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Abstract

Recently,Williams expressed all coefficients of one hundred and twenty-six eta
quotients in terms of o(n),0(5),0(5) and o(%), and Yao, Xia and Jin, expressed
only even coefficients of one hundred and four eta quotients in terms of o3(n), 03(%), 03(%)
and o3(g). The Fourier series expansions of a class of eta quotients in terms of
or-1(n),ox-1(5),01-1(%) and o1 (%) for k = 6, 8,10, 12,14, 16, 18, 20, 22, 24 have
been expressed by the author. The Fourier series expansions of a class of eta quo-
tients in My (I'g, x) in terms of o(n),0(5),0(%5) and o(%) has been found by Alaca
and the Fourier series expansions of a class of eta quotients in My (g, x) in terms
of 03(n),03(%),03(%) and o3(¢) has been determined by the author. Here, we will
determine the coefficients of the Fourier series expansions of a class of eta quotients
in Mg (T'o, x) in terms of 05(n),05(5),05(%),05(%) and Fourier coefficients of the
eight eta quotients.
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1. Introduction

The divisor function o; (n) is defined for a positive integer i by
oi(n) : = Z d’, if n is a positive integer, and
d positive integer,d|n

o;(n) : =0, if nis not a positive integer.

The Dedekind eta function is defined by

n(z)=¢* [ =g,
n=1



where
g =% 2 c H={x+iy:y>0},

and an eta quotient of level n is defined by

f(z) = H n(mz)*~,n,meN, a,, € Z.

m|n

Since the eta quotients play important role in modular forms, explicit formulas
for the Fourier coefficients of eta quotients have been investigated by many math-
ematicians. The book of Kohler [1] (Chapter 3, pg.39) describes such expansions
by means of Hecke Theta series, and it develops algorithms for the determination
of suitable eta quotients. One can find more information in [2], [3], [4], [5] and [6].
The author has also determined the Fourier coefficients of the theta series associated
with some quadratic forms, see [8], [9], [10], [11], [12] and [13].

Recently, Williams, see [14] discovered explicit formulas for the coefficients of
Fourier series expansions of a class of one hundred and twenty-six eta quotients in

terms of o(n),0(5),0(5) and o(F). One example is as follows:

2 4 >

n° (22)n* (42) n° (62) _ > n

n 1(122) a 1+n:1 e
where

c(n) =20 (n) — 30 (n/2) +40 (n/4) + 9o (n/6) — 360 (n/12).

Then Yao, Xia and Jin [15] expressed the even Fourier coefficients of one hundred
and four eta quotients in terms of o3(n),03(5),03(%) and o3(§). One example is
as follows:

P E) S
@ P 6 nazg Lt 2 T

where
¢(2n) = 6503 (n) — 6803 (n/2) — 81los (n/3) + 32403 (n/6) .

Then the author determined the even and odd coefficients of the Fourier series
expansions of a class of eta quotients in terms of oy _1(n),0x-1(5),0%-1(%) and
or_1(2) for k = 6[16],8[17], 10[18], 12[19], 14[20], 16[21],

18[22],20[23], 22[24], 24[25]. The Fourier series expansions of a class of eta quo-

tients in My (To, x) in terms of o(n),0(3),0(5) and (%) has been found by



Alaca[27] and the Fourier series expansions of a class of eta quotients in My (T, x)
in terms of 03(n),03(5),03(%) and o3(g) has been determined by the author[26].
Here, we will determine the coefficients of the Fourier series expansions of a class
of eta quotients in Mg (I'g, x) in terms of o5(n),05(5),05(%5),05(F) and Fourier
coefficients of the eight eta quotients. The calculations have been done by Magma.

Here we give the following Lemma, see[ [28] Theorem 1.64] about the modularity

of an eta quotient.

Lemma 1. An eta quotient of level N is a meromorphic modular form of weight
i > m|n @m on Lo (N) ,with Dirichlet character x, having rational coefficients with
respect to q if

a) E am 1S even,

N
Z —a,, =0 mod 24,
m

b) Z My,

()" I me
Ox (m) = -

Now,

r1+ 2rg + 3rg + 414 + 616 + 12r12 = 0mod 24 = 13(ry + 112) + 8(ra +16) +
7(rs +74) = 0mod 24

127y + 6rgo + 4rg + 3ry + 276 + 112 = Omod 24 = 11(ry — 112) + 4 (r2 — re) +
(rg —r4) =0mod 24

ri+rotrstratret+rio=2k=ri+rio=2k—ro—r3—r4—re =

132k —rg—rg—rg—1rg)+8(ra+rg) +7(rs+74) = 0Omod24
13%x2k —6(r3+74) —5(ra+16) = 0Omod24 =

5(rg +16) =0mod 2 =
(ro + 1) = 0mod 2
=—the power of 2 is always even. So, if

r3 +re + rio = 0mod 2



the eta quotient is in Mg (I'9(12)) and if

r3 + 1 + 12 = 1mod 2

) = (Q), i.e., the

3
m m

the eta quotient is in Mg (I'(12), x3), where x3(m) = (
primitive character mod 12.

Let o be the trivial character mod 1 i.e. it sends n to 1, x; = (%4) be the prim-
itive character mod 4 and, x, = (‘HP’) be the primitive character mod 3. Obviously,

X3 = Xo *X3:X3 = X3* X0 X3 = X1 *X2,X3 = X2*X1-

Let 1, are primitive characters modulo L and M respectively and LM¢t|N.
Then E;f’(b(tz) generates the Eisenstein subspace of My, (I'g(12), x), x = .9, where

oo

B =00 =1) ~ oS ol gt ol = 30w (B) s,

- B k—1
ke 21 0<d|n

In particular, since

902303 Jasgac19a12 — 9az+2astagt+2a12gastastaiz
an eta quotient of level 12 is a meromorphic modular form of weight 6 if

a1+a2+a3+a4+a6+a12:12

and
a1+ 2as + 3as +4ayg +6ag + 12a12 = 12a1 + 6as +4as + 3ay + 2a¢ + a12 = 0 mod 24.

Since as + ag is an even integer, we conclude that it is a meromorphic modular form

iff az + ag + a12 is an even integer, and it is a meromorphic modular form with

X5 iff a3 + ag + @12 is an odd integer, where x5 is the unique primitive Dirichlet

character mod 12. On the other hand, the modular forms are holomorphic iff its
11111

order at cusps, 1,3, 3,5, and % are nonnegative, see [1] i.e.,

2
Z Mam > 0 for ¢|12.
m

m|12



Theorem 1. Let x, be the trivial character mod 1, i.e., it sends n to 1, x; be the
primitive Dirichlet character mod 4, and x4 is the primitive Dirichlet character mod
3.Then the Eisenstein subspace of Mg (Lo (12),x53) is generated by

oo

By =3"(3 xa (%) Xa (d)d°)q" =,

n=1 0<d|n

oo

B =3(> " xo (%) X1 (d) d°)q" =,

n=1 0<d|n

B _% +3°(Y v (%) Xs (@) )" = 1631+ > (Y x5 (d)d®)q

n=1 0<d|n n=1 0<d|n

Egee = i( > X (%) d)q" =

n=1 0<d|n

and the cuspidal subspace Sg (Lo (12),x3) is generated by

3

e W 0 (22)9 (32) 07 (122).
g1 = 7;]91 (n)q" = 1 (2)n (42) '3 (GZ) ;

N o (g = T (22) 0 (32)n° (122)
g2 = ;::092 (n)q" = 't (2) nit (42) 1P (62)

Y\ n_ P (22) 0" (32) 0 (122)
gs = ;]93 (n)q" = 1o (z) 2 (42,) n’ (6z) )

NSy 12207 (32) 0P (122)
g4 .—72)94( )q" = 10 (2)nt (42) n (62)

Ny (e = 12207 (32) 1 (42) 0 (122)
N e TSR

N g (g = T (22) 0" (32) ° (122)
g ‘= ;::092( )q" = 8 (2) 7 (42) n'2 (62) )

_y w10 (22) 77 (32) ' (42)
gr = ;93 (n)q" = 7 (2) 0% (62) 2 (122)°

L " w0 (22) 0t (32) 't (122)
9s:= 2 01 00" = sy (62)



Proof:Since

X3 = Xo * X3, X3 = X3 * Xo> X3 = X1 * X2, X3 = X2 * X1»
the Eisenstein subspace of Mg (T'g (12), x3) is generated by

Eé(17X27Eé<2)X17Eé<07X3 and Eé(37xo~ Since 91,92, 93,94, 95,96, 97 and gg are in SG (1—‘0 (12) 9 X3)7

linearly independent and dim(Ss (g (12), x5))= 8, it follows. Let

[ 0ifb #£0
5(61){ 1ifby =0

2. CONCLUSIONS:

Now we can state our main Conclusion:

Theorem 2. The coefficients of the Fourier series of three hundred and thirty-siz
eta quotients

o0

n" ()0 (22) 0% (32) ™ (42) ™ (62) "% (122) = 6 (b) + Y _ e(n)q”
n=1
in Mg (T'o (12) , x3) are given in the form
n

n n n n
c1o5(n) + 0205(5) + 0305(5) + 6405(1) + 0605(6) + 01205(5)

+r191 (n) + 1292 (n) + 1393 (1) + rags (n) + 1595 (n) + 1696 (N) + 7797 (1) + 1898 (1)
as in the Table 1 and Table 2 in Appendiz.

Remark 1: S5(T(12), x5) is 8 dimensional, see [29] (Chapter 3, pg.87 and

Chapter 5, pg.197), and it is generated by A;,and its seven conjugates. Here

1
==
1559907 655458 892 672 (
5 — 801124794965200t> — 9510888797088577536t),

+t, £t —49255t7 — 14150369816

A 1 6 4 2
Es,£51 = i3119815310 017785 344( 207t” — 14589130¢™ — 182408316832¢
1

193411862 3
+9193411862560)s” + 20525100 729 722 272
—1941622910t* — 24276167731424t> + 33349767825273824) s

(—27549¢°



are distinct eight conjugate roots of the irreducible polynomial
2% + 9118425 + 24436509122* + 2028813495372822 + 8709491417518336,

where s is a root of the polynomial
1
4 e —
t 8357425 156(
——  (—838557t5 — 59100565630t — 738936091486432¢t>
tITs 12 578(

+4816031253239273920).

T —81t% — 5708790t* — 71377167456t> + 596596707145600)2>

These illuminate the relations between our selected 8 eight eta quotients and basic
newforms in Sg(I'0(12), x3).So one can pass from our selected 8 eight eta quotients
to basic newforms in Sg(I'y(12), x3) and vice versa.

Remark 2:The coefficients of the Fourier series of the 60 eta quotients in
Mg (To (12)) are given in the form

c(2n) = —c105(2n) — caos5 (n) — c405 (g) — (33¢3 + ¢g) 05 (%)

—(c12 — 32¢3)05 (%) + 71 f1(2n) + r2f2(2n) + r3f3(2n),

3
+rafs2n—1) +r5fs(2n—1)+refe(2n— 1)+ r7fz(2n—1),n € N

2n —1
c(2n—1) = —cio5(2n—1) — c3075 ( o )

and, the coefficients of the Fourier series of the 74 eta quotients in Mg (T'g (12)) are
given in the form

c(2n) = —c105(2n) — cao5 (n) — c405 (g) — (33¢3 + ¢g) 05 (g)

—(c12 — 32¢3)05 (%) +71f1(2n) + rofa(2n) + 73 f3(2n),

2n—1
c(2n—1):—cla5(2n—l)—63a5( n3 >:0,

exactly as in [16]. But, in this method we didn’t need to use (p, k) parametriza-
tions. Here,

fr=> hi(n)g" =n(22)n42)n° (62)n° (122),
n=0



fai=Y fa(n)q" =n° (22)n° (42) 1 (62) n (122),
n=0

N n_ " (22)n° (122)
f3:= nz::OfB (n)q" = Wa

N w15 (42) 7' (62)
fa= 7;)]84 (n)q" = W (22) 7 (122)°

fo =Y fs(n)q" =n"(22),
n=0

R w0 (22) '3 (62)
foi= 2 Jo ()" = oy

n'? (4z) >t (62)
n'? (22)n' (122)

fr=)Y_fr(n)q" =
n=0
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