ON DUAL SIMILAR PARTNER CURVES IN DUAL 3-SPACE
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Abstract—In this paper, For dual numbers in dual 3-space IB, we define the new families of
curves which are called dual similar curves in duaB-space with variable transformation. Then, we
prove some theorems and characterizations about thfamily, we show that a family of dual similar
curves are formed the family of curves with wanishmg curvatures in dual 3-space ID3.

Index Terms—Dual quaternionic frame, similar curve, dual spacevector differential equation.

[. INTRODUCTION

In differential geometry, special curves haveimportant role. Especially the partner curves, i
the curves which are related to each other ataghresponding points, have attracted the attentiomamy
mathematicians. Well-known partner curves are tegrBnd curves, which are defined by the property
that at the corresponding points of two space autlie principal normal vectors are common. Bertrand
partner curves are studied in [1,2,3,4]. Ravani Kaudransported the notion of Bertrand curves ® th
ruled surfaces and called them Bertrand offsets.

Recently, a new type of special curves in BfEhatroduced similar curves and between the space
curvest andn such that, at the corresponding points of theesiriThe tangent vectors ois the same
the tagent ofj, then¢ is a called a similar curve, andsimilar partner curve df [5].

The set of dual numbef® = {w | w =w + ew*; w,w" € IR } is a commutative ring with a unit. W.K.
Clifford introduced dual numbers (1849- 1870 ). Mihe help of dual humbers, Yaglom descirebed
geometrical objects in 3-dimensional space [6].

In this study, we defined a dual similar curiredD? by means of this dual curve then wegive som
characterizations of these curves. Using vanisburgatures forms, we obtain a family of a dual &ami
curves in ID3.

[I. PRELIMINARIES

A dual number is a number of the fotn=w + ew*, wherew,w* € IR , ande = (0,1) are arbitrary
“dual unit” satisfy the relatiore? = 0, [7,9].
@Q)ID=wIlw =w+ew";w,w*€IR} .
(2) Addition and scalar multiplication are the oy@n on/D defined by the real number. The systéin
is a vector space with respect to addition andascalltiplication. The produdt & 1 is the element in
ID obtained by multiplyingv + ew* andu + su”* as if they were polynomials, then using the refati
€2 = 0 to simplify the result.

{ wRU=wi }

=W+ ew*). (u+ eu*) = wu + e(wu* + wu).

The dual numbew + ew* divided by the dual numbar+ eu* providedu # 0 can be defined as
w/ii=Ww+ew")/(u+eu*)

w w*u — wu*
(5) 4o (2o,
u u

The setof ID® = ID X ID X ID



{= Wlw=(ws+ ewy) + (wz + exwy; + (ws + ewg}}

= (W1 W= (wy,wy,ws) + & (Wi, w3, w3)
is a norm on the ringD. For anyw + sw* andu + eu* € ID3, the scalar or inner product and the vector
product ofw and @ are defined by, respectively,

W, i)y =(w,u)+e({(w,u")+w"u)),

—

= (W Uz — W3llp, W3lly — Wills, Willz — Wll),

oY

WA

wherew, =w; +ew/, @, =u; +eu; €ID,1 < I < 3.Ifw # 0, the norm|w| of w =w + ew”" is
defined by

W]l = y{w,w) = [[w]| + e(w, w")/[[w]|.

If everyw;(t) ande w; (t), 1 <i < 3 real valued functions are differentiable the dsgsce curve
w:IclIR-ID?
t - w(t)
= w4(t) + ew; (t) + wo(t) +
ews }(t) + ws(t) + ews(t)

in ID? is differentiable. We call the real par(t) the indicatrix ofiw(t). The dual arc-length of the curve
w(t) fromt, tot is defined as

t ., ~ ’
s=J 1w @) llae
(e t : Y
= [ W) lldt + ¢ f) <t,(w*) > dt =5 +es”,

where a unit tangent vectorw{t) ist. Now we will obtain equations relatively to the idatives of
dual Frenet vectors throughout/ib?3.
Let

w:IlcIR-ID?
s = w(s) =w(s)+ew(s)

be a dual curve with the arc-length parameterteafndicatrix. Then, the dual unit tangent veatbr
w(s)is dw/ds = (dw/ds)(ds/d$) = t. With the equation (1), we obtain
t

§=s+ef<t,(w*)>dt
t

1

And from this% =1+ €A, where the prime denotes differentiation with extgo the arc-length of
indicatrix andA=< ¢, (w*) > . Sncef has constant length 1, its differentiation withpect tas is given
by dt/ds = (dt)/(ds)((ds)/(d3)) = k A, measure the way the curve is turning¥. The norm of the
vector(dt/d3) is called curvature function @f(s). We impose the restriction that the function

k:1 - ID is never pure dual. Then , the dual unit vefiter (1/k)(dt)/(d$) is called the principal
normal ofiw(s). The dual vector b is called the binormali®€s). The dual vectors, 7, b are called the
dual Frenet frame ofv(s) at the pointw(s). The equalities relative to derivative of dualeevectors
i, A, b throughout the dual space curve are written imtlagix form

T8 po koo
=l 7 =[—;e 0 f] al @1
b o -t ollp




where ¥ = k + ek* is pure dual curvature affid= t + et* is pure dual torsion. (2) are called the Frenet
formulae of dual curve ihD3, [7].

I1l. DUAL SIMILAR CURVE SIN ID? WITH VARIABLE TRANSFORMATIONS

Definition 1. Let@( $) be dual curves ihD? parameterized by its acr-lengtranda; (s)) the dual
similar partner curve ol ( §) with an arc-length parametet, , with non-zero curvatures

£(3),T1), % (5),%(5) and Frenet frame{ £($), A(3), b ($)}and{f. (5), 7 (5.), b. (5) 3,
respectively. If there exist variable transformatio

§=Jrz(9ds.
and a corresponding relationship between the ghaalescurvest and @, such that, at the corresponding
points of the dual curves, the tangent vecto&(f) is equal to the tangent vector @, (5.). In this case
the tangent vectors are the same for the two cumes

(=66 B2

For all corresponding values of parameters undetrﬂnsformatiom%. Whereyg: is arbitrary function
of the arclength. If we integrate the equation)3a2 have the following important theorem:

Theorem 1.The position vectors of the family dual similanees in/D* with variable transformation
can be written in the following form .

JH(3)dE) = [ 6 (g d(s).  (33)
Theorem 2.Let @( $) be a dual curve with arc-lenggharameteg . Provided tha&( ¢) be another

parametrization of the curve by parameger | #(5)d (). Then the unit tangent vectorf &(3$)
satisfies a dual vector differential equation afdtorder as follows:

L M Y E =
S8 T+ ERH C+EE=0. @9

where




respectively, wherép) = E‘p; Then, corresponding matrix form of (3.5) carobé&ined

N 0
A1
b 0o -y O

From the first and second equation of new Frenetakives (3.6) we obtain

~

h=] ﬁ](f’ T4 b (3.7)

Substituting the above equation in the last equngo6), we obtain a dual vector differential edurat
of third order (3.4) as desired. Where the reprasiem of the position vector of an arbitrary spaaa be
determined as follows

&(ﬁ)zf—¢ (p)dp +C and

@ = [ k() is a constant vector.

Theorem 3. Let@($) anda, (5)) be dual curves if. Thend($) anda; () are dual similar
curves infD? with variable transformation if and only if theipeipal normal vectors are the same for all
curves

A(d) =7 (5) (3.8)

under the particular variable transformation

@ _ diE) _ k(@®)
a a5 ©E)

(3.9)

of arc-lenths.
Proof. Let @($)anda, (5;) be dual similar curves ifD® with variable transformation . Then
differentiating the equation (3.8) with respec{ip) we obtain

d(%)
d(s.)

R(s)A( )

= K (81 (52).

From the above equation leads to the two equé8@) and (3.9).
Conversly, Leti(38) and @, (5)) be dual similar curves ifD* with variable transformation
satisfaying (3.8) and (3.9). By multipling (3.8)tlvic, (5,) and integrate the result equality with respect
to 5, , we obtain

J & ) (S)dss = [/ (S)m (s)—ds (3.10)

From the equations (3.8), (3.9) and (3.10) thlkeform

[ & E)ms (8)ds, = [R(HAE)dS



which means that( $) and @, (5;) are dual similar curves ifD? with variable transformation and
proof is completed.

Theorem 4.Leta( $) and @, (5)) be dual curves ifiD3®. Thena( $) and @, (S;) dual similar curves
in ID? with variable transformation if and only if thenbrmal vectors are the same for all curves

b($)=b.(5) (3.11)

under arbitrary variable transformatioh = 5, ( §) of the arc-lengths.

Proof. @($)anda; (§;) are dual similar curves iiD* with variable transformation. Then there are a

variable transformation of arc-length such that dn@l tangent vectors and the dual principal normal
vectors are the same. From equation (3.2) and, (88pbtain

tE) xm (5) =i xals) (312

Conversly, Leti( $)anda, (§;) are dual curves ifD* which the same dual binormal vector under

the arbitrary variable transformatiafiy = §,(§) of the arc-lengths. Differentiating the equati(®11)
with respect tos, we obtain

—ELEWE) = TN (1Y)

*

from equation (313) we obtaif} (5)) = A( $) and 7, (5) x b, (5)) = A($) x b(3).

Theorem 5. Let@($) and @, (5;) are dual curves ih. Thena($) and @, (5,) are dual similar
curves with variable transformation if and onlyatios of torsion and curvatures are the same i.e,

R(S ~ £(9) (3.14)

under the particular variable transformatiqr%*\ =45 _E®)

T O keeping equal total curvatures, i.e.,

P, (8) = [/.(5)ds. = [R(9)ds = ¢(8) (3.15)
of the arc-lengths.

Proof. Let&( $) and @, (5,) be dual curves ih. Then there exists a variable transformatiorhef t

arc-lengths such that the tangent and the binoxmeetiors are the same (definition.1 and theorem.4)
Differentiating the equations (3.2) and (3.11),vese

£ ()7 (8) = RHAM) 32 (3.16)
—L ()T (£) = ~TEOAH (3.17)

which leads to the following two equations

~

i (5:) = k(S)

QU

N

s (3.16)

S.

IS)

*



L8 =T@) (3.17)

The variable transformation (3.14) is the emume(3.16) after integration. Dividing the aboveotw
equations (3.16) and (3.17), we obtain the equg8d¥) under the variable transformations (3.15).

Conversly, Leti(3) and @, (5;) be dual curves ihD* such that the equation (3.14) is satisfied
under the variable transformation (3.15) of thelangths. Let now consider Theorem.2, the dualeahg
vectorst( 8) and £, (8;) of the curves satisfy the following vector diffetial equations of third order as
follows:

(1 o 1+(v(E®) ,\
{'V@@» He@n™ [% )l}
(V@) (3.18)
l Yom) (=0 J
(v y@E) HoEN1 [%](?ﬂ
(v*(¢(s*))) e } (3.19)

Where

AP SN

‘S) ‘S)

L(@(5)
(9(35)

x> ”‘)

E !Y*((S)) -

7\') “‘)

iY((q) (5)) =

)
]
p=Jr(Hand g, = [R.(S).

The equation (3.14) causg®( 8)) = y*((qﬁ (sA*)) under the variable transformations
P(8) =@ (5). So that the two equations (3.18) and (3.19) unbHerequation (3.14) and the
transformation (3.15) are the same. Hence theienlig the same, i.e., the tangent vectors arsdhse
which completes the proof of the theorem.

Example 1: Euler Spirals, were discovered indepently by thie=earchers. In 1694, Bernoulli wrote
the equations for the Euler spiral for the firsheéi but did not draw the spirals or compute them
numerically. In 1774, Euler re-described their gndies, and derived a series expansion to the ‘surve
integrals. Later, In 1871, he also computed theabpiend points. The curves were re-discovered 1&9
the third time by Talbot, who used them to des@ihway tracks [16]. An Euler spiral is curve whose
curvature changes linearly with its curve lengtte (€urvature of a cicular curve is equal to théprecal
of the radius). Euler spirals are also commonlgmefd to as spiros, clothoids or Cornu spirals.eduer,
Euler spiral in railroad / highway engineering favnnecting and transiting the geometry between a
tangent and a circular curve. Let us consider thierSpiral y(s) = (y1(s), v2(s), ys(s)) of E3

v1(8) = (3/5)[ sin(3% + 1)d3
v 2(8) = (3/5)f cos(8? + 1)ds
7 3(8) = (4/5)8



Then the dual unit tangent vector y¢$) satisfies a vector differential equation of thordler given

by
% E(@) 1+ [%m]

(@)
+ —
\ y(@)
Proof. We are calculated this curve's curvature funcytiath help of Mathematica Programme

k = ((6s)/5) andt = —((8s)/5) The Frenet -Serret frame of the cupve y(s) may be written by the
aid Mathematica Programme as fallows:

A

t(9) =o.

3 3 4
t(s) = (E sin(s* + 1),5005(52 + 1),5),
n(s) = (cos(s®* + 1), —sin(s* + 1),0),

4 3

b(s) =( gsm(s2 + 1), cos(s* + 1), _E)'

Lemma. The family of Euler Spiral Forms a family of duaimilar curves with variable
transformations. We can deduce the position veatdtuler Spiral curve using the definition of dual
similar curves with variable transformation asdulk:

Y@) = (r1(w),v2(v), y3(v))

3 3 4
= (gf sin(v® + 1)dv, Ef cos(v* + 1)dv, gv)

wheres = v is the arc-length of Euler Spiral and the cunaiak(v) = (6v)/5. The dual unit tangent
vectors of Euler Spiral takes the form:

3 . 2 3 2 4
t(v) = ggm(v + 1),§cos(v + 1),5),

from theorem(1), we can write as the following,
( V(S*) = \

g [ sin(v(s.))? + 1)dv(s.),

3 | 24 1y 4
= cos(v(s,)* + 1dv(s,), EV(S*))}
wheres, = s. From the equation (9), we obtaits = ((x,)/k)ds.or s(s,) = [ (x,)/x)ds,.

If we put the curvature,=«(s), s, = s, we havev(s,) = [ k(s)ds. Then the position vector of Euler
Spiral with arbitrary curvature(s) takes the following form:

yw) =( gsin(f k(s)ds + 1),

5 1] ds +1 4d
gcos( k(s)ds + )’§ s)
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