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Abstract

In the logistic regression, it is known that multicollinearity affects the variance of Max-
imum Likelihood Estimator (MLE). To overcome this issue, several researchers proposed
alternative estimators when exact linear restrictions are available in addition to sample
model. In this paper, we propose a new estimator called Stochastic Restricted Ridge Max-
imum Likelihood Estimator (SRRMLE) for the logistic regression model when the linear
restrictions are stochastic. Moreover, the conditions for superiority of SRRMLE over some
existing estimators are derived with respect to Mean Square Error (MSE) criterion. Finally,
a Monte Carlo simulation is conducted for comparing the performances of the MLE, Ridge
Type Logistic Estimator (LRE) and Stochastic Restricted Maximum Likelihood Estimator
(SRMLE) for the logistic regression model by using Scalar Mean Squared Error (SMSE).

Keywords: Logistic Regression; Multicollinearity; Stochastic Restricted Ridge Maximum
Likelihood Estimator; Mean Square Error; Scalar Mean Squared Error.

1 Introduction

There are many fields of research where the response variable is binary. For instance, diagnosis
of breast cancer (present, absent), vote in election (Democrat, Republican), or mode of travel to
work (by car/ by bus) and so-on. The logistic regression plays an important role in predicting
the binary outcomes as stated above.

The general form of logistic regression model is given as follow:
yz’:ﬂ'i+<€h 1= 1,...,n (11)
which follows Bernoulli distribution with parameter 7; as

__exp(x;B)
14 exp(23)’ (1.2)
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where x; is the " row of X, which is an n x (p + 1) data matrix with p explanatory variables
and fis a (p+ 1) x 1 vector of coefficients, ; are independent with mean zero and variance
mi(1 — m;) of the response y;. The Maximum likelihood method is the most common estimation
technique to estimate the parameter 3, and the maximum likelihood estimator (MLE) of £ can
be obtained as follows:

Bure =C I X'WZ, (1.3)

where C' = X'WX; Z is the column vector with i’ element equals logit(#;) + =%—~ and

i (1—7;)

W = diag|[7;(1 — 7;)], which is an unbiased estimate of 5. The covariance matrix of Bure is

COU(BMLE) = {X/WX}_l. (14)

There are situations where the explanatory variables have strong inter-relationship called mul-
ticollinearity. This causes inaccurate estimation of model parameters. As a result, the estimates
have large variances and large confidence intervals, which produces inefficient estimates. One
way to deal with this problem is called the ridge regression, which was first introduced by Hoerl
and Kennard (1970). To overcome the problem of multi-collinearity in the logistic regression,
many authors suggested different estimators alternative to the MLE. First, Schaffer et al. (1984)
proposed the Ridge Logistic Regression estimator for logistic regression model. Later, Principal
Component Logistic Estimator (PCLE) by Aguilera et al. (2006), the Modified Logistic Ridge
Regression Estimator (MLRE) by Nja et al. (2013), Liu Estimator by Mansson et al. (2012),
Liu-type estimator by Inan and Erdogan (2013) and Almost unbiased ridge logistic estimator
(AURLE) by Wu and Asar (2015) have been proposed. Recently, Asar (2015), proposed some
new methods to solve the multicollinearity in logistic regression by introducing the shrinkage
parameter in Liu-type estimators.

An alternative way to solve the multi-collinearity problem is to consider parameter estima-
tion with priori available linear restrictions on the unknown parameters, which may be exact or
stochastic. That is, in some practical situations there exists different sets of prior information
from different sources like past experience or long association of the experimenter with the ex-
periment and similar kind of experiments conducted in the past. If the exact linear restrictions
are available in addition to logistic regression model, many authors proposed different estimators
for the respective parameter §. Duffy and Santner (1989) introduced a restricted maximum
likelihood estimator (RMLE) by incorporating the exact linear restriction on the unknown pa-
rameters. Siray et al. (2015) proposed a new estimator called Restricted Liu Estimator (RLE)
by replacing MLE with RMLE in the logistic Liu estimator. However, RLE estimator did not
satisfy the linear restriction. Consequently, Wu (2015) proposed a Modified Restricted Liu Es-
timator in logistic regression, which satisfies the linear restrictions. Later, Wu and Asar (2015)
investigated the theoretical results about the mean squared error properties of the restricted esti-
mator compared to MLE, RMLE and Liu estimator. When the restriction on the parameters are
stochastic, Nagarajah and Wijekoon (2015) recently proposed a new estimator called Stochastic
Restricted Maximum Likelihood Estimator (SRMLE) and derived the superiority conditions of
SRMLE over the estimators Logistic Ridge Estimator (LRE), Logistic Liu Estimator (LLE) and
RMLE.
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In this paper, we propose a new estimator called Stochastic Restricted Ridge Maximum like-
lihood Estimator (SRRMLE) when the linear stochastic restrictions are available in addition to
the logistic regression model. The rest of the paper is organized as follows, the proposed esti-
mator and its asymptotic properties are discussed in Section 2. In Section 3, the mean square
error matrix and the scalar mean square error for this new estimator are obtained. Section 4
describes the theoretical performance of the proposed estimator over some existing estimators.
The performance of the proposed estimator with respect to Scalar Mean Squared Error (SMSE)
is investigated by performing a Monte Carlo simulation study in Section 5 . The conclusions of
the study is presented in Section 6.

2 A Proposed New Estimator

In the presence of multicollinearity in logistic regression model (1.1), Schaffer et al.(1984) pro-
posed the Logistic Ridge Estimator (LRE), which is defined as

Brre = (X'WX +ED'X'WXByLe (2.1)
- (O+k[)_1CBMLE
= ZyPuLE

where Z, = (C'+ kI)7'C and k is a constant, k > 0.

The asymptotic properties of LRE:

ElBrrp) = EZiBure) = Z1fB (2.2)
Var[Brs] = Var[Zyburs) (2.3)
- ZkCYilZ]IC
= (C+EkD)'C(C+ kD™
= Zy(C+kI)™*

Suppose that the following linear prior information is given in addition to the general logistic
regression model (1.1).

h=Hp+wv;, E(v)=0, Cov(v)={V (2.4)

where h is an (¢ x 1) stochastic known vector, H is a (¢ X (p+1)) of full rank ¢ < (p+ 1) known
elements and v is an (¢ x 1) random vector of disturbances with mean 0 and dispersion matrix
U, which is assumed to be a known (¢ X ¢) positive definite matrix. Further, it is assumed that
v is stochastically independent of ¢, i.e) E(ev’) = 0.
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In the presence of exact linear restrictions on regression coefficients (v = 0 in (2.4)) in addi-
tion to the logistic regression model (1.1), Duffy and Santner (1989) proposed the following
Restricted Maximum Likelihood Estimator (RMLE).

BRMLE = BMLE +C'H'(HC™'H') "' (h — HBMLE) (2.5)

The asymptotic variance and bias of B RMLE
VGT(BRMLE) = Cil — CilHl(HcilHl)ichil (26)
Bias(Brurpe) = C H'(HC™ H') ' (h — Hfy1p) (2.7)

Following Duffy and Santner (1989), Nagarajah and Wijekoon (2015) proposed an estimator,
the Stochastic Restricted Maximum Likelihood Estimator (SRMLE), when the linear stochastic
restriction (2.4) is available in addition to the logistic regression model (1.1).

Bsryre = Barpe + C T H/ (U + HCT H') ™ (h — Hpwwr) (2.8)
The estimator BSRMLE is asymptotically unbiased.
E(Bsryre) = B (2.9)
The asymtotic covariance matrix of SRMLE
Var(Bsryre) = C™' — C'H' (W + HC™'H) 'HC ™ (2.10)

Moreover, it was shown in their paper that the estimator SRMLE is always superior to MLE.
However, the estimator SRMLE is superior over RLE, LLE and RMLE under certain conditions.
For further development, in this paper, following Nagarajah and Wijekoon (2015), we introduce a
new biased estimator which is called Stochastic Restricted Ridge Maximum likelihood Estimator
(SRRMLE), and defined as

Bsrrmre = Brre + CTYH'(W + HCTYH') ™ (h — HfBLrE) (2.11)
Asymptotic Properties of SRRMLE
E(Bsrrvie) = ElBrrel+C "H'(V + HC'H)"YHB — HE(BLrE)) (2.12)

Z+C ' H' (U + HC'H'Y Y (HB — HZ3)
= [Z,+C'H'(V +HC'HY Y(H - HZ,)|B

Var(Bsrrure) = Var|fre +C "H' (Y + HC™'H') "' (h — HfBLkp)] (2.13)
= Z(C+kD) '+ CT H(V + HCT H')™!
U+ HZ,(C+KI)'H|(Y+ HC'H Y 'HC™!
—207'H' (W + HCT'H"\'HZ,(C + kI)™*
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3 Mean Square Error Matrix Criteria

To compare different estimators with respect to the same parameter vector g in the regression
model, one can use the well known Mean Square Error (MSE) Matrix and/or Scalar Mean Square
Error (SMSE) criteria.

MSE(B,8) = El(5- 5B~ 5)] (3.1)
= D)+ B(B)B'()

N A

where D(f3) is the dispersion matrix, and B(3) = E() — 8 denotes the bias vector.

The Scalar Mean Square Error (SMSE) of the estimator § can be defined as
SMSE(B,8) = trace] MSE(S, )] (3.2)

For two given estimators Bl and Bg, the estimator Bg is said to be superior to Bl under the MSE
criterion if and only if

M(By, B2) = MSE(B,, B) — MSE(2, 8) > 0. (3.3)
For the proposed estimator SRRMLE:
Bias(Bsrrvre) = E(Bsrrmie) — B (3.4)
= [Z,+C'H'(V +HC'HY"Y(H - HZ,) — 1)
= d; (say)

The Mean Square Error

MSE(Bsrrmre) = D(Bsrrure) + B(Bsrrmie)B (Bsrrure) (3.5)
= Zy(C+ k)P +CTH' (W + HC'H)™
U+ HZy(C+KI)'H'|(V + HCT'H')"'HC™!
—2C'H' (U + HC'*HY Y HZ,(C + kI)™ + 046,

The Scalar Mean Square Error

SMSE(BSRRMLE) = t?"CLCG{MSE(BSRRMLE)} (36)

4 The performance of the Proposed Estimator

In this section, we describe the theoretical performance of the proposed estimator SRRMLE over
some existing estimators: MLE, LRE, and SRMLE with respect to the mean square error sense.
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¢ SRRMLE Versus MLE

MSE(BMLE) - MSE(BSRRMLE) = {D(BMLE) - D(BSRRMLE)} (4.1)
+{B(Bure)B (Bure) — B(Bsrrvre) B (Bsrruvie)}
= {C' - Z,(CH+ED)' —CT'H' (VY + HO'H)) ™!
U+ HZ,(C+KI)'H|(Y+ HC'HY 'HCO™!
20 'H'(UV + HC'HY "HZ,(C 4+ kI 7'} — 6,6
= {C '+ 2ZyHZ,(C + kI)™'}
A ZW(CH+ KD+ Zy[V + HZW(C + k1) H') Z)y + 0464}
= My — M
where Zy = C'H'(U+ HC'H')™, My = C7 '+ 223 HZ,,(C + kI)™' and N, = {Z,,(C +
KD+ Zy|V+ HZp(C+ k)" H'| Z}; + 6,6, }. One can obviously say that Z,(C +kI)~! +
Zy|V+HZ,(C+kI)"'H'|Z}; and M are positive definite and 40} is non-negative definite
matrices. Further by Theorem 1 (see Appendix A), it is clear that N; is positive definite
matrix. By lemma 1 (see Appendix A), if Apax(N1 M ") < 1, then M; — Ny is a positive
definite matrix, where Ay (N1 M; ') is the largest eigen value of N;M;'. Based on the
above arguments, the following theorem can be stated.

Theorem 1: The estimator SRRMLE is superior to MLE if and only if )\max(NlMl_l) < 1.

¢ SRRMLE Versus LRE

MSE(Brre) — MSE(Bsprvre) = {D(Brre) — D(Bsrruie)} (4.2)

+H{B(Brrr)B'(Brre) — B(Bsramie)B (Bsrrvie)}
= {(CH+ED'C(C+ kD) —

Z(C+ kD +CT H(V + HCT'H) ™!
U+ HZ,(C+ kD) 'H')(V+ HC'H') *HC™!
20 H'(V + HC'H') " H Z,(C + kI)™'}
+{010] — 0403}

where Zg = C'H'(V + HC'H')"! and §; = E(BLRE) — f3; bias vector of BLRE.

Now consider,

D(Brre) — D(Bspryre) = {(C+kD)7'C(C+ kD)™ — {Z(C + k1)~ (4.3)
+C'H'(V+ HC'H')™!
(U + HZ,(C + kI)'H) (Y + HC'H'HC™!
—2C'H'(V + HC'H') *HZ,(C + kI)™'}
= 2ZyHZp(C + k)™ — Zy|V + HZ,(C + k1) H'|Z},
= My— N
= Di(say)



where My = 2ZyHZ,(C + kI)™! and Ny = Zy |V + HZ,(C + kI)"'H'|Z};. One can obvi-
ously say that M, and N; are positive definite matrices. By lemma 1, if Apax(No My 1) < 1,
then Di = M, — N, is a positive definite matrix, where Apa(NoMy ') is the the largest
eigen value of NoM,'. Based on the above arguments and lemma 2, the following theorem
can be stated.

Theorem 2: When Ay (NoMy?t) < 1, the estimator SRRMLE is superior to LRE
if and only if §}(D} + §76;) 7104 < 1.

¢ SRRMLE Versus SRMLE

MSE(Bsrure) — MSE(Bsprmre) = {D(Bsrvre) — D(Bsrrirre)} (4.4)
+{B(Bsrnre)B (Bsrvre) — B(Bsrryvie)B (Bsrryie)}
= {Z(C+k) '+ C'H'(W +HC'H)™!
W+ HZ(C+ K 'H|(Y+ HC'HY *HC™!
—2C'H'(V+ HC'H') *HZ,(C + kI)™*
_CT — CT'H(HCTH) T THC Y — 6,6,
= {(C+HV'H) ™ +2ZyHZ,(C + kI)™'}
~AZW(CH+ KD+ Zy[W + HZW(C + k1) H') Z)y + 0464}
= M;— Ny

where Mz = {(C'+ H'V'H) ' +2ZyHZ,(C + kI)™'} and N3 = {Z,(C + kI)™* + Zg[¥ +
HZ (C+kI)" H'|Z}; + 040, }. One can obviously say that Zy(C'+kI)™' + Zy [V + HZ,(C' +
kI)"'H'|Z}; and Mj are positive definite and d,8} is non-negative definite matrices. Further
by Theorem 1, it is clear that N3 is positive definite matrix. By lemma 1 (see Appendix A),
if Amax(N3M; 1) < 1, then M3 — Nj is a positive definite matrix, where Apax(N3M; ') is the
the largest eigen value of N3M;'. Based on the above arguments, the following theorem
can be stated.

Theorem 3: The estimator SRRM LE is superior to SRM LE if and only if Ay (NsM; ') <
1.

Based on the above results one can say that the new estimator SRRMLE is superior to the other
estimators with respect to the mean squared error matrix sense under certain conditions. To
check the superiority of the estimators numerically, we then consider a simulation study in the
next section.



5 A Simulation study

In this section, we provide the numerical results of the Monte Carlo simulation which is conducted
to illustrate the performance of the estimators MLE, LRE, SRMLE and SRRMLE by means
of Scalar Mean Square Error (SMSE). Following McDonald and Galarneau (1975) and Kibria
(2003), we generate the explanatory variables using the following equation.

xy; = (1— p2)1/2zij +pzipr1,i=1,2,...n, j=1,2,..,p (5.1)

where z;; are pseudo- random numbers from standardized normal distribution and p? represents
the correlation between any two explanatory variables. Four explanatory variables are generated
using (5.1). Four different values of p corresponding to 0.70, 0.80, 0.90 and 0.99 are considered.
Further for the sample size n, four different values 25, 50, 75, and 100 are considered. The de-

pendent variable y; in (1.1) is obtained from the Bernoulli(r;) distribution where m; = %.

The parameter values of 31, B, ..., 8, are chosen so that Z§:1 BJZ and B = B2 = ... = [Bp.
Moreover, we choose the following restrictions.

1 -1 0 O 1 100
H={10 1 -1 0 , h=1 -2 and = 0 1 0 (5.2)
0 0 1 -1 1 0 01
Further for the ridge parameter k, some selected values are chosen so that 0 < k£ < 1.
The simulation is repeated 2000 times by generating new pseudo- random numbers and the
simulated SMSE values of the estimators are obtained using the following equation.

2000
1 A A

SMSE(B) = 505D (B = B)'(B. = B) (5.3)

where 5’5 is any estimator considered in the s simulation. The results of the simulation are
reported in Tables 5.1 - 5.16 (Appendix C) and also displayed in Figures 5.1 - 5.4 (Appendix
B). According to Figures 5.1 - 5.4, it can be observed that in general, increase in degree of
correlation between two explanatory variables p inflates the estimated SMSE of all the estimators
and increase in sample size n declines the estimated SMSE of all the estimators. The performance
of MLE is poor for all situations considered in the simulation. Especially, increasing the degree of
correlation poorly affects the performance of MLE. Further, when 0 < k£ <1 and p = 0.7, 0.8 the
new estimator SRRMLE has smaller SMSE compared to all the other estimators MLE, LRE, and
SRMLE with respect to all samples of size n= 25, 50, 75 and 100. Further, it was noted from the
simulation results, the estimator SRRMLE dominates the other estimators with respect to the
mean square error sense when p = 0.9 and p = 0.99 except the following conditions; k£ > 0.4784
with p = 0.99 & n = 100, k£ > 0.4125 with p = 0.99 & n = 75, k£ > 0.3361 with p = 0.99 &
n = 50, k > 0.2383 with p = 0.99 & n = 25 and k > 0.6966 with p = 0.90 & n = 25. In these
circumstances LRE is superior to all other estimators.



6 Concluding Remarks

In this paper, we introduced the Stochastic Restricted Ridge Maximum Likelihood Estimator
(SRRMLE) for logistic regression model when the linear stochastic restriction is available. The
performances of the estimators SRRMLE over MLE, LRE, and SRMLE were investigated by
performing a Monte Carlo simulation study. It is noted that, increasing degree of correlation
makes an increase in the SMSE values of all estimators. Results show, when 0 < k < 1 and
p = 0.7, 0.8, the proposed estimator SRRMLE is superior over the other estimators for all sam-
ples of size n= 25, 50, 75 and 100. It was also noted that the estimator LRE has smaller SMSE
compared to the other estimators for some k values related to different p and n.
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Appendix A

Theorem 1: Let A: nxnand B : n x n such that A >0 and B > 0. Then A+ B > 0. (Rao
and Toutenburg, 1995)

Lemma 1: Let the two n xn matrices M > 0 ,N > 0, then M > N if and only if A\ (NM 1) <
1. (Rao et al., 2008)

Lemma 2: Let Bj = Ajy, 7 = 1,2 be two competing homogeneous linear estimators of f.
Suppose that D = Cov(ﬁl) — COU(BQ) > 0, where Cov(ﬁj), j = 1,2 denotes the covariance ma-
trix of ;. Then A(By, f2) = MSEM (B1) — MSEM(f3,) > 0 if and only if djy(D + dd,)~"dy < 1,
where MSEM(BJ'), d;j; 7 = 1,2 denote the Mean Square Error Matrix and bias vector of Bj,
respectively. (Trenkler and Toutenburg, 1990)
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Figure 5.1: Estimated SMSE values for MLE, LRE, SRMLE and SRRMLE for n = 25
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Figure 5.2: Estimated SMSE values for MLE, LRE, SRMLE

and SRRMLE for n = 50
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Figure 5.3: Estimated SMSE values for MLE, LRE, SRMLE and SRRMLE for n = 75
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Figure 5.4: Estimated SMSE values for MLE, LRE, SRMLE and SRRMLE for n = 100
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