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Abstract

We examine the spectral geometry of 7-Einstien S-manifolds and compute the the
spectral coefficients for S-space form and obtain the results analogue to Patodi’s results
for Riemannian manifolds and J. Park results for n—Einstien Sasakian manifolds. We
show that how an n—Einstien S-manifold and S-space forms are spectrally determined.

1 Introduction

The spectral geometry of the Laplace-Beltrami operator has been studied by many au-
thors [1, 3], [4] and has developed rapidly during the last decade. Mainly, topic of Spectral
Geometry is developed by Patodi’s work [4] on heat-kernel asymptotic for operators of
Laplace type on manifolds with boundary. Gilkey [3] computed some spectral invariants
concerning the asymptotic expansion of the trace of the heat kernel for an elliptic dif-
ferential operator acting on the space of sections of a vector bundle. Later on Donnely
[1] and Sacks [2] extended the Patodi’s results to complex manifolds. After this J. Park
extended these result to 7—Einstein contact manifolds [5].

Generalizing the notion of n-Einstein contact manifolds, M. Kobayashi and S. Tsuchiya
defined the notion of n-Einstein S-manifolods [6], [7]. For more detail on n—Einstein S-
manifolds see [8].

Let A, be the Laplace Beltrami operator acting on the space of smooth p-forms,
p=0, 1, 2 over a compact m—dimentional Riemannian manifold M. Patodi [4] set up the
following result for the space forms.

Theorem 1.1. [/] Let (M;,g;) be the compact Riemanian manifolds without boundary.
Assume that Spec(Ap, M) = Spec(A,, M), forp=0,1,2. Then

(1) The manifold My has constant scalar curvature c if and only if the manifold Ms has
constant scalar curvature c.

(2) The manifold M, is Finstein if and only if the manifold My is Einstein.

(8) The manifold My has constant sectional curvature ¢ if and only if the manifold Ms.
has constant sectional curvature c.

We extend these results to n—Einstein S-manifolds which are the generalization of
both complex and contact structure. For s = 0, our results are for manifolds with com-
plex structure, for s = 1, we get results for n—Einstein Sasakian manifolds [5].
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In this paper, after introduction, the second section is related to S-manifolds. Third
section is related to main results related to curvature tensor and heat trace asymptotics
on 7n-Einstein S-manifolds.

2 S-Manifolds

As a generalization of both almost complex (in even dimension) and almost contact (in
odd dimension) structures, Yano introduced in [9] the notion of f-structure on a smooth
manifold of dimension 2n + s, i.e. a tensor field of type (1,1) and rank 2n satisfying
f2+f = 0. The existence of such a structure is equivalent to a reduction of the structural
group of the tangent bundle to U(n) x O(s). Let N be a (2n + s)-dimensional manifold
with an f-structure of rank 2n. If there exist s global vector fields &;1,&s,...,& on N
such that:

fgoc:o, ﬂaof:(), f2:71+2504®77047 (1)

where 7, are the dual 1-forms of £,, we say that the f-structure has complemented
frames. For such a manifold there exists a Riemnnian metric g such that

9(X,Y) = g(f X, fY)+ > na(X)na(Y)

for any vector fields X and Y on V.
An f-structure f is normal, if it has complemented frames and

[f7f]+225a®d77a207

where [f, f] is Nijenhuis torsion of f.

Let F be the fundamental 2-form defined by FI(X,Y) = g(X, fY), X, Y € T(N). A
normal f-structure for which the fundamental form F' is closed, mA, ..., Ans A (dng)™ #
0 for any «, and dnp; = --- = dns = F is called to be an S-structure. A smooth
manifold endowed with an S-structure will be called an S-manifold. These manifolds
were introduced by Blair in [6].

We have to remark that that if we take s = 1, S-manifolds are natural generalizations
of Sasakian manifolds. In the case s > 2 some interesting examples are given in [6, 10].

If Nis an S-manifold, then the following formulas are true (see [6]):

Vxéa=—fX, X eT(N), a=1,...,s, (2)
(VxHY = {g(f X, fY)ea +0a(Y)f2X}, X,Y € T(N), (3)

where V is the Riemannian connection of g. Let L be the distribution determined by the
projection tensor —f2 and let M be the complementry distribution which is determined
by f? + I and spanned by &, ..., &. It is clear that if X € L then n,(X) = 0 for any «,
and if X € M, then fX = 0. A plane section w on N is called an invariant f-section if
it is determined by a vector X € L(z), € N, such that {X, fX} is an orthonormal pair
spanning the section. The sectional curvature of 7 is called the f-sectional curvature. If
N is an S-manifold of constant f-sectional curvature k, then its curvature tensor has the



form

R(X7 Y, Z, W) = Z{g(fX7 fW)na(Y)nﬁ(Z) - g(fXa fZ)ﬁa(Y)ﬁB(W) +
a,f3

LY, P2 Xms (W) — (7Y, FW o (X)ms(2)) +
46+ 39){g(FX. SW)g(Y, £2) 97X, F2)g(IY, FW)} +
+i(/€ —s{F(X,W)F(Y,Z) - F(X,Z2)F(Y,W) =2F(X,Y)F(Z, W)}, (4)

X,Y,Z, W e T(N). Such a manifold N(k) will be called an S-space form. The Euclidean
space E?"*¢ and the hyperbolic space H?"* are examples of S-space forms.

Definition 2.1. [7], [8] S-manifold (M, Ma, g, f,€a) is said to be n-Einstein if the Ricci
tensor p of M is of the form

s
Pzag‘i'bZ’Ia@%, (5)

a=1

where a, b are constants on M.

3 Main Results

Let M be a (2m + s)—dimensional S-space form then from (4), the ricci tensor p is given
by

_ 4S+(k+35)(22*1)+3(’“1)g+ (2m+572)(47::735)73(1678)770(@%‘. 6)

p

Hence M is an eta-Einstein manifold.
Define the tensor fields S, g and T, of M respectively by

Sa,b(XaY) = p(va)_(ag(X’Y)+bZ77a(X)®na<X))a
a=1
T.(X,Y,Z,W) = R(X,Y,Z,W)—={> {g(fX, fWna(Y')ns(2) — g(f X, fZ).

B
Na(Y)ns(W) + g(fY, fZ)1a(X)ns(W) — g(fY, fW)na(X)ns(Z)}

£ LU+ 35){o(f X, TW)g(Y, £2) — g( X, FZ)g(SY, W)

+ i(k: — ${F(X,W)F(Y,Z) - F(X,Z)F(Y,W) —

— 2F(X,Y)F(Z,W)}}, (7)

for vector fields X, Y, Z, W on M, where a, b are smooth functions on M and k is a
constant f-sectional curvature.
Let {e;} be an orthonormal basis of T,M at any point p € M. Next in this paper, we
shall use the following notations:

Rijii = g(R(ei,ej)en,er), pij =pleise;), fi; =g(fei ej), (8)
Vifik 9((Ve, flejrex),  Vinag = 9((Ve,ase)) 9)



and so on, where indices run over the range 1,2,...,2m + s.
The equations (2), (3) can be written as:

Vilik = Y Gijllak = NajJik (10)

[

Vitlaj = —fij (11)
By the definition of the tensor field S, g, (10), (11) and some computations, we have
1Sas? = |p|* + (2m + s)a® + sb* — 2at + 2abs — 4bms (12)

Here we see that M is n-Einstein if and only if S, ; = 0 and
T ST
a=g— = b—s(2m+s)—%. (13)
Now first we shall prove the following lemma for further computations of ||Tx||? of the
tensor field Tj on S-manifold M. In case of Sasakian manifolds, it was proved by J. Park

[5].

Lemma 3.1. On S-manifold, we have
Rijrid feifjn — frjfa +2f5ifu} = 67 — 12ms + 12m(2m + s — 2)

Proof. 1t is clear from the properties of curvature tensor that

1 1 1
Rijrifrifi = §(Rijlcl — Ryjar) frifj = i(Rijkl + Rjrar) frifj = —§Rk¢jlfkisz- (14)

Similarly
1
—Rijiifrjfu = _§Rjkilfjkfil (15)
Rijrifjifri = —Rijrafij fr (16)
from (14), (15) and (16) we have
Rl frifit — frejfu +2fifu} = =3Rijrfijfr- (17)
Also
ViVifjk = Zgijvlnak — gikVillaj = Z —ij fie + gir f1j, (18)
ViVifik = ViVifi = Z —Gij fue + g f1j + 95 fie + g fij- (19)

Apply Ricci identity to (19) and taking sum by setting ¢ = k in the resulting equality, we
get

—Riijafpi —pisfip = (2m+s—2)fy, (20)
and

—Ryijpfifiy —pisfiphy = (©2Cm+s—2)fi;fi
= (2m+s—2)(2m).



Hence
—Rugjfaifi = —pslgs —mnp) + (2m+ s —2)(2m)
= —742ms+ (2m+s—2)(2m). (21)
From (14) and (21)

1
iRjkilfjkfil =—74+2ms+ (2m + s — 2)(2m). (22)

From (17) and (22)

Rijii{ frifji — fojfi +2fjifu} =67 —12ms +12m(2m + s —2). O

3.1 Heat Trace Asymptotics

Let M be a compact Riemannian manifold of real dimension m without boundary and let
D ba a operator of Laplace type on the space of smooth sections to a smooth vector bundle
over M. Let e *P be the fundamental solution of the heat equation. This operator is of
trace class and as t | 0 there is a complete asymptotic expansion with locally computable
coefficients in the form:

Trrae P ~ Z tn=m)/24, (D). (23)
n>0

Consider the following result [11].

Theorem 3.1. Let D be an operator of Laplace type on the space of sections C°(V) to
a vector bundle V over a compact manifold M. Let I be the identity endomorphism of V.
We have

aw(D) = (4m) 2 /M Tr{I}, (24)

1
(D) = (4m)-m/2L / Tr(6E + 1),
6 Jm
1
ay(D) = (47r)*m/2% / Tr{60E 4 607 E + 180E? + 3092 4 (127 + 57% — 2|p|* +
M

+ 2|R*)I}.
Now we will extend Theorem 1.1 for s-manifolds with proof.

Theorem 3.2. Let M; = (M;,n;, gi, fi, &) be m;-dimensional compact S-manifolds with-
out boundary with m; > 5. Assume that Spec(y,, My) = Spec(Ly, Ms) forp =0,1,2,
then:

(1) my = mz and Vol(My) = Vol(Ms).

(2) My has constant scalar curvature k if and only if the manifold My has constant scalar
curvature k.

(3) My is n-Einstein if and only if Ma is n-Einstein.

(4) My is S-space form with constant f-sectional curvature k if and only if My is S-space
form with constant f-sectional curvature k.

The values p=0, 1, 2 are not particularly special.



Proof. Let M(n, g, f,€) be a (2m+s)-dimensional compact S-manifold without boundary.
From (3.1) Theorem for D = A,(p=0, 1, 2), we have

Tri=(e7tNg) = (4nt) ™2 Vol(M) + O(t)},

7)~m/2 T
am s [ o
) m/2 m + $)T.
(4) /M(2 +5) (25)

—~

a2(A07M) =

| = O =

ag(Al, M) =
The work of Patodi shows that there exist universal constants so:
as(Dp, M) = (471')77”/2/ {ep T+ 0+ B2+ ,mH p=0,1,2. (26
M

Let M; = (M;,ni, gi, fi,&i) be m; + s-dimensional compact S-manifolds without boundary
(i =1, 2). Assume that Spec(A,, M) = Spec(D,, Ma) for p=0, 1, 2. Let R;, p; and
7; denote the curvature tensor, the Ricci tensor and the scalar curvature of M;(i = 1,2)
respectively. Then by Theorem 3.1(1) we have

m1 = mg and Vol(M;) = Vol(Ms).

Also
T1 = (47T)m/2VOZ(M1)71{ma2(AO,Ml) _G,Q(Al,Ml)}
= (47T)77L/2V01(M2)_1{mGQ(Ao, MQ) — ag(Al, Mg)}
= T2. (27)

Further suppose that M7 is an n-Einstein S-manifold with coefficient functions a; and
[B1. Here ap and (3, are constant and hence the scalar curvature 71 of M is also constant
given as 7y = (2m+s)a; +f1. Thus from second assertion of theorem the scalar curvature
75 of My is also constant and 71 = 9. Since Vol(M;) = Vol(Ms), the integrals of 72 are
equal. Since 7;; = 0, from a4, we have

G N A R ) (29
1 2

for p = 1,2 these two equations are independent [4]. Consequently

[ =] n | w-] & (29
M1 M2 M1 M2

Thus from (12), we have

0 = / 5;17171 1> = / Ip1? + (2m + s)a? + sb? — 2a7y + 2a,by5 — 4byms  (30)
M1 Ml

/ |p2|? + (2m + s)a? + sbf — 2a17; + 2a1b15 — 4byms. (31)
Mo

Here we may note that

T1 T2
= =2 32
“T om 2m (82)
b128(2m+s)——:s(2m+s)—% (33)



Here we may take

Sz =p2— (a2g2 + by Z Na2 @ Na2), (34)
a=1
where
- — _ 52

as om s b2 s(2m + S) Qm, (35)

then we have
/ |S§27b2 1> = / Ip2|? + (2m + s)a3 + sb2 — 2aa7 + 2asbys — 4boms. (36)

M, My

This implies

a] = ag, b1 = bg. (37)

Therefore all above equation implies

0= / |522,b2|2> (38)
Mo

then Ms is an n-Einstein manifold with the same coefficients in the defining equation.
This completes the proof of Theorem 3.2 (3). Lastly, suppose that M; is s-space form
with constant f-sectional curvature k. Then from (6), M; is n-Einstein with constant
coeficients a; = 4S+(k+35)(22171)+3(k71) and b; = (2m+872)(47f735)73(k75). Thus the

scalar cutvature is
= %{(2m+2)k+6m+85—6}. (39)

Therefore from assertion (3) and hypothesis that Spec(A,, My) = Spec(Dy,, Ma)(p =
0,1,2), we see that My is n-Einstein manifold with constant coefficients as and by such

that as = a1, by = b1 and hence 75 = 71. Now we define the tensor field for the S-manifold
M as:

(T2)iji = Rijia — Kijni, (40)
where

Kiji = Y _{9(fei,enmales)ns(er) — g(fes, ex)nale;)ns(er) +
a,B

+g(fej, fex)nalei)ns(er) — g(fej, fe)nalei)ns(ex)} +
‘%(k’ +3s){g(fei, fer)g(fej, fer) — g(fei, fex)g(fej, fer)} +

+i(k‘ - 8){F(6i, el)F(ej, ek) — F(ei, ek)F(ej, el) — 2F(€i,€j)F(€k, el)}, (41)

after some computations, we have

|K|? = m{(2m + 2)k? + 6m + 8s — 6}. (42)



Now using lemma
RijriKijr = 2k —m(k — s)(6m — 6 + 8s), (43)
from (40), (42) and (43), we obtain
ITZ|? = |Ro|* — 4kT 4+ m{(2m + 2)k* 4+ 6m + 8s — 6} + 2m(k — 5)(6m — 6 + 8s). (44)

Also, since M; is m-dimensional S-space form with constant f-sectional curvature k, we
have

IRy |> = m{(2m + 2)k? + 6m + 8s — 6}, (45)
and
0=|T!? = |Ry|* — 4k7y + m{(2m + 2)k* + 6m + 85 — 6} + 2m(k — 5)(6m — 6 + 8s). (46)

Thus from (29), (44), (46) and 7 = 72 we obtain

0 = / T2
My

/ R1[2 — k7 + m{(2m + 2)k2 + 6m + 85 — 6} + 2m(k — 5)(6m — 6 + 85)
My

/ |Ro|? — 4kTy + m{(2m + 2)k* 4+ 6m + 85 — 6} + 2m(k — s)(6m — 6 + 8s)
Mo

IR ()
Mo

and hence T2 = 0 on M,. Therefore we see that My is also an (2m + s)—dimensional
S- space form with constant f—sectional curvature k. This completes the proof of Theo-
rem. [
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