) :={P(Y1,...,Ym) € P(m,q) | deg(P(Y1,...,Ym)) < v}

where deg(P(Y1,...,Yn)) is the total degree of P(Y1,...,Ym).

Consider the ideal I = (X{ —1,..., XL, — 1) of the ring Fo[ X1, ..., Xm].
Setz1 = X3 +1,...,0m =Xm + 1. Then

q—1 q—1
A= {Z S il |y, € Fq}. (2.2)

i1=0 i =0
Let us fix an order on the set of monomials
{x? T 0 < ey im §q71}.
Then we have the following important remark:

Remark 2.1. Each element >/ .- 371 a;, 4,
(@iy.imm )0<in,....im<q—1 Of (Fq)? and vice-versa. Hence the modular algebra A is identified with

E)
Let a be a primitive element of the finite field F,. It is clear that F, = {0,1,, %, ..., a% ?}.
Set

zit ... zim of A can be identified with the vector

Bo=0 and B;=a'"" for 1<i<qg-—1. (2.3)
When considering P(m, ¢) and A as vector spaces over F,, we have the following isomorphism:
¢: P(m,q) — A

Kt : : (2.4)
P(Yi,...,Y) — > o > P(Biy, .. B )att gy

i1=0 i =0
We give the definition of the Generalized Reed-Muller codes as formulated in [5].

Definition 2.1. The Generalized Reed-Muller code of length ¢™ and of order v (0 < v < m(q — 1))
over F, is defined by

Cl’(m7q) = {(P(ﬁiu-“vﬁim))oﬁil yyyyy im <q—1 | P(Yh?Ym) € Pl’(m7q)} (25)
It is a subspace of (F,)?" and we have the following ascending sequence:
{0} C CO(m7 q) - Cl (m7 Q) c---C Cm(qfl)fl(m7q) C C’m(qfl) (ma q) - (Fq)qm (26)
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2.2 Some properties of the ambient space

The ambient space A is a local ring with maximal ideal M which is the radical of A, i.e. M = Rad(A).
Let d be an integer such that 0 < d < m(q — 1). Consider the powers M? of M. A linear basis of M*
over F, is

By = {(a:l ) @ — 1) |0 < iy i < g — 1,01 et im zd} (2.7)
We have the following ascending sequence of ideals:
{0y =MD eyl c.cMPcMCc A (2.8)
We need the following notation:

Notation 2.1. Set[0,¢ — 1] ={0,1,2,...,¢q — 1},
= (i17~ .. 7Zm) € ([O7q - 1})m’

|

i) ;=414 ...+ im,

j<iifj < foralll=1,2,...,m wherej:= (j1,...,jm) € ([0, — 1),
z:=(T1,...,Tm),

b=l ghm,

Consider the polynomial . .
Bi(z) == (z1 — D" ... (zm — 1), (2.9)

Proposition 2.1. Considering the sequences (2.6)and (2.8), we have
dim]Fq (Md) = dim]Fq (Cm(q—l)—d(m, Q))
for0 < d < m(q — 1) where dimg, (M?) is the dimension of the vector space M* overF,.

Proof. Consider the set E := {i € ([0,¢q — 1])™ | |i] > d}.
Since By = {By(z) | |i| > d} is a basis of M, then dimg, (M?) = Card(E) where Card(E) denotes
the number of elements in the set E.
Consider the set I := {i € ([0,¢ — 1))™ | |i] < m(¢ — 1) — d}.
We have dimr, (Cr,(q—1)—a(m, q)) = dimp, (Prg—1)—d(m, q)) = Card(F).
The mapping
6:([0,q—1)™ — ([0,g — 1))"
(il,...,im)l—)(q—l—il,...,q—l—im)

is a bijection and the inverse mapping is 6! = 4.

Leti € E. Then |i| > d, and |0(z)| = m(q — 1) — |i] < m(q — 1) — d. Hence 6(z) € F. And it follows
that §(F) C F.

Conversely, leti € F. Then |i| < m(q—1) —d, and |0(¢)| = m(q — 1) — |i]| > d. So 6(i) € E. Note
that 6(6(i)) = i. Thus F C 0(E).

Therefore, F = §(E) and Card(E) = Card(F). O

It is clear that _
K .
(@ =" =3 (=" (J>x (2:10)
j=0
foralll=1,2,...,m.
Let B € F, as in (2.3). Consider the indicator function

Fg,(Y1)=1—(Yi—B)" (2.11)
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with1 <! <m.
Then Fs, (Y;) € P(m,q) and

1 ifj=k,
F N =
e (B7) {0 otherwise.
Consider the interpolation function
i .
Hiy (Y1) =) (-1)"~" (k) F, (7). (2.12)
k=0

We have H;,(Y;) € P(m, q),

0 ifip<j<g—1
and .
1
(CE’[ — 1)” = Hi, (67)1‘? (213)
j=0
Set .
Hy(Y) = [ [ Hiy, (V). (2.14)
=1
Thus
deg(H, Zdeg (V1) (2.15)

Proposition 2.2. We have H;(Y) = ¢ *(Bi(z)), where ¢ is the isomorphism defined in (2.4), i.e.

Bi(z) =Y Hi(Bj,-- -, By )zt

J<i

Proof.
(z —1)"

s

Bi(z) =

Il
-

né‘js

Z Hi, (B3,) ml

1 5;=0

HHH Biy)z
=1

Hi(Bjy,- - - 75jm)£l

Il
.
IN
(B

.
IN
(B

3 Main Results

3.1 Generalized Reed-Muller codes over a prime field

Here, we give a new proof for the Berman and Charpin’s result. We consider the case » = 1, i.e.
g = p a prime number and F, = F, a prime field.
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Let]Fp:{0,1,2,4..7p—1}andsetﬂk:kforallk:o,l,uwp—l.
Let us study (z — 1)* for0 < i < p — 1 over Fy.

We have )
A

7=0
For k € T, according to (2.1), we have

p—1
BRY)=1-(-k""'=— J[ (¥—jePlp
3=0(j#k)
and
1 ifj=k,
Fi.(y) =
k) {0 otherwise.
Let us consider the interpolation function
Ny
H(Y) .—Q 1) @ka (3.1)

which is in P(1, p). '
Thus, Hi(j) = (~1)"7 () for 0<j <i
and

(x—1)° = S H()'.

Proposition 3.1. An explicit expression of H;(Y') is

p—1—1i

H(Y)=a [] v +4),

Jj=1

where a; = —i! mod p.

Proof. As
(x—1)' = Z(—n”(;)mk,
k=0
we have
—1)"F(;) ifo<k<i.
Hky = { DTG TSk (3.2)
0 fi+1<k<p-—1.

Therefore, H;(Y') may be written as

p—1—1
H,(Y)=P(Y) Y + ), (3.3)
j=1
where P;(Y') is a polynomial of degree less or equal to .
ForY =k in (3.3) with 0 < k < and using (3.2), we get

(=) <k> = Pi(k)(k +1)...(k+p—1-10),

il (k+p—1—1i)!

(_1)i_kk!(i —k) Fik) k!
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As
(G—k)!'=(-1)""p—-1)...(p—i+ k) mod p,
we get
il = P;(k)(p— 1)!
and because (p — 1)! = —1 mod p by the Wilson lemma, P;(k) = «; for 0 < k < 4. Therefore P;(Y)
is a constant polynomial equal to «; that achieves the proof. O
Corollary 3.1.

deg(H;(Y))=p—1—1.

Remark 3.1. Polynomials H;(Y), 0 <14 < p — 1, satisfy the backward recurrence relation

prl(Y) = 17
Hi(Y) =7V —i—DHin(Y) , 0<i<p-2
It is clear that in this section, the Proposition 2.2 become
z) =) Hi(j)z" (3.4)
i<i

The following Theorem is well-known (see [4],[6]).

Theorem (Berman-Charpin) 3.2. LetC, (m,p) be the Reed-Muller code of length p™ and of order v
(0 < v < m(p—1))overthe prime fieldF, and M the radical of F,[ X1, ..., Xm] / ( X¥—1,.., X —1).
Then

Cy(m,p) = M™P=D=,

Proof. Setd := m(p — 1) — v. The set By = {Bi(z) | |i| > d} is a linear basis of M“ over F,.
Consider B;(z) = ZJQHL( )zl € M®. By (2.15) and Corollary 3.1, we have deg(H;(Y)) = >, p—
1—4 =mp—-1)—|i <m(p—-1) —d = v. It follows from Remark 2.1 and (2.5) that B;(z) €
Cy(m,p). Thus M* C C,(m, p). Moreover, if we take » = 1 in Proposition 2.1, we have dimsg, (M?) =
dimg, (C, (m, p)). O

3.2 Binomial function over a finite field

In this subsection, we examine some properties of (x — 1)%,0 < i < ¢ — 1, over an arbitrary finite field
F, where ¢ = p" with p a prime number and r > 1 an integer.
We have already seen from (2.13), (2.12) and (2.11) of Section 2 that

(x — 1) ZH B, 0<i<qg—1
where )
Hy(Y) = ZZjH)F’“ <k> Fg,(Y) , 0<i<q-—1 (3.5)
and -
Fg (V) =1—(Y = 8)""
Lemma 3.3.

<prd 1) = (~1)" modp

where p is a prime number, r > 1 an integerand0 < d < p" — 1.
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Proof. 1t can be proved easily by induction on d.

The following proposition is fundamental.

Proposition 3.2. The interpolation function (3.5) satisfies the relation
HZ(Y) _ Zafd [(71)2 _ (Oéd o 1)1:| Yq*lfd

d=1

where « is a primitive element of Fg and 1 < i < q — 1.

Proof. We have
Hi(Y) =Y (1) (k) Fa (Y)
0

— (DY) YD <k> [1- v =5

2

= (D= Yy <k> >y @ (¥ = B
k=1

k=1

Since

(v -5 = ij(—nd(m)d(q; 1) yo

and by Lemma 3.3, we have

Thus, by (2.3),

Since
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then

Corollary 3.4. 1. Hi(Y)=-Y42ve

2 Hy(Y) = - Si052—ah)yh.

3 Hyq(Y)=1
Remark 3.2. Hy(Y) = F,(Y) = Fo(Y)=1-Y9 L
The next corollary is important to what follows.
Corollary 3.5. IfIF, is a non prime field, then we have

deg(H,»(Y)) = q - 2.

Proof. In Proposition 3.2, for i = ¢ — 2, the coefficient of Y72 is
a (DT = (a =D)L I (a—1)972 = (—=1)77%, then (o — 1)7" = (—1)7" ( —1). Since «

is a primitive element of F,, then o # 1 and (o — 1)7' = 1. Thus 1 = (-1)72a + (-1)77!, and
(—=1)72a = 0. hence, o = 0. This is a contradiction. O

3.3 Main Theorem

Bearing in mind the Remark 2.1, we have our main theorem:

Theorem 3.6. Let C,(m, q) be the Generalized Reed-Muller code of length ¢™ (m > 1 an integer)
and of order v(0 < v < m(q — 1)) over a non prime field F, and M = Rad(A) where A =
FolX1,...,.Xm] /(X{—1,..., X}, —1). Then

(I)_ Mﬂ?(qil) = CO(ma Q): M = Cm(qfl)fl(mv Q) and MO = m(qfl)(mv Q)

(ii)- M* # Crog—1y—i(m, q) foralli such that2 <i <m(q—1) — 1.
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Proof. Since F, is a non prime field then ¢ > 4.

()-(a)- M™~1 s linearly generated over F, by Bg-1,....q-1)(z) = 1 the “all one word”. By (2.15)
and Corollary 3.4, we have deg(H—1,....q—1)(Y)) = 0. It follows from Proposition 2.2, Remark 2.1
and (2.5) that B(,_1,..,_1)(z) € Co(m,q). Thus M™~Y C Cy(m,q). And by Proposition 2.1, we
have

dimp, (M™a=D) = dimp, (Co(m, q)).
(b)- Consider B;(z) := (1 — 1) ... (zm — 1)*™ € M. There is an integer [ such that 1 <! < m and
i1 > 1. By Proposition 3.2, deg(H;,(Y)) < g — 2. And we have deg(H;(Y)) < ¢ — 1 forall i # 4;. So
deg(Hi(Y)) < qg—2+ (m—1)(¢g—1) = m(qg—1) — 1. Thus B;(z) € Cpy(q—1)—1. This implies that
M C Cpyg-1)-1(m, ¢), and by Proposition 2.1, the equality holds.

(c)- It is obvious because C.,,—1)(m, q) € A = M° and the Proposition 2.1 give the result.

(i)- Consider the following sequence:

{0} ¢ M™a=D) ¢ pmlaD-1 oo pymlamD=(a=2+t o ppmia—D—=(a-2)

C oo Mm™a=D=2a=2)+1 — |~ prmle=D=(m=1)(¢=2) — .

C Mma=ma=2+ c pypmoc Mt c M™T2 C - M2 C M C A

For simplicity, let us proceed step by step:

Step one:

- M™a=Y~1 s linearly generated over F, by the B;(z) such that |i| > m(q — 1) — 1.

Consider B(,_2,4-1,....q—1)(z) which is in M™@~D=1 By Corollary 3.4, Corollary 3.5 and (2.15), we
have deg(H(;—2,4-1,....¢-1)(Y)) = q¢—2> 1 (for g > 4).

Thus Big—2,4-1,....q—1)(x) & C1(m, q). It follows that M™ =D~ £ Cy (m, q).

- Since ¢ > 4, then M™@— V=1 C pymla—D=(a=2)+1

Therefore, Biy_2.4-1,.. q—1)(z) € M™a7D=a=2)F1 (%),

And since deg(Hg—2,4-1,....a-1)(Y)) =¢—=2> ¢ =3, then By 241, 4-1)(2) ¢ Cg-3(m, ).
Hence M™@—D=(a=2+1 L 0 4(m, q).

- It is clear by (2.6) that B(q—24—1,....q—1)(x) ¢ Ci(m,q) for 2 < i < g — 4, then by (2.8) we have
M™a=D=1 L Ci(m, q) for2 < i < q — 4.

In particular, the statement is proved for the case m = 1.

Step two:

- M™@~1=(a-2) is linearly generated over F, by the B;(z) such that |i| > m(q — 1) — (¢ — 2).
Consider Biy_2.4-2.4-1,...q—1)(z) which is in M= =(4=2) py (*).

We have deg(H (q—2,q—2,q—1,....,¢—1)(¥)) = 2(¢ — 2) > g — 2 (for ¢ > 4).

Thus Bg-2,4-24-1,....a-1)(z) & Cq—2(m,q). SO M™I=D=00=2) £ G _5(m, q).

- Since ¢ > 4, then Mmla—1)—(a=2) C Mma—1)—2(g—2)+1

Therefore Big_2,4-2.4-1,....q-1)(x) € M™@a=D=2(a=2+1

And since deg(H(4—2,q-2,q—1,....q—1)(¥)) = 2(¢ — 2) > 2(q — 2) — 1, we have
B(q—2,q—2,q—1,m,q—1)(&) ¢ Cz(q—z)—l(’”%q)-

Hence Mm@~ =2(=2F1 £ 0y o1 1 (m,q).

-Forq > 4,since B(g_2,4—2,4-1,....q—1)(x) ¢ Ci(m, q) where g—1 < i < 2(¢—2)—2, then Mmta—)—i #*
Ci(m,q)forg—1<i<2(¢g—2)—2.

Continuing in this way, we apply the same method for each step. Thus, for the m-th step, we have
Step m:

- Mma—D=(m=1(a=2) g |inearly generated over F, by the B;(z) such that |i| > m(q — 1) — (m —
1)(q - 2).

Consider B(, s, 4 2 (z) which is in M™(@=D=(m=1(a=2) (for ;y > 2). By Corollary 3.5 and (2.15),
we have deg(H(g-2,....q—2)(Y)) = m(q — 2) > (m — 1)(q — 2) (for g > 4).

Thus Bg—2,....q—2)(&) € Cm-1)(q—2)(m, q). Therefore

Mma—1)—(m—1)(g—2) £ C(mq)(qu)(m, q).

- Since q 2 4’ then Mm(qfl)*(mfl)(Q*Q) g M”"(‘Z*l)*m(l]*2>+1_
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Hence B(, o, 4 o) (z) € M™a-D-ma=2+1
And since deg(H(4—2,...,q-2y(Y)) = m(q¢—2) >m(q¢—2) — 1,
then Bg-2,..., q72)(§) ¢ Cm(q72)fl(ma q)-
Therefore M™(a=D=m@=DF1 £ oo (m, q).
- For g > 4, since B(g_2,... q—2)(x) ¢ Ci(m,q) where (m —1)(¢—2)+1 < i < m(q—2) — 2, we have
M™ @D~ L Ci(m, q) for (m — 1) (g — 2) +1 < i < m(qg—2) — 2.
To end the proof, we consider the following final step:
- Mma=D-mla=2) — M js linearly generated over F, by the B;(z) such that |i| > m.
Consider B 2,1,...,1y(z) which is in M™. By Corollary 3.4, Remark 3.2 and (2.15) we have
deg(Ho,2,1,...,1)(Y)) = m(q —2) + 1 > m(q — 2).
Thus B(()’Q’l,“"l)(&) ¢ C’m<q_2)(m, q). Hence M™ +# Cm(q_g)(m, q).
- M™ ! is linearly generated over I, by the B, (z) such that |5| > m — 1.
Consider B(g,0,2,1,...,1y(x) which is in M™ .
We have deg(H(0,0,2,1,...10(Y)) =m(qg—2)+2 > m(q—2) + 1.
Thus Bo,0,2,1,....1)(2) & Crm(g—2)+1(m, q). So Mt £ Crn(g—2)+1(m, q).
Similarly, we have finally:
- M? is linearly generated over F, by the B;(z) such that |i| > 2.
Consider Byg,... 0,2)(x) which is in M?.
We have deg(H(o,...0,2)(Y)) =m(g—1) =1 >m(¢g—1) — 2.
Thus B(()’“"O,Q)(z) ¢ Cm(q,l),g(m, q). Hence M? 75 Cm(q,U,Q(m, q). O
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4 Conclusions

a In the section 2, we have given the definition of the GRM codes of length ¢™ over a finite field F,
and some general properties of the residue class ring A.

b Inthe subsection 3.1, we have given a new proof of the theorem of Berman and Charpin about the
Reed-Muller codes over a prime field.

¢ Inthe subsection 3.2 , we have studied the coefficients of the binomial function over a finite field.

d In the subsection 3.3, we have studied the relations between the Generalized Reed-Muller codes
over a non prime field and the radical powers of A.

e In the subsection 3.4 and 3.5, we give some examples.

A possible future work is to describe the Generalized Reed-Muller codes over a non prime field in the
ambient space A.
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