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Abstract

The Homotopy analysis method is implemented by Golmankhanehi et al. to find the expectation
and variance of the approximate solutions of the second-order random differential equations [3].
In this note, we reused the Homotopy analysis method to solve the same problem and we draw
some very important improvements and comments on the paper [3]. The results in this paper are
coinciding with the results in [9; 10; 11; 12].
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1 Introduction

The papers by Golmankhanehi et al. [3], present the Homotopy analysis method for finding the
expectation and variance of the approximate solutions of the second-order random differential equations.
These authors work on computation of the main statistical functions of the mean square solution,
where some basic properties of variance are applied in equation (10).

The present authors are not aware of the following properties, which is used in equation 10 [3],

V(Z X;) # Z V(X))

Although, It is well known that, in probability theory and statistic [8], the variance of a random variable
must be nonnegative since the variance is given by [3].

Var(X) = E(X — p)?), where E(X) =pu
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Golmankhanehi et al. [3] discussed six illustrative examples in section 3. The numerical results
are presented graphically in Figures 1-12. We observed that the numerical results of the variance
approximation solution by using HAM in [3] are ambiguous since the variance curve is negative as
shown in Figures 4, 6, and 12.

It is worth noting that from equation (2) in [3], the homotopy analysis method coincides with the
homotopy Perturbation method when & = —1. As a result the expectation and the variance of the
approximate solutions must be consistent with that found by Khalaf [9].

The goal of this work is to improve equation (10) in [3]. A variety of examples using the correct
expression will be presented. In order to achieve this we let

N
zn(t) = Xo(t) + Y. Xn(t) (e9.(7) in [3]), be an approximate solution of equation (2) by using the
n=1
homotopy analysis method . Then we utilize the independence between Yy, Y1 and A, to yield

Elzn ()] = ElXo(t)] + Y E[Xa (1)),

n=1

where
Cov(Xi(t), X;(t)) = E(X:(H)X,(t)) — E(X:(t))E(X;(t)), 4,5 =0,1,2,...,n.

2 Homotopy analysis method

The homotopy analysis method (HAM) has been introduced by Liao [5]. This method is a powerful
and useful semi-numerical method for finding approximate solutions of linear and nonlinear differential
equations. We observe that HAM is very prevalent in the current literature, see e.g. the accounts in
the books by Liao [6; 7], and the recent papers by Dehghan and Salehi [2], Hassan and Mehdi [4],
Das et al. [1], and references therein. To clarify the basic ideas of HAM, we consider the following
differential equation

LIX(t)] + N[X(t), Al = g(t), (2.1)
with initial conditions
X(0) = Yo, %}f” e = Vi, 2.2)

where L[X (t)] = d*X (t)/dt*, N[X(t), A] is a nonlinear operator and g(t) is the source inhomogeneous
term, and A, Yy, and Y7 are the random variables.

We now construct the zero-order deformation equation,
(1= g{LIX ()] — Llxo(t)]} = qh{L[X (t)] + N[X(t), A] — (1)}, (2.3)

where ¢ € [0,1] is the embedding parameter, i a nonzero auxiliary parameter, L an auxiliary
linear operator, and z,(¢) is an initial approximation of the equation (2.1).

Expanding X (¢) in Taylor series with respect to ¢, we have

[e'S]

X(t) = Xo(t) + Y Xu(t)q", (2.4)

n=1
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where X (1)
1 "X (¢t
Xnlt) =01 5

(2.5)

q=0
The convergence of the equation (2.4) depends on the auxiliary operator . If it is convergent at
q = 1, one have

X(t) = Xo(t) + > _ Xn(t). (2.6)
n=1
Throughout the paper, we deal with the triplet Probabilistic space (2, F,P). Thus, suppose L. =
L, (2, F,P) is the set of second order random variables. Then the random variable X : @ — R € Lo,
if E[X?] < 400, where E[-] is an expectation operator.
The norm on L is denoted by ||-||,. For example, for the random variable X we define

IX|l, = (B[X?])?, in such way that (Ls, || X||,) is a Banach space.
In addition, let T' (real interval) represent the space of times, we say that {X(¢),t€ T} is a
second order stochastic process, if the random variable X (¢t) € L, foreach ¢t € T

A sequence of second order random variables {X,, : n > 0} converges to X € Lo, if

1
i — = 1 — 2 2 =
nler;O | Xn — X, nh_}n;o (B [Xn —X7]) 0
To proceed from (2.6), we truncate the expansion of X, (¢) at the n = Nth term as follows

X(t) = Xo(t) + > Xn(t). (2.7)

By using the independence between Yy, Y1, and A, we have

Elen(t)] = E[Xo(H)] + Y _ E[Xa(t)], (2.8)
Vizn ()] = Z Z Cov(X;(t), X;(t)), (2.9)

where
Cov(X;(t), X;(t)) = E(X:(t)X,(t)) — E(X:(¢))E(X;(t), 4, =0,1,2,...,n.

The following Lemma guarantee the convergent of the sequence E[z n (t)] to E[X (t)] and the sequence
Vizn ()] to V[X(t)] if the sequence zn (t) converges to X (t).

Lemma: [8], Let {Xn} and {Yn} be two sequences of second order random variables X and Y
respectively, this means,

lim Xy = X and lim Yy =Y then lim E[XnYn] = E[XY]. If Xy = Yy then

N—o0 N — oo N — oo

Jim E[X%] = E[X?], Jim E[Xny] = E[X] and i VIXn] =VIX].

3 Test examples

In this section, we adopt several examples which is considered in [3; 9; 10; 11; 12] to illustrate the
using of homotopy analysis method for approximating the expectation and the variance. The results
coincide with results in [9; 10; 11; 12].
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3.1 example 1
Consider the random initial value problem

—o, x©)=v, B0 oy, @)

d*X () 2
oTE + A°X(¥)
where,
A?% is a Beta random variable, A> ~ Be(a = 2,3 = 1), and independently of the initial conditions Y
and Y; which satisfy E[Yo] = 1, E[Y{] = 2, E[Y31] = 1, E[Y{] = 3 and E[Y,Y1] = 0.

To obtain the expectation and the variance of the approximate solutions of equation (3.1), we
Construct the following zero-order deformation

d>X(t)  d*Xo(t) d*X (1)

(1-9q) 2 a4 ] = qh| 2 + A% X (). (3.2)
Next, Let
X(t) = Xo(t) + > _ Xe(t)q". (3.3)
k=1
By substituting into equation (3.2), one can have
N A2 X (t EXo(t) <= d*Xy, >
(- >0 CEH0) gy = g0 5 T e g2 x4 30 4% K)o,
k=1 k=1 =
which leads to
A2 X (t A2 X (t d® X (t =
O TR 1y 32 PO gy g PO g2 ] 4+ 0D A2 X
k=1 k=1 k=1

Upon equating the corresponding coefficients of ¢*, we have

d2X t d2X t d2X t
dt;():(lm) dtg()m dtg()+(1+h)A2Xo(t),
and ) 5
d* X (t d”Xp-1(t

Choosing Xo(t) = Yy + Yi ¢, the foregoing equations yield

d°Xa(t

dtlQ( ) =01+ h)(AQYO +Yit), 0
2 o .
£~ T2 @, k=2

Now, we solve the differential equation (3.4) to obtain

Xi(t) = lhA?m3 + lhAQYO#

Xo(t) = mh AP +3 h ZAYYtt + = ( + h) RA*Y % + = ( + h) hA?Y,t?,
X 3A%v¢7 SAY S+ — (1 AT + — (1 2 AYY,
a(t) = 5040h L 20h of +60( R RATE + 12( + )R ATYot
+ é (14 h)? hA?YA® + % (14 h)? hA%Y) 2,
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And so on.

Setting ¢ = 1 into equation (3.3), we have

and the approximate solution is

By taking the expectation to the both sides of the foregoing equation, one can have

Elan(t)] = )]+ Z E[Xk(t)
For N = 2 and by using the independence between Yy, Y7, and A, we have

Elz2(t)] = E[Yo] + EYAt + éhE[AQ]E[Yl}ﬁ + %hE[AQ]E[YO] + ﬁh *E[AYEW )+

2—14h2E[A4]E[Y0]t4 + % (1 + h) RE[A2)E[VA]#* + % (1 + h) hE[A%| E[Yo]t%.

Since A® ~ Be(a = 2,8 = 1), then we have E[4°] = 2, and E[A"] = 5. Also by using the initial
conditions Y, and Y; which satisfy E[Y,] = 1, E[YZ] = 2, E[Y1] = 1, E[Y{] = 3, and E[Y,Y1] = 0,
we have

Elza(t)]=1+t+ = ht + ht + %th + 3 h2t + h% + h2 (3.5)

When A = —1, we have

1s 1, 1 1
B _— =t
Elza(t)) =1+t 9t 3t +240t +48

Now, we intend to find E[(x2(t))?] as follows

First, we find (z2(t))?

(2(1)? = Y2 + 2V Vi £+ 1440 L ptatvive e+ (576 HAYE + %#ABYI ;0 R APY2)8
+ mh4A4 Y20 (%YOHQAYl + gyohAyl)t?’ + (h2AY02 + Y2 4 2hAY)E + (lh‘*A?YlYo

h PAPYY, + h3A2Y1Y0)t +( Y hA + Yl W’ A+ h PAPYS 4+ BPATYY + ﬁ LAY
( h A3Y1Y0+—h3A3)ﬁYo)t +( h TA%Y? + 135 h3A3YO 180h 2A%Y? + ﬂh TA3YY

+ §h3A2Y12)t
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Then, by taking the expectation to the both sides of the foregoing equation, one can have

Bl(ea(0))*) = BIYZ] + 2BYoVi Jt + s W BLABYiYo € 4 (L b BAY B[]

+ %h“ [A°|E[Y?] + Tsth [A]E[Y?)E" + mﬁ4 [A*] B[y

+ (%th[Yo]E[AQ]E[Yll + ghE[Yo]E[AQ]E[Yl])t + (WPE[A%|E[YS] + E[Y?]

+ 2hE[AYE[YS))E + (éh‘*E[A‘*]E[Yl]E[YO] + %#E[A‘*]E[YI]E[YO}
13

+ §h3E[A4]E[Y1]E[YO])t5 + (%hE[Yf}E[AQ] + %EQE[Yf]E[AQ} + Eth[A“]E[YOQ]

+ BB + (R EAEYE)E + (i#E[Aﬁ]E[YﬂE[Yo] + WA BBl

1 4 4 2 1 3 46 2 23 4 1 4 6 2 1 3 A2v2\,6
+ (56l EIATIE ] + SR APE[Yo] + 7on i ElA JE[Y?] + 51" EIA'IEYo] + ghoAY)t

Since A* ~ Be(a = 2, 8 = 1), then we have E[A%] = 2, E[A"] = 1, [A ] =2,and E[A®] = % Also
by using the initial conditions Y, and Y; which satisfy E[Y,] = 1, E[YZ] = 2, E[Y1] = 1, E[Y{] = 3,
and E[Y,Y1] = 0, we have
Viz2(t)] = E[(:rz(t))z] - (E[wz( )])2
3 253 3 3,7 3 16 3
=1+2 +3ht +2700ht +1620ht 135ht 277125 ght
8. 0,3 187 5 4 4,7 4 2 3
— —h°t" - htf—f‘tf—htf—ht ht h
9 540 5760 135 27 t3 3 *o 9
541 79 4 5 4 8 25 217 9.6 1 410
h*t — M+ Rttt 4 Zhet —l‘t h°t Rt —2t.
+ 172800 St 1620 + 36 *o 9 + + 1620 + 19200
When i = —1, we have
42 194, 43 o 97 1 10 83 67 5
] =1+ =t> — =t* t - ——t
Viza(?)] + 3 72 + 1620 57600 + 19200 + 9 540
FRELIN S it
135 5760
and when N = 18, we have
1 2 1 3 1 1 5 1 6 1 7 + 1 t8 + 1 t9 4o ,

Blows] =14t — 36" — 56"+ 2t + 55t ~ 100" ~ T2600° T 1209600 T 1088640

and
19, 67 5 103 ¢ 41 - 247 4 401 0.

oyt 8 19 6T t - 5 — t
Vizs] T3t Tt 50 T aoso’ Tamas’ T 1728000 1088640

The FINDAPR program described and listed in the Appendix was written to obtain the expectation
and the variance of the approximate solutions of this example.
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1 ™\
15 /A // \\
[ 41 [\ —~ — ———
/ \ | \ N ~_7 ~—
1 \ / \ /
\ \ /
E[x(0)] \ / \
\\ 34 ll o
059 \ ‘/‘/ \\
\\ // \\ // Vix©) ‘f
, \-. / \ / 2 |
1 7
\ 5 / e A\ // 15 /
\ / \ / l
\ ‘/ \\J Ve i /
-0.54 \ // /
\ \
\ // \,/ T T 1
\
_14 N/ 0 ’ Time " "
""" Approximate solutior— — Exact solution| l -~ Approximate solutior— — Exact solution|
Figure 2: Variance approximation
= 18. For

Expectation approximation
solution for the HAM with n
A% ~ Be(a=2,8=1).

18. For

Figure 1:
solution for the HAM with n

A% ~ Be(a=2,8=1).

3.2 example 2
Consider the random initial value problem
d*X () dX(t)
T2t AtX(t) =0, X(0)=Yo, T l_o = Y1, (3.6)
where
A is a Beta random variable, A ~ Be(a = 2,8 = 3), and independently of the initial conditions Y,
and Y; which satisfy E[Yo] = 1, E[Y] = 2, E[Y1] = 2, E[Y{] = 5.
we follow a similar process to that of example 3.1 to obtain
i 4 L 6 1 7T _ 1 9 _ 1 10 .
B et 1260t 113400t 198450t +

13
=142t— —£—
T T 5 T a0
83 & 83 o

E[aﬁlg}
t° — t
25200 283500

2 1 2 1
a2 L Ly e LT
V[z1s] +t 15t 15t + 225t +450t +
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—— .
// \\ 7 //’ X
/ \ /
3 / \ 6 /
/ \ /
/ \ /
/ \ 5 /
o/ ) /
/ \ 4 /
Eix) / \ VIx®)] V4
/ \ P
/ \ 34 P
y \ 7
\ 24 e
\ e
\ N
0 \
1 2 3 \‘\ 4 0 T T T 1
Time \ 0 1 2 3 4
\ Time

|* — Exact solution - - - - - Approximate solution | | """ Approximate solution — — Exact solution |

Figure 3: Expectation approximation  Figure 4: Variance approximation

solution for the HAM with n = 18. For solution for the HAM with n = 18. For

A~ Be(a=2,0 = 3). A~ Be(a=2,0 = 3).

3.3 example 3

Consider random the initial value problem

d>X (t) dX(t) 9 dX(t)

= = = 3.7
T2 t2AT A X(#)=0, X(0)=Yp, yT l_o = Y1, (3.7)
where
A is a Beta random variable, A ~ Be(a = 2,8 = 1), and independently of the initial conditions Y,

and Y; which satisfy E[Yo] = 1, E[Y{] = 2, E[Y1] = 1, E[Y{] = 1.

we follow a similar process to that of example 3.1 to obtain

o 285 13, 59 5 8 37 7 143
E =1t — o oy - t t— A
[ows] =141 = 2+ 558 — 1550 + 2530 20160° T 60480 18144000 T

1, 4 103 4 649 5 8959 g 3133 o 517 o 5923
=1- 4+ 14— t 5 — t - 4
V]zis) 2V T 15t 720! T 2m20" T 50400 378000 ' 17280 665280
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/ \ N
124 / AN \»\
/ \\ N e
AN 0.8 ~———
1 AN
AN
AN
0.8 AN 0.64
E[x(t)] \\ [x(t)]
X V[x(t
0.64 \\
> 0.4
0.4
0.2
0.2
0 T T T T T 1 0 T T T T T 1
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Timet Time
| """ Approximate solutior— — Exact so]utionl | """ Approximate solutior— — Exact solutionl
Figure 5: Expectation approximation  Figure 6: Variance approximation
solution for the HAM with n = 18. For  solution for the HAM with n = 18. For
A~ Be(a=2,8=1). A~ Be(a=2,=1).
3.4 example 4
Consider the random initial value problem
2
£ j;(t) +AtX(t) =0, X(0)= Yo, d);'t(t) l_y = Y4, (3.8)

where

A is a Uniform random variable, A ~ U(a = 0,8 = 1), and independently of the initial conditions Y,
and Y; which satisfy E[Yo] = 1, E[Y{] = 2, E[Y1] = 1,

E[Y?] = 1.

we follow a similar process to that of example 3.1 to obtain

_ 1 3 1 5 1 7 ]- 9 1 11 ]- 137
Blows] =1+t — 5+ 15658~ 30t + Trogo? ~ 253420° T 2193280

1 e 1 . 131 10 41 4 71471 44
f— 1 — _— —_ —_
Views] =1+ 132° " 1420° T 1008000° 2177280" T 31294771200
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_/-*" 1.2 //_’
- —
254 /// o
e l———————
Ve
//
2_
s _
)z 0.8
/
Elx©] ] / VIXO 064
Y .
/s
14 0.4
0.5 0.2
0 T T 1 O T T 1
0 1 2 3 0 1 2 3
Time Time
| """ Approximate solution — — Exact solution | |* — Exact solution - - - - - Approximate solution |
Figure 7: Expectation approximation  Figure 8: Variance approximation
solution for the HAM with n = 18. For  solution for the HAM with n = 18. For
A~U(a=0,8=1). A~U(a=0,8=1).
3.5 example5
Consider the random initial value problem
2
4 X(t) +AtX(t) =0, X(0)=Yp, dX(t) l,.o = Y1, (3.9)

dt? dt
where

A is a Uniform random variable, A ~ U(a = 0,8 = 2), and independently of the initial conditions Y,
and Y; which satisfy E[Yo] = 1, E[Y{] = 4, E[Y1] = 1,

E[YY) = 2.

we follow a similar process to that of example 3.1 to obtain

1, 135 1,4 135
- T T L
Blows] =141 - ot" = 67+ 35t + 55 360 2520

1 6 1 7 1 8 1 9
t t t
+ 12600 + 113400

13, 1.5 6l 2 - 59 o 101 o 47 1o
=3_9t> 4+ 2 P b 2 — —
Views] =3 =207+ 5517+ 18t~ 270" " 135" T 22680° T s6700 23625
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1.4 ~ :
/N “
[ "

1.2 | \ Pl

\ s S~ « ) / >~

107 \ ,/ A //

\ /
0.8 \ /
E[x(t)] \ il /
0.6 \ /
\ /
0.4 \\ S /
4 7 /
\ / vixol 51 //
0.2 \ / \
\ / \ /
\ / N/
0 T T T T T 1 24 \ /
1 2 ] 4 / 5 6 — T T T T d
Ti 0 1 2 3 4 5 6
-0.24 “}W\ 7/ Time
| """ Approximate solution — — Exact solution | | """ Approximate solution — — Exact solution |

Figure 9: Expectation approximation Figure 10: Variance approximation
solution for the HAM with n = 18. For  solution for the HAM with n = 18. For
A~U(a=0,5=2). A~U(a=0,5=2).

3.6 example 6

Consider the random initial value problem

d>X(t)
dt?

dX (t)
dt

+AX(t) = —X(t) +sin(t), X(0) = Yo, o = Y1, (3.10)

where

A is a Uniform random variable, A ~ U(a = 1, 8 = 2), and independently of the initial conditions Y,
and Y; which satisfy E[Yo] = 1, E[Y{] = 2, E[Y1] = 1,

E[Y?] = 6, E[YoY1] = 0.

we follow a similar process to that of example 3.1 to obtain

52 13 a4, 175 13 5 1 7 211 s
- _ 22z i _ — t ...
Blow] =1+t =3t =3t + 5t + 55t ~ 576" ~ 86w’ + 2010000 T

5, 105 293, 675 185 12221 , 198419 4
VT3t Tt T a0t T asst T 30240 1814400

V[CU18)] =1—-2t+
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N A
\ \ 'f\
14 \ 2- /A / \\
\ [ F
0.8 \ / \ / \
\ / \ / \
Elx®] 0.6 \ 1.5 / \ / \
0.4 \\ & / \ / \
\. / \ VIx(1)] / | / \
0.2 \ / \ 14 / \ / \
. . \ . / o \ / \ / \
IS A J ] o
02+ \ Time / \ \ / \ /
N y 051 V] VL
0.4 ‘\.// "‘,\ \ / \ /"
! \
0.6 . 0 1 2 T 3 4 s
| ----- Approximate solution — — Exact solution | |* — Exact solution - - - - - Ag?):oximate solution |

Figure 11: Expectation approximation Figure 12: Variance approximation
solution for the HAM with n = 18. For  solution for the HAM with n = 18. For
A~U(a=1,8=2). A~U(a=1,5=2).

4 Conclusion

The main aim of this article was to improve the work of Golmankhaneh et al. [3]. In particular equation
(10) in [3] which is used to compute the the expectation approximation and the variance approximation
of second-order random differential equations. It may be argued from the Fig. 4 and Fig. 6 in [3], that
there was an error in obtaining the variance approximation solutions using HAM in [3]. Also, the rest
of the results in [3] are not correct (the variance of the approximate solutions is negative) compared
with that found by Khalaf [9], Khudair et al. [10], and Khudair et al. [11]. In this article, the homotopy
analysis method is employed to obtain the expectation and the variance of the approximate solutions
involve the computation of the main statistical functions of the mean square. This calculation is built
in Maple software. Further, for all of the discussed examples, the expectation approximation E[X (t)]
plotted against the time in the Figs. 1, 3, 5, 7, 9, 11 and the variance approximation V[X (¢)] plotted
against the time in the Figs. 2, 4, 6, 8, 10, 12. It has been shown that from Figs. 1-12 that the
results for the second-order random differential equations are qualitatively exactly the same as those
of Khalaf [9], Khudair et al. [10], and Khudair et al. [11].
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Appendix - The program FINDAPR

restart :

with(Statistics) :

N :=18;

A := Random Variable(('Beta’)(2, 1)) :
x[0] :==Y[0] + Y[1] * ¢t :

h:= —1;

for k from 0 to N do
x[k 4+ 1] := int(int((1 + h) = diff(eval(x[k],t = s),s,8) + h * A x eval(x[k],t = s),s = 0..r),r = 0..t);

od :

for k from 0 to N do
Ex[k] := ExpectedValue(x[k]);
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od :
expacted := sum(Ex[v],v = 0..N);
va:=0:

for r from 0 to N do

for s from 0 to N do

variance := va + ExpectedValue(x[s] * x[r]);

va := variance;

od :

od :

y0 := coeftayl(variance, [Y[0], Y[1]] = [0, 0], [1,0]) :
y1 := coeftayl(variance, [Y[0], Y[1]] = [0, 0], [0,1]) :

y0y1 := coeftayl(variance, [Y[0], Y[1]] = [0,0], [1,1]) :
y00 := coeftayl(variance, [Y[0], Y[1]] = [0,0],[2,0]) :
y11 := coeftayl(variance, [Y[0], Y[1]] = [0, 0], [0, 2]) :
vari := ((y0* Y[0] + y1 % Y[1] +y00 * YY[0] + y11 * YY[1])) :
YY[O] =2

YY[1] := 3

Y[0] :=

Y[1] := 1
varia := varia — (expacted)?;
with(numapprox) :
with(plots) :

Exactpx := —(4 % (2% Y[1] xt — 6 % Y[0] 4 6 * Y[0] * cos(t) 4+ Y[1] * t* * cos(t)
—3 % Y[0] %t % cos(t) — 2% Y[1] * t * cos(t) — 2 * Y[1] * t*  sin(t)
+6 % Y[0] * t * sin(t) — Y[0] * t* * sin(t))) /t*
Exactyx := 3t* + 4 — 6 % cos(t) * sin(t)t> — 2 * cos(t) * sin(t)t + 3 * cos(t)*t>
—3*cos( )2/t — 16*(2*t—6+6*008( t) -+ t% * cos(t)
—3xt% % cos(t) —2*t*cos(t) — 2% t% xsin(t) + 6 * t x sin(t) — t> * sin(t))?/t® :

G1 := plot(Exactgx, t = 0..15, linestyle = dash, color = red, legend = Exact solution, labels = [Time, E[x(t)]]) :
F1 := plot(expacted, t = 0..15, linestyle = dot, color = black, legend = Approximate solution, labels = [Time, E[x(t)]]) :

display({F1, G1});

G := plot(Exactvy, t = 0..15, linestyle = dash, color = red, legend = Exact solution, labels = [Time, V[x(t)]]) :
F := plot(varia, t = 0..15, linestyle = dot, color = black, legend = Approximate solution, labels = [Time, V[x(t)]]) :

display ({F, G});
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