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The Cauchy problem for the Camassa-Holm equation with
quartic nonlinearity in Besov spaces

Abstract
In this paper, we study the Camassa-Holm equation with quartic nonlinearity. We prove
that the Cauchy problem for this equation is locally well-posed in the critical Besov space B;/lz
orin By, with 1 <p,r < +o0, s > max{1 + 1/p,3/2}. We also prove that if a weaker Bl .-
topology is used, then the solution map becomes Hélder continuous. Furthermore, if the space

variable z is taken to be periodic, we show that the solution map defined by the associated

periodic boundary problem is not uniformly continuous in B3, with 1 <r < 4o00,s >3 /2 or
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1 Introduction

The well-known Camassa-Holm equation (CH for short)
Ut — Uggt + FUUy = 2UpUgy + Uy, (1.1)

was first derived by Fokas and Fuchssteiner in [I] for studying completely integrable general-
ization of the KdV equation with bi-Hamiltonian structure, and later proposed by Camassa
and Holm in [2] as a model for unidirectional propagation of shallow water waves over a
flat bottom, and it is proved that the CH equation is completely integrable and possesses
an infinite number of conservation laws. It is quite different from the KdV equation that
the CH equation has peakon solution and breaking waves, see [2]-[4]. As noted in [5], it is
intriguing to find both phenomena of soliton interaction and wave breaking can exhibit in one
mathematical model of shallow water waves. The CH equation is well investigated in view
of mathematical point and a lot of achievements had been made. For instance, the Cauchy
problem for CH and periodic CH equation were studied in [6]-[§], the global weak solutions
and global conservative and dissipative solutions were obtained in [9]-[13], the peakon and
smooth solitary wave solutions were proved to be orbital stable and interacts like solitons
[14]-[17], on the wave-breaking we refer to [18]-[22].

There are considerable researches having studied the following generalized CH equation

23] [28],
Up — Uggt + AU Uy = 2UgUpr + Ulgrg, (1.2)

they have focused on the stronger nonlinear convection, that is, the nonlinear convection term
Ul 1N has been changed to u™u, in , which makes the structure of their solutions
change a lot. There are many new nonlinear phenomena arise for equation , such as
compacton solitons with compact support, solitons with cusps, or peakons, cf. [29]—[37]. Four
simple ansdzs were proposed to obtain abundant solutions: compactons, solitary patterns
solutions having infinite slopes or cusps, and solitary waves in [29]. By using bifurcation
method, peakons and periodic cusp waves were studied in [33]-[35], the explicit expressions

of peakons for ([1.2)) are given in some special cases. In [36] some new exact peaked solitary



waves were derived. By employing polynomial ansdz the periodic wave and peaked solitary
waves of equation were investigated in [37]. The Cauchy problem of equation was
studied in [38, B9] and the solitary waves for the equation was proved to be orbital
stable for any speed in [23], 40] as n = 2, 3.

Motivated by the previous work on the generalized CH equation, in this paper we aim to
study the Cauchy problem of equation with the initial value date in Besov space and

the continuity properties of the solution map in the case n = 3,

3

Up — Ugpt + QU UL = 2UpUgy + Ulgrs, (1.3)

u(0,z) =ug(z) € By,, v€R, teR". (1.4)

The main difficulties we are encountered with are to prove that the approximate solutions
to the Cauchy problem is uniformly bounded in B;/f and that the approximate
solutions is a Cauchy sequence in 321’/12 due to the fact that involving quartic nonlinearity
is much more complicated than cubic or square nonlinearities. For the method, it is more

convenient to reformulate (1.3]) (1.4) as the nonlocal form:

1 1
Opu + udpu + 9,(1 — 02) ™1 (—au4 + —u? — (ux)Q) =0,
44 T T (1.5)
u(0,x) =ug(z) € By,, v€R, teR".
Denoting A = (1 — 92)~! and
F(u) =0 A(—gu4 + luQ — }(u )?) (1.6)
xT 4 2 2 X b .
then (1.5)) can be rewrite as follows:
Ou+ulpu + F(u) =0, z€R, t € RT,
(1.7)

u(0,7) = up(z) € By,
It is easy to verify that F': By . — Bj . is continuous when s > 1 + % with 1 < p,r < 0.

Therefore, it is reasonable to expect the existence of local solutions in B,, with s > 1+

%, 1 < p,r < co. However, we will need the products estimate of the type ||fg||B;;1 <
Hf”B;;l HQHB;;Z’ hence the condition s > 3/2 is required.
Before starting the main results, we explain the notations and conventions used through-

out this paper.



Notations. In this paper we adopt the following notations:
The notation < denotes the estimates that hold up to some universal constant which may
change from line to line but whose meaning is clear from the context. .#(R) is the space
of rapidly decreasing functions on R and .%’/(R) is its dual space. If the function spaces are
over R, we will drop R in our notations of function spaces if there is no ambiguity. When the
function spaces are over T = R/27Z, we will not omit T in our notations.

ForT'>0,s € R and 1 < p < oo, we define

s (1) = C([0,T]; By, ) N CH([0,T); By, Y),  if r < oo,
P L0, T By o) N Lip([0,T); B3Y), if r = o

Our main results are as follows:

Theorem 1.1. If ug € 337/12, then we have
(1) There is a T,, > 0 such that the problem (1.5 has a unique solution w in E%Q(TUO)

which depends continuously on the initial data ug. Moreover, the solution u satisfies

’ (1.8)

HU(t)HBg’/f S QHUQHB;GQ + 1, fOI‘ 0 S t S Tuo S 39

48C <HU0”33/2 + 1)
2,1
where C > 0 is a constant.

(2) The solution map uy — u(t,-) defined by (1.5) is Hélder continuous as a map from

B(0,R) C 3;57/12’ with the B;/OQO topology, to C([O,T],Bg,l), % <q< % More precisely, if

up,v9 € B(0,R) C B;/lz and u,v are the solutions corresponding to the initial data ug,vo,

respectively, then for % <qg< %, we have

lu(®) = o(®)lpg, < o — w0l 0s 0 << (1.9)
’ 2,00

where T = and o = (3 — q) exp {—CR} with the constant Cr > 0.

7
48C(R+1)3”

Theorem 1.2. Let 1 < p,r < oo, s > max{1l + %, %} and ug € By ., then we have

(1) There is a Ty, > 0 such that the problem (L.5) has a unique solution u in Ej .(Ty,).

The solution map ug — u defined by the problem (1.5 is continuous from By, into E;:T(TUO)

for every s’ < s(s' <s if r < oo). Moreover, the solution u satisfies

7
480(”UOHB§,T +1)3’

lu@®)llB;, <2[uollps, +1, for 0<t<Ty <

P —

(1.10)



where C' > 0 is a constant depending on p,r, s.
(2) If uo,vo € B(0,R) C By .. Let u,v be two solutions corresponding to the initial data

ug, vg, respectively. Then we have

[u(®) = v(®)llgez, < lluo —vollga , 0<t<T, (1.11)
where T = m, q1,q2 and the exponent o satisfy
L, if s #2453, max{y, Jp<a=@<s-La=a#l+g
a=1< 58— qo, ifs#2+%,s—1:q1<qz<s, (1.12)

1 el 1
qQ =3, 1f3—2—i—p,

max{3, %} <@g <@p=1+ %,
In other words, the solution map ug — u(t,-) defined by (L.5)) is Hélder continuous as a map

from B(0,R) C B, with the BY, topology, to C([0,T], BE.).

p?T}

Remark 1.1. When the space variable x is taken to be periodic with period 27, we consider
the periodic boundary value problem instead of the Cauchy problem (|1.5)), that is

Ou +udzu+ F(u) =0, t >0, v+#0,
(1.13)

u(0,2) = up(z) € B

o 1 €T =R/21Z.

When z € T = R/27Z, since Theorems and also hold for x € T, we know that
the solution map is continuous in B, , and in B;/lz (even Holder continuous if some suitable

weak topology is chosen). However, when x € T, from the following theorem, we see that it

is not uniformly continuous in B3, with 1 <r <ocoand s >3/2orr =1 and s = 3/2.

Theorem 1.3. When x € T = R/27Z, for the solution map ug — u(t,-) defined by ,
we have the following results:

(1) When 1 < r < oo and s > 3/2, the map ug — u(t,-) is not uniformly continuous
from any bounded subset in Bj, into C([0,T]; B ,.(T)) if r < oo or into L>(0,T; BS (T))
if r = oo for some T > 0. More precisely, there exist two sequences of solutions u;(t) and

v;(t) such that

i)l Bg (1) + llvi(®)ll B3, (1) S 1, (1.14)
lim ||u;(0) — v;(0)[| gy (1) = 0, (1.15)
1—00 )
liminf [|u;() — vi(t)[|py (1) 2 [sint|, 0<t<T. (1.16)
1—00 T



(2) When s = 3/2, the map ug — u(t,-) is not uniformly continuous from any bound-
ed subset in 337/2 into C’([O,f];Bgf(T)) for some T > 0. More precisely, there exist two

sequences of solutions u;(t) and v;(t) such that

Hui(t)HBgf(T) + ||Ui(t)HBg’/12(T) < 1 (117)

Jim i (0) =i (Ol g2 gy = 0, (1.18)

lim inf ||ui(t) — vi(t)]] a/2, 2 |sint], 0<t<T. (1.19)
1—00 Bz,l (T)

2 Preliminaries

In this section, we shall recall some basic facts on the Littlewood—Paley theory, Besov spaces
and the transport equations theory that will be used in this paper. We refer to [42]-[45] for
the details of them.

Let x, ¢ be two functions satisfying x,¢ € C(R),0 < x,¢ < 1, x(§) =1 for || < %,
suppx = {€ € R, [¢] < 3} and ¢(€) = x(27'€) — x(€). Then

X+ 627¢) =1, VEeR,

JEN
supp ¢(277-) (\supp 6277 ) =2 if |j— 5| > 2,

supp x(-)[ |supp ¢(277-) =& if j>1.

For u € .'(R), we define the nonhomogeneous dyadic block operators as
A _yu = x(D)u =F; 'xFpu,
Aju= (27 Dyu=F ¢(27€) Fpu, if j 20,
where F,u is the Fourier transform in x. Then we have
00
u= Z Aju  converges in .’ (R) or in H*(R).
j=—1

We define the low frequency cut-off S; as Sju = Zg;il Aju. Direct computation implies



that for any 1 < p < oo,

AAu=0, if [i—j|>2, Vu veSR),
Aj(Si_l’U,AZ"U) =0, if ‘Z - ]‘ >5 VYu,ve y’(R),
HA,‘UHLP < CHUHLP, Vuc€ LP(R),

ISsullze < Cllullze, V¥ u € LP(R).

Definition 2.1 (Besov spaces). Let s € R, 1 < p,r < +00. The nonhomogeneous Besov
space By .(R) is defined by

B, (R) = {f € #'(R): |Ifllpy, ) < 0}
where | £l @ = 128 flrwn) = | (@185 5120 15 ]|,
Remark 2.1. When p = 2 and 1 < r < +o0o, the above definition is equivalent to the

following:

|a+eiru

T + H]__{_éQSJ:qu ’ 7"<OO,
L2(-1,1) j%; e 12(C)

Lz(cj)} ’ r=%0

where Cj = {¢ € R: 2/ <[¢] <271}, In particular, if p = r = 2, then Bj, = H*.

HUHB;T(R) =

|1+ )3 R

sup {H(l + &2 Fu

b
jeN L2(—1,1)

The following Lemma summarizes some useful properties of B ...

Lemma 2.1 ([41]-[45]). Let s € R, 1 <p, r, pj, rj < o0, j =1,2, then
(1) B, ,.(R) is a Banach space and is continuously embedded in .#”(R).

: ) _ 11
(2) Byl = Bp2,, if pr <pa;rp <rg and 53 = 51 — (171 — p—2).

B — B2, is locally compact if sp < s1; 71 < ra.

(3) Vs > 0, By, N L% is a Banach algebra. B}, is a Banach algebra & B, — L* &

s>%(or82%andr:1).

(4) V0 € [0,1], s = 0s1 + (1 — 0)so,

1fllB;, < ClAG 152> ¥ € Byhn B2

p,r



(5) VO € (0,1), s1 > s2, s = 0s1 + (1 — 0)sa,

HUHBS < ﬂ

0 —0
Pl T 51 — 89 HUHB;}(}OHUHI Vue B

B;2007
(6) If {un }nen is bounded in B, , and u, converges to u in S (R), then u € B;, and
]l B, < liminf [|un| 5, -

Remark 2.2. Recall that we denote P(D) = (1 — 82)~! and we shall use the estimates

|P(D) Iy, < fll p-zs 10:P(D)f sy, S 1F gt

In terms of the operator, we say that P(D) = (1 — 92)~! is an isometry from Bj . into ng?

and 0, P(D) is an isometry from Bj . into B5t!.

Now we recall some results in Besov spaces By, of the transport equation. We refer to

[42], 143, [46], [47] for the details.
Lemma 2.2 (a priori estimates). Let 1 < p, r < oo and s > — min {%, 1- ]%} . Assume that
fo € By, F € L'(0,T; B},) and v € L'0,T; B3,Y) if s > 1+ 1 or v € LY(0, T3 Byl

L) otherwise. If f € L*>(0,T;B;,) N C([0,T];'(R)) solves the following 1-D linear

transport equation:
fi+tvfe=F t>0, zekR, (2.1)
f0,z) = fo, x=€R, (2.2)
then there exists a constant C depending only on s,p,r such that the following statements

hold:

(1) For allt € [0,T],

1fllBg, < llfollsg, + /Ot 1E(7)ll By, d7 + C/Ot V/(DIf(7)l g, dr, (2.3)
and hence,
11155, < eV® <||forB,g,T + /0 t e—CV<T>|rF<T>\|B;,TdT> , (2.4)
where
Vo - N 02 (T)| g1 /oo, if 5 <1+ 2

fg [02(7) || p3-2d, if s>1 +% or (s =1 +% and r = 1) :

(2) If f =, then (1) holds true for all s > 0 with V(t) = f(f |z (7) || LoodT.

8



Lemma 2.3 (Existence and uniqueness). Let p,r, s, fo and F' be as in the statement of Lemma

. Assume that v € LP(0,T; BgO%O) Jor some p > 1, M > 0 and v, € L*(0,T;B3;") if
1 ‘

s> 1+% or s = l—i-%, r=1 and vy € Ll(O,T;Bp,/OZZ)ﬂLOO) if s < 1—1—%. Then (2.1)) (2.2))

have a unique solution f € L>(0,T; B, )N C([0,TT]; B;:l) for any ' < s and the inequalities

of Lemma hold true. Moreover, if r < oo, then f € C([0,T]; B, ).
We will use the following estimates frequently.

Lemma 2.4 (Moser-type estimates, see [41, 42} [43], [48]). Letting 1 < p,r < +o0, then we

have the following estimates:

p,r T

() For s >0, |l £glls;, < € (Ifllsg, Nalliw + I lu=llglls;, ) ¥ f.g € By, 0L,

(ii) For a1181§%<82(822 if r=1)ands;+s2 >0,

1
p
1£all s, < Cll s gl s ¥ f € B, g€ B

Lemma 2.5 ([46]). For any f € B;jﬂ, g€ B;{f, there holds the product estimate

12 < - .
705,102 S 1715 velll

Lemma 2.6 ([43]). There is a constant C' > 0 such that for s € R, e >0 and 1 < p < oo,

£l s

1f 1l

1+4¢
[ fllgs, <C

p,1 — €

1fllBs .. In (e—i— ) , VfeBy.
Now we recall the Osgood lemma cf. [41] [49].

Lemma 2.7 (Osgood Lemma,[41}, 49]). Let p > 0 be a measurable function, v > 0 be a locally
integrable function and p be a continuous and increasing function. Assume that, for some

nonnegative real number c, the function p satisfies

plt) <c+ / () a(p(t) dt’.

to
t 1 dr
If ¢ >0, then —M(p(t)) + M(c) g/ y(t') dt’ with M :/ Gk
to z KT
1
If c = 0 and p verifies the condition / (T) = +o00, then the function p = 0.
0 Mr

For given solutions u and v, we will need to estimate the difference F'(u) — F(v) in terms

of u — v. We now summarize the estimate as follows:



Lemma 2.8. Ifu,v € B;/f, we have

3 3
1700~ Py % (Il + 1ol + Nl + ol e ) ol

Proof. By the expression of F'(u) and Lemma we have

IF () = F@)l e St = 04l msra + 10 = 2] oaga =+ 2 = 2] e

2| 5

< 3 2 2 3 _
(Il + Tl gl g+ ol + o1 ) = ol
+2 (g + Wl g ) = ol

(Il + ol + el + ol gy ) = ol

Lemma 2.9 ([50, 51]). Let o, € R. If X € ZT and XA > 1, then

1 2\0/2 ~, \O
2r(14+X)72 = N7, r < oo,
Isin(Az —a)l|pg (1) = [| cos(Az — o)l pg (1) =
1+ X2 2 X7, r=oco.
3 Local well-posedness

In this section, we prove Theorems[I.I]and [I.2] We will give a detailed proof for The Theorem
and in the final remark, we give the modifications which is needed to prove Theorem

To begin with, we construct the approximate solutions.

3.1 Approximate solution

Starting from u; = 0 and by induction, we define a sequence of smooth functions {u, },n € N
by solving the following transport equation iteratively:
Optin41 + UpOzptin+1 = —F(uy), (3.1)
Un+1 (0, CL‘) == Sn+1u0, (32)
where F'(u) is given in (L.6). Since all the data belong to B39, from Lemma and by

induction, we obtain that for all n > 1, the above equation has a global solution w11

belonging to C(R™; B39).

10



3.2 Uniform bounds of the approximate solutions

For n € N, let Uy, (t) = fg [unll gs/2d7. Since [[up41(0,2) gsr2 < [luoll gs/2, from the estimate
2,1 2,1 2,1

[2.4) of Lemma [2.2] we have
¢
1 ()] s < €SOO (|| paje + C / e F(un (7))l o2 dr
By By 0 B2
¢
< 6C'Un(t) (HUOHB3/2 + C/ efCUn(T)HaxA(_au4/4 + u2/2 — u§/2)(7—)‘|33/2 dT)
3 : 2,1
¢
< 0 (Junll e +0 [ (unllgs + lun(r)y ) )
o 0 BQ,1 32,1

n 4
< U0 (nuouBg/fw [ e (funrl o +1) dT>. (33)

3
Let T' > 0 such that 6C <||U0”B3/2 + 1) T < 1, we claim that for any n € N,
2,1

1
Juol 2 +

_—1, Vtelo,T). (3.4)

5\ 1/3
(1 —6C <||u0||B3/2 + 1) t>
2,1

Assume (3.4) is true for n. We now prove that it also holds true for n 4+ 1. Since U,(t) =

Jo lunl gz, by BA), we have

t t 3
(CUt-CO) < oxp{C [ fualy dt'}gexp{c [ (Hunllg +1) dt’}
r 2,1 T 2,1

3
A (s
2,1 ’
<exp{ C dt

3
(1 —-6C (HUQHB3/2 + 1> t’)
2,1

1/6

<
Junll g2 <

3
1—-6C (HUQHBa/z + 1) T
2,1

= 3 . (3.5)
1-6C <HUO||B3/2 +1> t
2,1
From the above equation, we see clearly that when 7 = 0, U, (0) = 0, we have
CUA(1) 1
e~ vntt) < . (3.6)

3\ 1/6
(1 —6C <||uo\|j’gg/12 - 1> t)

11



Using (3.3), (3.4), (3.5) and (3.6) gives rise to

t 4
[tn 1 (E)]] gase +1 < e“Un) <HUOHBS/2 +1+ c/ e~ CUn(r) (Hun(T)HBs/g + 1> dT)
2,1 2,1 0 2,1

IN

_ -
d{1- 1
ol 2 + 1 - ( “70Wﬂ@f+ >T>
J

3\ 1/6 1- 6 3 \ 7/6
(1 —6C <||U0HB3/2 + 1> t) (1 —6C (HU(]”BS/2 + 1) 7')
2,1 2,1

1
ol /2 +

< .
= s\ 1/3
(1 —6C <HUOHBS/2 + 1) t)

2,1

Hence (3.4)) is true and {w,,} is uniformly bounded in C([0, T'; 3%2) for all ¢ € [0,T]. Setting

Ty

Yy = 480(”%&3/2“)3, for n € N, we can conclude that the solution u, exists for 0 <t < T,
2,1

and satisfies the bound
lun (@)l gsr2 < 2lluollgse +1 51, 0<t < Ty (3.7)
B3’y B3y
Furthermore, using the equation (3.1)) yields that for 0 < ¢ < Ty,

|Bvtn 1] a7z < Nl e Nt e + I F ) e S 1. (33)

Hence we conclude that {u,} C Eg’/f (Ty,) is uniformly bounded.

3.3 Convergence of the approximate solutions

1/2
2,00

We now show that {u,} convergences in C([0,T,]; By's,)- For m,n € N, from (3.1) we have

815 (un-l—m—l-l - un-l—l) +un+ma:v (un—l—m—‘rl - un+1)

= (Un — Unt+m) Oxtins1 + [F(un) — F(tnim)] - (3.9)

Applying Lemma to the above equation, we have that for wp41m = Uptmt+1 — Un+1 and

0 <t < T, there holds
t
lwnsrm (Ol g2 < PO (Jwnsrm(O) e +C [ e COmsm O (7)|| o dr )
’ B2,oo ’ BZ,OO 0 B2,oo
Here Uy (t) = f(f HunerHBg/? dr < f(f ||un+m||Bg/12d7' < 1 due to (3.7),
HHn’m(T)HB;N = [|(un = tn4m) Ozunir + [F(un) — F(Un-km)]HB;N :

12




Using Lemma, Lemma Lemma and (3.7), we find that for some M > HUOHBS,/f’
there holds

M
Hm < _ < 1 .
| (Dl par2 < Mlum = tngmll gy < llwnmll gy Inf e+ Tammell 27
2,00

Since
st m(O)l 372 S (st = 1) Ol e < €27 ol
we have

M

+ - @@
lwnmll g1z

t
wntim®lpye $274C [ funmlpys tn [ e dr.
2,00 0 2,00

Let Hpm(t) = [wnt1,m(t)|| 51/2 - From the above estimate, we obtain that
2,00

t
Hostn(®) $27+ [ Hon(9)ln (e+ ) dr, t € [0.Tu).
0

Hy o (7)

As the function 2 In(e + 1) is nondecreasing, we see that Hy,(t) £ sup,,en Hn,m(t) satisfies

t
Hyp(t)y <27 +/ Hy(7)In <e + > dr, te€[0,Ty,].
0

1
H, (1)

Let H(t) = limsup H,(t), taking upper limits both side to the above equation with respect

n—oo

to n we have

H(t) < /0 tﬁ(T) In <e + ffé)) dr.

1
1
Since x1n (e + 1) is nondecreasing and / _—
( x) & 0o xln (e + %)
that H(t) = 0, in other words, {u,} is a Cauchy sequence in C([0,T,]; B;/OQO) By (5) in

dz = +o0, we can infer from Lemma

Lemma [2.1] we see

1 1
1/2 | Untm — un”fgs/z S tngm — unH;uz .

2,00 2,00 2,00

1
2

([t pm — UnHB%yl S tngm — “nHB

Hence {un bnen is actually a Cauchy sequence in C([0,T]; By ;) and therefore {u,} converges

to some function u € C([0,T]; By ;).

13



3.4 Existence and regularity of the solution

Since Hun||B3/2 is uniformly bounded by 2||U0||B3/2 + 1, the property (6) in Lemma [2.1| guar-
antees that [|ul| , y/2 < 2fuol[ 4 32 + 1, which means that u € L*>(0, Tuo,Bg/2) If & <1, we

have
[[tn — UHBgfl < lJun — uHB%,I. (3.10)
If 1 < s < 3/2, by interpolation again, we have

0
i =l < lm = llyy on = wll5fs = wlly Jwollfs  (311)
5 ) 2,1 21

where 6 = 3—2s". From ({3.10) and (3.11)), we see that u,, — win C([0,T7; ngl) for all 8" < 3/2.
Taking limits to (3.1]) (3.2]), we can deduce that u indeed solves ((1.5). Since r = 1 < oo, from

Lemma 2.3 and (83), we know that u € C([0, T, J; BS,Y) and u; € C([0, T ]; By
3.5 Uniqueness of the solution and Ho6lder continuity of the solution map

The continuity of the solution map can be obtained by following the same steps in [46] and
we omit the details in this paper. Now we focus on the uniqueness of the solution and the

Holder continuity of the solution map. To show this, we need the following Lemma.

Lemma 3.1. If u,v € C([0,T); 2'(T)) (" L>=(0,T; B, / 1) are two solutions to (L1.5)) for some
T > 0 with initial data up, vy € B / respectively, then for any s’ € (%, %) and t € [0,T], we

have

0 cT 3
lu=ollgy,  lluo —wl (55T, 0=7 —s € (0,1, (3.12)

200

where C' > 0 is a constant depending on ||ul] and ||vl|

L>=(0,T;BY/Y) Le(0,T;B5/%)"

Proof. Since u,v are two solutions to (1.5 with initial data wug,vy € Bg/f, respectively, we
find that w = u — v satisfies

wi + v0;w = —wigu — (F(u) — F(v)), w(0,2) = up — vo. (3.13)

Let U(t) = [ lva(T dr, by Lemma we have

Mg 12

@l s < ol s O 4 [ COOCONF v
,00 ,00 0
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where F' = —(u — v),u — [F(u) — F(v)]. Since u,v € L*>®(0,T}; B3/2) the estimate of u — v

is essential in the derivation of (3.9), we obtain that for all ¢ € [0, 77,

t
M
t < 0 C 1 — | d7. 3.14

Since In (e + &) <In(e +1)(1 —In &) for z € (0, M], from (3.14), we have

@l g Tw Oz tlwl g [wl]] g7z

— == l—lﬂ d t 7).
% U —|—CO i D T, Vtel0,T]

A

Thanks to Lemma [2.7] we obtain

xp{—C
lo®llpe (w5 |
B B
2,00 < 2,00
eM ~ eM
Therefore, we have
cT
lw®)lpyz < Iw©@IEE". (3.15)
If % <s < 2, by interpolation, the embedding 33/2 — B;/OQO, we arrive at

1-6
0 0 0
wllg, < Nolfys Rollgh < Hotfys (Tullgge + Iolge ) S ol

where 6 = % — §'. Using (3.15)), we obtain that

0 CcT
lwlgg, 5 el S lw@ILTET. (3.16)

We finish the proof. O

Obviously, the uniqueness of solution is a corollary of Lemma [3.I] Furthermore, for any

initial data ug € B(0,R) C B;/f, by (1.8), we see that the lifespan T, of the corresponding

solution u to (1.5|) satisfies

7 7 -
3~ 5 =1,
1) 48C (R+ 1)

T, >
48C
(1ol +

where T does not depend on u. Therefore, we can find a T > 0 such that for all uy €
B(0,R) C B%Q, the corresponding solution u € C([0,T); B3/ ). Directly from (|1.8) and

Lemma (1.9) is proved and hence we complete the proof of Theorem
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Remark 3.1. The proof for Theorem is much easier than the one for Theorem We
can also use the standard iterative process to obtain a solution. One can obtain the uniform
bounds for the approximate solutions {u,}, and then prove that {u,} is a Cauchy sequence
in Bf,;l by using the same method as in [43]. Similarly, we can verify that the limit function
u is a solution and u € E;,. Furthermore, continuity and Holder continuity of the solution

map can be obtained by following the steps in [50]. The details for Theorem are omitted.
4 Non-uniform dependence

In this section, we will show that the solution map defined by ((1.13)) is not uniformly contin-

uous. We argue in two cases:
1<r<oo, s>3/2 and r=1,s =3/2.

For the first case, we can follow the same steps as in [50] to prove the (1) in Theorem |1.3[and

hence we only give the proof for the critical case.

4.1 Approximate solutions and actual solutions
Following the approach in [52], we choose approximate solutions as
uk’"(t,az) =kn ' +n32cosh, where 0 =nzx —kt, n€Zt, k= —1,1. (4.1)
Substituting u*™ into gives rise to the error which is defined to be
E = 0™ + uF o0+ F(uPm), (4.2)
Lemma 4.1. Let E be as in [(1.2), 0 = 1,00. Then we have ||E||B;/U2 <n 32,

Proof. |[E| g1z < | Bt +uk’"8xuk’”“Bl/2 + HF(uk’”)HBm. Via direct computation and
2,0 2,0 2,0

Lemma 2.9, we have

1
——n"%sin(2nx — 2kt) <n 32 (4.3)

2

<

Hatuk,n + uk,naﬂjuk,n RS
B2/o'

1/2
B2,U
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—3/2
< (K22 +n73/2)(—n 32k sin 6 + —n "2 sin 26)
By o/
1
+ || —k*n"*sin 20 + ~kn~"/?(sin 30 + sin /)
2 32—3/2
L 9/, : L 5.
+ ||=kn 7/ *(sin36 — sinB) + —n" " sin 40
4 8 B3/2
2,0
—3/2 . [
+ ||—kn sinf — —n~“sin 26
2 B3/2
2,0
1
+ 3 sin 260
B, Y?
<n7¥2, (4.4)
We will complete the proof by putting the estimates (4.3]) and (4.4) together. O
Via Lemma for n > 1 and any t > 0, we have
[ub (@) | o2 = k™" + 0732 cos(na — kt)| yoe S 1, 0 =1,00. (4.5)
2,0 2,0

4.2 Estimating the differences between approximate solutions and actual
solutions

We consider the following periodic boundary value problem with initial data «*"(0,z), i.e.

ug +udpu = —F(u), t e RT, z €T,
(4.6)

u(0, ) = uF™(0,2) = kn™! + n 732 cos(nz) € 337/12,

From Theorem let u,, € C ([O,T];Bg’/lz) be the unique solution to (4.6), where T =

3
> 0 can be chosen independent of n by (4.5). Then (1.8) turns

3
18C <Hukv”(O)HBg/z + 1)
2,1

out to be
kit @)l oz S 100, 2)]| oz S 1, 0<E<T, e, (4.7)
2,1 2,1
Letting v = u®" — Uk,n and I = E — Opup nv — [F (uk") —F (u;m)], then v satisfies
o+ uPmow=F, teRt, zeT,
(4.8)
v(0,z) =0, =zeT.

) 1/2 5/2
We now estimate the B2/oo norm and Bz/oo norm of v.
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Lemma 4.2. When n > 1, for some constant C' > 0, we have
o) gz S0~ 2=PECTH lo(B)] oz Sny for 0<E<T, (4.9)
2,00 2,00
Proof. By Lemma and v(0) = 0, we have

t t
/ /
)y <C [ e [ e 47 | I sy 0

Note that |[Opugnvll g2 < uknll gsrz [0l g2 < vl g1/2. From (4.5), @7, Lemma the
2,00 2,1 2,1 2,1

above estimate and Lemma we see that

8xuk’"(7")

t t
HU(t)HB;/fO 5/0 HUHB;? dT+/O n—3/2 dr.

Applying Lemma (4.5) and (4.7)) yields

t
1
v(t §n3/2T—|—C/ v(T In{e+ ———— | dr.

Repeat the process as in Lemma we obtain that for some constant C' > 0,

_ 3exp{-CT}
2

0@l 2 <7 (4.10)

5/2
2,00

5/2
2,00

To estimate the B,'; norm of v, we first estimate the By’ norm of wuy ,(t). For each fixed
n € N, applying the property (2) in Lemma the embedding B;/f — L*> and (4.7)), we

obtain that for t € [0,T7,

()l 2 = lltsn (O)] 2

t t
<C [ WPkl pgrodr + € [ ol [ yn o
0 2,00 0 2,00
t t
< [ lunallgypllonall g @7 < [ ool g o
From the above inequality and Lemma [2.9] we have
[k n(®ll g2 < Mk n (O]l 532 (1+ Cr e“T) S . (4.11)
Thanks to (4.11]), we arrive at
[0 37 < N @)l oo + lin (@) g2 S 1.
Combining these results gives rise to the desired estimates. O
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4.3 Proof for Theorem [1.3

We firstly rechoose T’ € [0, T such that exp {—CIA“} > %. Then from (4.10)), we have
loll gz s30T g8, s,
2,00

We will show that for ¢ € [0, T\], u_1, and u , are two sequences which satisfy (1.17)—(1.19)).
From (4.7)), we see that for k = —1, 1, [Jugn(t)] g3/2 < Huk’"(O)HBa/Q, which implies ([1.17)).
2,1 2,1
And (1.18)) is given by

lu-11(0) = urn(0)l] o2 = [lu™""(0) = u"™(0)|] o2 S ™" —— 0. (4.12)
’ ’ B3’y Byy n—o0
For (1.19)), we consider

Hminf [lu—1,5(t) — w1,n(t)|| gar2 > lim inf [u= b (t) — ubn(¢)
2,1 n—00

I g3/2
n—o0 B2,1

: —1,n o
= Jimn fJum () = uean ()] gy

— Tim_[lu"™(t) = urpn(8)]] ga/2- (4.13)
2,1

n—o0

By Lemma [4.2] and interpolation inequality, we obtain

< _3 1 —
5/2Nn SNz =mn )

2,00

1
2
B

1
2
B

Sk

172 1]

2,00

<
ol gy < vl

and therefore we deduce that

Jim () = (0 e = T 0l (8) = w10 (8) 2 = 0.

Therefore, we have that for t € [0,7],

liminf ||u_q ,(t) — ul,n(t)"33/2 > liminf [[u= 5" (t) — ub™(t)
n—00 2,1 k—o00

I

S i —3/2 . =1
ngggéf <Hn sm(nx)sthBgy/lz In HB%Q)

= lim inf <n_3/2|| sin(nz)|| 532 | Sint|>
2.1

n—o0

2 |sin()]-

Therefore, the solution map defined by (1.13) is indeed not uniformly continuous.
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