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Abstract In this paper, exact solutions with bounded periodic amplitude to Kundu equation are ob-
tained through transformation, direct integration method and trial function method when the param-
eters satisfy certain conditions. By the way, exact solutions for the derivative nonlinear Schrodinger
equation are also obtained. Two solutions’ images are displayed. These results greatly enriched the
solutions’ structural diversity for these equations.
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1 Introduction

Nonlinear Schrédinger type equations have been widely applied to the field of physics, such as
plasma physics, nonlinear fluid mechanics, nonlinear optics and quantum physics. In recent decades,
this type of equations have attracted many researchers to study, who have gotten fruitful results[1-10].
Anjan Kundu derived the following higher-order nonlinear equation (Kundu equation) from nonlinear

Schrodinger type equations|11]
iy + U + BlulPu 4 ylu)tu +ia(|utu) . + is(jul?).u = 0, (1)
Kundu equation can be denoted into the following equivalent form
g 4 Uge + Blul?u 4+ yu*u + i(20 + 8)|ul?uy +i(a + s)u*u, = 0. (2)
When s =0, Eq.(1) becomes the derivative nonlinear Schrédinger equation as follows
ity + U + BlulPu + ylu|*u +ia(|u|?u), = 0. (3)
When a =0, 3 =2, v =456? and s = —45 , Eq.(1) becomes Kundu - Eckhaus equation
ity + Uy + 2\ul?u + 467 ul*u — 4i5(Ju*)pu =0, § € R, (4)

In addition, Chen-Lee-Lin equation iu; + gz, + i0%|ul?u, = 0 and Gerdjikov-Ivanov equation

g + Uge + BluPu + 262 |ultu + 2idu*u, = 0 are also special cases of Eq.(2).
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Many scholars have obtained exact solitary wave solutions, travelling wave solutions and singular
periodic solutions for Eq.(1)[12-15]. Some scholars have also investigated Kundu - Eckhaus equation
from which rogue-wave solutions are obtained[16,17]. However, to our knowledge, exact solutions
with bounded periodic amplitude for Eq.(1) have not been reported. Difficulty to look for exact
solutions lies in the presence of the fifth-order nonlinear term in this type equations. Recently, we
have found that Eq.(1) possesses exact solutions with bounded periodic amplitude under a special
condition, that is 45?2 — 16y +4a s — 3a? = 0. The aim of the present paper will be to investigate
Eq.(1) through transformation, direct integration method and trial function method to obtain exact
solutions including trigonometric and elliptic function solutions.

The rest of the paper is organized as follows: In Sect.2, we will simplify the structure of Eq.(1) by

transformation, and solve simplified equation. Sect.3 will be our conclusions.
2 Exact solutions with bounded periodic amplitude
By using a transformation

u(z,t) = Q(x, t)el W @) Fivt) 5

Eq.(1) can be transformed into the following equation

+(B— aWu(z,1)Q3(z,t) — (v + W2(z,t) + Wi(z,1)Q(x,t) + Quu(x, t) = 0.

where Q(x,t) and W (z,t) are real functions to be determined, and v is real constant to be determined.
Case 1: If set

We(x,t) = A+ BQ?*(x,t), Wi(z,t) = E+ F Q*(x,t), (7)
then Eq.(6) becomes the following form

((Ba+ 25 + 4B)Q* (2, ) Qu(, t) + 2AQu (z,t) + Q¢(2,1))i + Qua(x,t) — (v+ A2 + E)Q(x, 1)

8
—(Aa+2AB+F - pB)Q3(z,t) + (y — aB — B?)Q%(x,t) = 0, ®)

where A, B, E and F are real constants to be determined. When the parameters satisfy the following

conditions
3a+25+4B=0,Aa+2AB+F—-(3=0,v—aB—B?>=0, 9)
or
A= 25_:59, B=-1s—3avy=1sa— 13—6042 + 157, (10)

then, Eq.(8) is simplified to the following form
(2AQ. (7, t) + Qu(w,1))i + Quu(x,t) — (v + A% + E)Q(x,t) = 0. (11)
Solving equations 2AQ,(z,t) + Q¢(x,t) = 0, Quu(w,t) — (v + A2 + E)Q(x,t) = 0, we have

Q(z,t) = Cysin(vV—v — A% — E(x — 2At)) + Cacos(vV—v — A% — E(x — 2At)), (12)



where C1, Cy, E and v are arbitrary constants, they should satisfy the condition —v — A2 — E > 0.
Substituting Eq.(12) into Eq.(7) and integralling it , we obtain

W(z,t) = fﬁ(B(Cf — C3) sin(2v/—v — A2 — E(z — 2At))
+2BC1Cy cos(2v/—v — A% — E(x — 2At)) + vV—v — A2 — E(4B(C} + C3)(— 3z + At) (13)

—4Ft — 4Ax — 403) + 2B01C2)
By using Wyi(z,t) = Wiy (z,t), we obtain F = —2AB. Therefore, when A, B, a, 3, s and ~ satisfy the

relationships

T L R 1)

exact solution of Eq.(1) is expressed as

U(I,t) _ (Ol Sin( /_Ua2+i22+Ea2 (az;Q,Bt)) +Cy COS( /_’UQ2+i22+Ea2 (ax;2ﬁt)))e(iW(I,t)+ivt)7 (]_5)
where C7,C5, E and v are arbitrary constants, and

25+3a . va2+p2 a2 ax—
W(J;,t)zm\/(v;ﬁ((Cf—C%)sm(\/— Lk Ee? (ax=2Pt))
T a2
val+p2+FEa? jar— C1C2(2543a
+2C1Cy cos (] — Let Ot Ea? ( azm»ﬁMﬁ (16)

— - (0} + C3)(25 + 30) (ax — 2Bt) + Et + 22 + Cs,

@, B,v and F satisfy va? + 3% + Ea? < 0. Eg.(15) is a bounded periodic amplitude solution of Kundu
equation (see Fig.1).

ey S AL A N

Fig. 1: Profile of |u(z,t)| in Eq.(15) witha =1, 8=2,v=2, E=-10,C; =2, Co =3 .

Case 2: Ifset X = P(x —kt) and Wx(X) = A+ BQ(X)?, then Eq.(6) can be converted to the
following from
i((3a +2s +4PB)Q(X)? + (2PA - k))Qx (X) + P? Qxx (X) + (v + P? A2)Q(X)

17
+(B—aPA)QX)®+ (—aPB+~y— P?B)Q(X)> =0. ()



When the parameters satisfy the following conditions

k=2PA, B=—75(2s+3a),y = %saf%a2+%s2, (18)

Eq.(17) is simplified to the following form
P2Qxx(X)+ (—v+ P2A)Q(X) + (B—aPAQ(X)*=0. (19)

We use trial function method to look for elliptic function solutions for Eq.(19). Suppose solution
of Eq.(19) as follows

Q(X) = ap + a1 JacobiSN (X, m), (20)

where ag, a1,b; and m (0 < m < 1) are constants to be determined. Substituting Eq.(20) into Eq.(19),
we easily obtain the following results.

2 2 2 2 .2 .2 4 4,4 2,2 2 2 4 2p2 4
When ay =0, 4 = %7 v = _ P"m7a®aj—4P"m —40([321;%m ai—B%ai+a*P a17 Eq.(19) has solu-
tion
Q(X) = a1 JacobiSN (X, m), (21)

where a;, P and m (0 < m < 1) are arbitrary constants. At this time, the elliptic function solution of
Eq.(1) is expressed as

2 P2m24 502

u(x t) — a .]acoszN(X m) e(i f(iapb% 15 (2s43a) (a1 JacobiSN(X,m))?)dX +ivt) (22)
where X = P(x—2PAt) and v = — P2m2a2a‘1k—4P4m4—t,@;l:zmza%—ﬁ2a‘ll+a2P2a% . This is a bounded elliptic
1

function solution of Kundu equation (see Fig.2).

Fig. 2: Profile of |u(z,t)| in Eq.(22) witha = 1, 3=2,m

In the above solutions, setting s = 0, we can obtain solutions of the derivative nonlinear Schrodinger
equation.
3 Conclusion

When parameters satisfy condition 4 s2 —16y+4 o s —3 a? = 0 in Kundu equation, its bounded pe-

riodic amplitude solutions including trigonometric and elliptic function solutions, are obtained. Prior



to this, bounded periodic amplitude solutions have not reported. Based on the solutions of Kundu

equation, we easily obtain solutions to the derivative nonlinear Schrédinger equation. These results

contribute to a better understanding of the structure of the solutions for the nonlinear Schrodinger

type equations. They can also be applied to the field of nonlinear optics.
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