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Abstract

In this paper, we investigate the position vectors of spacelike curves in terms of their curvature
functions and give some characterizations for these curves to lie on some subspaces of Rj.
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1 Introduction

Lately, the differential geometry of some special curves in Lorentzian spaces were studied by several
authors. Especially the position vectors of spacelike curves, timelike curves and null curves in
Lorentzian space were studied by the following authors:

Null helices in Lorentzian space forms were studied by A. Fernandez, A. Gimenez and P. Lucas[?].
C. Coken and U. Ciftci studied null curves in the 4-dimensional Minkowski space R} and gave some
results for pseudo spherical null curves and Bertrand null curves in[].

A. T. Ali and M. Onder characterized rectifying spacelike curves in terms of their curvature
functions in Minkowski spacetime [°].

K. llarslan and O. Boyacioglu studied position vectors of a timelike and a null helice in B3 [°]. K.
llarslan and E. Nesovic gave some characterizations for null curves in E*[®]. K. llarslan studied
spacelike normal curves in Minkowski space E{ and gave some characterizations for spacelike
normal curves with spacelike, timelike and null principal normal [©].

M. A. Akgun and A. I. Sivridag studied null Cartan curves in Minkowski 4-space and gave some
theorems for these curves to lie on some subspaces of R} ['°]. The authors studied spacelike and
timelike curves to lie on some subspaces of R} and gave some theorems in [''] and ['?].

This paper is organized by following: In section 2 we give some basic knowledge related with
curves in Minkowski space-time. Section 3 is the original part of this paper. In this section we
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investigate the conditions for spacelike curves to lie on some subspaces of R} and we give some
characterizations and theorems for these curves.

2 Materials and Methods

Let R} denote 4-dimensional Minkowski space with a flat Lorentz metric (, ) given by
(X,Y) = —z1y1 + Z2y2 + T3ys + Taya

where X = (z1,22,x3,24) € Ri and Y = (y1,v2,3,y4) € Ri. Avector X € R{ is said to be timelike
if (X, X) < 0, spacelike if (X, X) > 0 and null if (X, X) = 0 and X # 0. The norm of a vector X € R}
is denoted by || X|| and defined by || X|| = /|{X, X)|. The vector X is said to be orthogonal to the
vector Y if (X,Y) = 0.

An arbitrary curve a = a(s) in Ri can locally be spacelike, timelike or null, if its velocity vectors
o' (s) are respectively spacelike, timelike or null[*].

Let o be a spacelike curve in R{ with the Frenet frame {1, N, By, B>} where N and B, be null
vectors. The Frenet frame {T', N, B1, B2} has the following conditions:

VrT = kN

VeN = kB 2.1)
VrBi = ksN —k2Bo
VrBy = —kiT—k3B

where T, N, B; and B; are mutually orthogonal vectors satisfying the equations
(B1,B1) = (T, T) =(N,B2) =1, (N,N)=(B2,B2) =0
[13].

3 On The Spacelike Curves of R}

In this section we will give some characterizations of spacelike curves to lie on some subspaces of
R{. Let o be a spacelike curve in R} with the Frenet frame {T', N, By, B2}.

Case 1) First we will investigate the conditions under which the spacelike curve « lies on the
subspace spanned by {7, N}. In this case we can write

a(s) = As)T + u(s)N (3.1)

for some differentiable functions A and p of the parameter s. Differentiating (3.1) with respect to s and
by using the Frenet equations (2.1) we find that

o/ (s) = N ()T + (A()ku(s) + 1 ()N + a(s)ka(s) By (3.2)

where o/ = T. Since {T, N, B1, B2} is a Frenet frame we have the following equations.
N(s)=1
A(s)k1(s) + i/ (s) =0 (3.3)
) .
If u(s) = 0 we obtain ki (s) = 0 and A(s) = s + c¢. So we have

a(s) = (s+o)T. (3.4)
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If k2(s) = 0 we have

So we have
a(s) = (s 4+ )T — ( / (5 + )1 (5)ds)N. (3.6)
Thus we have the following theorem.

Theorem 3.1. A spacelike curve o in R} lies on the subspace spanned by {T, N} if and only if it is
in the form

a(s) =(s+o)T

where k1(s) = 0 or
a(s) =(s+ )T — (/(s + o)k1(s)ds)N

where kz(s) = 0.

Case 2) We will investigate the conditions under which the spacelike curve « lies on the subspace
spanned by {T', B:}. In this case we can write

a(s) = ()T + p(s)B1 (3.7)

for some differentiable functions A and . Differentiating (3.7) with respect to s and by using the
Frenet equations (2.1) we find that

o' () = N (s)T + (\(s)ka(s) + u(s)ks(s))N + 1/ (s)B1 — pu(s)ka(s) Ba. (3.8)
Since {T, N, B1, B2} is a Frenet frame we have the following equations.
N(s)=1
A(s)k1(s) 4 pu(s)ks(s) = 0
(s)ka(s) = 0 (3.9)
u'(s) = 0.
From (3.9) if u(s) = 0 then we can write A(s) = s + ¢. So we have
a(s) = (s+o)T. (3.10)
If k2(s) = 0 we obtain A(s) = s+ cand pu(s) = 7%(5 + ¢) = const. So we have
a(s) = (s + T — (BTG (4 g, (3.11)

kg(s)
Thus we have the following theorem.

Theorem 3.2. A spacelike curve o in R? lies on the subspace spanned by {T, B1} if and only if it is
in the form

a(s) =(s+ )T

where ki(s) =0 or

where kz(s) = 0.
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Case 3) We will investigate the conditions under which the spacelike curve « lies on the subspace
spanned by {T', B>}. In this case we can write

a(s) = A(s)T + u(s)Be, (3.12)

for some differentiable functions A and p of the parameter s. Differentiating (3.12) with respect to s
and by using the Frenet equations (2.1) we find that

o (s) = (N(s) = u(s)k1(s))T + A()kr(s)N — pu(s)ks(s) Br + 4’ (s) Ba. (3.13)

Since {T, N, B1, B2} is a Frenet frame we have the following equations.

N(s) —p(s)ki(s) =1
A(s)ki(s) =0
(s hs(5) = 0 G149
1(s)=0
From (3.14) if A(s) = 0 then we obtain p(s) = *ﬁ(s) = const. and k3(s) = 0. So we have
a(s) = (———)B (3.15)
o kl(s) 2 )
If k1(s) = 0 then we obtain A(s) = s + ¢1 and u(s) = c2. So we have
a(s) = (s + c1)T + c2Bs. (3.16)

Thus we have the following theorem.

Theorem 3.3. A spacelike curve o in R? lies on the subspace spanned by {T, B>} if and only if it is
in the form

a(s) = (= ) B>

k1(8)
where ks(s) = 0 or
a(s) =(s+c1)T + 2B

where ki (s) = 0.

Case 4) We will investigate the conditions under which the spacelike curve « lies on the subspace
spanned by {N, B1}. In this case we can write

a(s) = M(s)N + u(s)B1 (3.17)

for some differentiable functions A and p of the parameter s. Differentiating (3.17) with respect to s
and by using the Frenet equations (2.1) we find that

o/ (s) = (M) + u(s)ks(8))N + (A()ka(s) + 1 ()) Br — pa(s)kz(s) Bo. (3.18)

Since « is a spacelike curve {a/,a’) = 1. But from (3.18) we see that (a/,a’) = 0. This is a
conradiction. Thus we have the following theorem.

Theorem 3.4. A spacelike curve o in R} does not lie on the subspace spanned by {N, B;}
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Case 5) We will investigate the conditions under which the spacelike curve « lies on the subspace
spanned by {N, B>}. In this case we can write

a(s) = A(s)N + u(s)B2 (3.19)

for some differentiable functions A and p of the parameter s. Differentiating (3.19) with respect to s
and by using the Frenet equations (2.1) we find that

o/ (s) = —p(s)ka ()T + N ()N + (A(s)ka(s) — (s)ks () By + 1 (5)Bo. (3.20)

Since {T, N, B1, B>} is a Frenet frame we have the following equations.

N(s)=0
M(s)ka(s) — pu(s)ks(s) =0 (3.21)
W (s) = 0.
From (3.21) we can write u(s) = — 5y = cons and A(s) = _#(52)(8)_ So we have
- ks (s) 1
a(s) = (- kl(s)kz(s))N e Bs. (3.22)

Thus we have the following theorem.
Theorem 3.5. A spacelike curve « in Rt lies on the subspace spanned by {N, B>} if and only if it is
in the form
kg(s) 1
_ N —
kl(s)kg(s)) k1(8)

Case 6) We will investigate the conditions under which the spacelike curve « lies on the subspace
spanned by {B1, B2}. In this case we can write

a(s) = ( B;.

a(s) = A(s)B1 + u(s)B2 (3.23)

for some differentiable functions A and p of the parameter s. Differentiating (3.23) with respect to s
and by using the Frenet equations (2.1) we find that

o/ (s) = —p(s)k1 ()T + A(s)ka(s)N + (N (s) — p(s)ks () Br + (1 (5) — A(s)ka(s)) Ba.  (3.24)

Since {T, N, B1, B>} is a Frenet frame we have the following equations.
(3.25)

If A(s) = 0 then we can write pu(s) = = cons. So we have

.
k1(s)

Bs. (3.26)

If ks(s) = 0then A(s) = % So we have

_ k(s !
a(s) = 2 (5)ka(s) B — ) Bs. (3.27)
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Theorem 3.6. A spacelike curve o in R lies on the subspace spanned by { B1, B2} if and only if it is
in the form

1
a(s) = — ) 2
or
als) — ki(s) . 1 \
)= EoRE T bE

where k3(s) =0

Case 7) We will investigate the conditions under which the spacelike curve « lies on the subspace
spanned by {T', N, B: }. In this case we can write

a(s) = X(s)T 4 pu(s)N + v(s)B1 (3.28)

for some differentiable functions A, 1 and ~ of the parameter s. Differentiating (3.28) with respect to s
and by using the Frenet equations (2.1) we find that

a'(s) = N()T+ (A(s)ki(s) + 1 (s) +(s)ks(s)) N (3.29)
+ (u(s)ka(s) +7'(5))Br = v(s)ka(s) Ba.
Since {T, N, B1, B2} is a Frenet frame we have the following equations.
N(s)=1
A(s)k(s) + 4/ (s) + v(s)ks(()s) =0

1(s)ka(s) ++'(s)
v(s)kz(s) = 0.

From the equation ~(s)k2(s) = 0 if y(s) = 0 we see that u(s)kz(s) = 0. If u(s) = 0 then we can write
A(s) = s+ cand ki(s) = 0. So we have

a(s) =(s+o)T. (3.31)
If v(s) = 0 and k2(s) = 0 then we can write (s) = — [(s + ¢))k1(s)ds. So we have

(3.30)

a(s) =(s+ )T — (/(3 + ¢))k1(s)ds)N. (3.32)

If v(s) # 0 and k2(s) = 0 then we can write A\(s) = s+ ¢, 7(s) = c1 and u(s) = — [(ciks(s) + (s +
c)k1(s))ds. So we have

a(s)=(s+ )T — (/(clkg(s) + (s 4+ ¢)k1(s))ds)N + c1B1. (3.33)

Thus we have the following theorem.

Theorem 3.7. A spacelike curve a in R} lies on the subspace spanned by {T', N, B1} if and only if it
is in the form

a(s) =(s+)T
where ki(s) =0 or
a(s) =(s+ )T — (/(s + ¢))k1(s)ds)N
or
a(s) =(s+c)T — (/(Clkﬁs(s) + (s+ 0)k1(s))ds)N + c1 By

where k2(s) = 0 and ¢, c1 are constants.
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Case 8) We will investigate the conditions under which the spacelike curve « lies on the subspace
spanned by {T', N, B>}. In this case we can write

a(s) = A(s)T + p(s)N + v(s)Ba (3.34)

for some differentiable functions X, 1 and ~ of the parameter s. Differentiating (3.34) with respect to s
and by using the Frenet equations (2.1) we find that

o (s) = (N(s) = ¥(s)k1(s)T + (A(s)ka(s) + ' (8))N + (u(s)ka(s) — v(s)ks(s)) By +7'(s) B2.(3.35)

Since {T, N, B1, B>} is a Frenet frame we have the following equations:

N(s) = v(s)ki(s) =
A(s)k1(s) + ' (s)
1(s)k2(s) — v(s)ks(

7'(s) = 0.

1
5 i (3.36)

From (3.36) we find y(s) = cand pu(s) =

Fa(s) (3.36) we obtain

A(s) = cFals) 2(5()5);5{3()) 2(s) (3.37)

So we have

k3(s)ks(s) — k5(s)ka(s) T+ck3(5)

a(s) = (c k% (8)k2 (S ) s (S) N + cBs. (338)

Thus we have the following theorem.

Theorem 3.8. A spacelike curve « in R} lies on the subspace spanned by {T, N, B>} if and only if it
is in the form

ats) = (e T+ o2 + B

Case 9) We will investigate the conditions under which the spacelike curve « lies on the subspace
spanned by {T', B1, B2}. In this case we can write

a(s) = A(s)T + u(s)By + v(s)Be (3.39)

for some differentiable functions A, 1 and ~ of the parameter s. Differentiating (3.39) with respect to s
and by using the Frenet equations (2.1) we find that

Oé’(s) = ()\’(S) - 7($)k1 (8))T + ()\(S)]ﬁ(s) —+ M(S)k3(8))N + (Nl(s) . 7(8)]63 (8))31 (340)
+  (Y'(s) = p(s)k2(s)) Ba.

Since {T, N, B1, B2} is a Frenet frame we have the following equations.

A L into -
s)k1(s) + n(s)ks(s) =0
W (s) —y(s)ks(s) =0 (3.41)
v () — p(s)ka(s) =0
From (3.41) we can write the differential equation
d  k3(s) ki(s) du(s)
e ") T e s -k (3.42)
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By using exchange variable ¢ = [;' 12t} ds in (3.42) we find

du(s) _
2= = 1. (3.43)

From the solution of this equation we find

t

pls) = —5 +e (3.44)
Replacing variable ¢t = [; ',j:’gz;ds in (3.44) we find
1 [k

u(s) = -5 kigi; ds + c. (3.45)

From (3.41) and (3.45) we find
o 1 kg(s) k’s(s)d kg(s)

A(s) = 351(s) ) o) s — C/ﬁ(s)' (3.46)
From (3.41), (3.45) and (3.46) we find
1
v(s) = — For (s’ (3.47)
So we have
L ks(s) [ ka(s) ks(s) 1 [ ks(s) 1
a(s) = (5 kj(s) / kj(s) ds — Cki(s))T + (—5/ kj(s) ds +)Br = (5 ) B2 (3.48)

Thus we have the following theorem.

Theorem 3.9. A spacelike curve « in R} lies on the subspace spanned by {T, B1, Bz} if and only if

itis in the form
 1ks(s) [ ka(s) ks (s) L [ ks(s) L
) =Gk / Fi(s) ™ " ha(s)) (‘5/ k() TP )

Case 10) We will investigate the conditions under which the spacelike curve « lies on the
subspace spanned by {N, Bi, B2}. In this case we can write

a(s) = A(s)N + p(s)B1 + v(s)Be (3.49)
for some differentiable functions A, x and « of the parameter s. Differentiating (3.49) with respect to s
and by using the Frenet equations (2.1) we find that
a'(s) = —v(s)ki(s)T + (N'(s) + p(s)ks(s))N + (A(s)ka(s) + 1’ (s) — v(s)ks(s)) B1 (3.50)
+ (4 (s) = u(s)ka(s))Ba.
Since {T, N, B1, B>} is a Frenet frame we have the following equations.
—y(s)ka(s) = 1
N(s) + p(s)ks(s) = 0
A(s)ka(s) + ' (s) = y(s)ks(s) = 0
7' (s) = p(s)ka(s) = 0.

(3.51)

From (3.51) we can write y(s) = If we use the last equation in 7/ (s) — u(s)k2(s) = 0 we

__1
ki(s)"

obtain u(s) = krf(’“l)iﬁc;() From (3.51) we find

_ ks(s)  KU(s)ki(s)k2(s) — Ki(s)(2k1(s)k2(s) + ki(s)ka(s))
1 ()k2(s) k3 (s)k3(s) '

A(s) = (3.52)
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So we have
k(e RSk(s)kals) — kA (s) (2K ()ha(s) + ka(s)kh(s)
o) = Lk R s)k3(s) N (8.59)
()
T Eeoee? T he) P

Thus we have the following theorem.

Theorem 3.10. A spacelike curve o in R} lies on the subspace spanned by {N, B, B>} if and only
if it is in the form

- Rals)  RU()k(s)ha(s) — R (8)(2KL(s)ka(s) + ka()KA(s))
) = CRekE R (s)k2(s) N
K(s) .
T Bk P e P

4 CONCLUSIONS

a Inthe section (2), we defined basic terminologies needed to read this paper.

b In the section (3), we characterize the spacelike curves in term of their curvature functions in
R?. So we see that spacelike curves lie on all the supspaces of R} excluding the subspace
spanned by {N, B:1}.
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