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ABSTRACT 11 
 12 
 13 
The proposed mechanical system consists of two magnetic oscillating subsystems, which are 
mechanically coupled. The first one consists of a spring-magnet-mass subsystem and the other one is a 
spring-mass subsystem. The non-linear symmetric field created by two other fixed magnets, oriented for 
attraction, acts only upon the first subsystem. The entire system can oscillate horizontally, without 
friction and without loss of energy. Oscillations occur with conservation of kinetic energy and potential 
energy stored in the springs. During the movement, depending on the amplitude of oscillations, the main 
body stops for a period and this can be controlled by the physical constants of the system. The reason 
for these controlled halts of oscillations is the transfer of mechanical impulse, due to both oscillators 
entering the frequencies equalizing status with different initial frequencies. The frequency of the main 
oscillator gets synchronized with the frequency of the second oscillator, by its deeper or more superficial 
presence in a non-linear magnetic field, which is strongly dependent on distance. This paper will apply 
linear algebra transformation methods of differential equations systems on the adjoint vector spaces that 
are applicable to non-linear systems.  The general case will be solved and, moreover, the method will be 
verified through a numerical application. 
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1. INTRODUCTION 21 
 22 
The proposed mechanical system consists of two oscillating subsystems, which are mechanically 23 

coupled, like in the figure 1. The first subsystem, the main one, consists of one spring and a mass with a 24 
magnet inside, while the second one is a classical spring-mass subsystem. Both subsystems interact with 25 
each other through a connection spring.  26 

 The oscillations that occur in various situations are very interesting and will be described in the 27 
following. We will treat the ideal case, with no friction and in the assumption that there is no loss of energy 28 
during  the magnetic and mechanic interactions. One of the most important characteristic is that the 29 
system starts with an applied initial impulse and kinetic energy is transformed periodically in potential 30 
energy. 31 
 32 

 33 
The description of the mechanical system: 34 
 35 



We will start from the figure below, which describes the proposed mechanical system, where are shown 36 
two mechanical subsystems being in nonlinear interaction as follows: 37 
 38 
- The first subsystem, called the main subsystem, consists of mass-body m1 and a spring that will 39 
introduce a linear elastic field. At the same time, the subsystem is placed in a magnetic field, nonlinear 40 
strong at the ends of the race, thus creating a nonlinear potential field. In the magnetic force description, it 41 
was used a simple monopole-monopole expression, for long bar magnets, described in [1]. 42 

 43 
- The second subsystem, called secondary subsystem, consists of mass-body m2 and a resort that will 44 
produce oscillations under the influence of the potential field of its own resort, but also under the action of 45 
the inertial field induced by the first oscillating system. 46 
 47 
In the mathematical description of the introduced mechanical system we are taking into account some 48 
equations from the physical model already described in the authors’ earlier work [2], actually the current 49 
study represents a continuation of ideas presented in that article, at a more complex level.  50 
 51 
We have to specify that during the oscillations, the magnetic field acts only on the ensemble formed by m1 52 
mass and its interior magnet. The permanent magnet which is inside the m1 body, is oriented as it is 53 
shown and the entire mechanical system can move freely, without friction, in X axis direction. 54 
 55 
 56 

Figure 1. Two coupled spring-mass subsystems, interacting in a nonlinear magnetic field 57 
 58 

 59 
 60 

The constants of this mechanical system are: 61 
 62 

1k  – is the elastic constant of the first spring; 63 

2k  – is the elastic constant of the second spring; 64 

3k  – is the magnetic constant depending on strength of the permanent magnet; 65 

1m  – is  mass of the magnet-mass body of the principal oscillator; 66 

2m  – is mass of the mass-body of the second oscillator; 67 

ε - is a magnetic constant depending on the mechanical construction of the system. 68 
 69 
 70 
 71 



From a mechanical point of view, the mathematical differential equations that describe the system include 72 
the resultant of the static and dynamic forces, as in the following, and some constructive ideas were taken 73 
from scientific papers of [3] and [4].   74 
 75 
The involved forces are: 76 
 77 

1e
F    – the elastic force of the first subsystem, given by the expression: 78 

)]()([)( 122111 tXtXktXkFe −+−=     (1) 79 

2eF    – the elastic force of the second subsystem, with the expression: 80 

)]()([ 1222 tXtXkFe −−=       (2) 81 
 82 

In the way of writing the equations that describe the elastic field created by springs, we took into account 83 
[5] 84 
 85 

n
Fm     – the magnetic force acting on the first permanent magnet 1 with nonlinear 86 

expression, it was been also described in detail, in the work [2], and has the expressions: 87 
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1i
F     – the inertial force acting on the first mass: 94 
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2i
F  – the inertial force acting on the second mass: 96 
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 98 
2. Applied methods: 99 
 100 
Given the forces described in the expressions above, we can say that the system of differential equations 101 
describing the mechanical system has the following structure:  102 

 103 
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 106 
We have an homogenous, non-linear, of 2nd-order differential system, with coupled equations, difficult to 107 
solve through an analytical method. In order to solve these equations, the model proposed by authors, is 108 
described in the following: 109 
  110 
 111 
We will rewrite the system in the form of a matrix system as it follows: 112 
 113 
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 116 
 117 
As the system is written in a 2x3 matrix form, with 2 rows and 3 columns and we want to make a 2N–118 
parametric vector transformation, in the vector space R3, we will perform a mathematical artifice. We 119 

consider a nonlinear mathematical function: 
2
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 122 
The system becomes: 123 
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We divide the conexion matrix by 2k , as follows:  125 
 126 
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 Denoting  with  
k

k
=q

2

1 and   
k
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2

3 , we obtain the next system written in E - orthogonal basis:
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 130 
We are going to transform the system of differential equations in a quasi-diagonal form.  This fact will help 131 
us to solve separate those three differential equations, in a special vector space, which will be found as in 132 
the follows.  133 
 134 
This method, which we are going to apply, was already successfully applied in the earlier authors’ work 135 
[6], where a simple 1N parametric vector transformation in R2 vector space, was considered. 136 
 137 
The problem that implies the usage of vector spaces in solving of systems of liner differential equations, 138 
was widely described in specialty scientific paper and also in an original manner in work [7]. 139 
 140 
We are seeking to transform matrix A, in a matrix B, following a vector transformation, using the 141 
associated matrix of a V-vector space together with his inverse, V-1, in respect with the condition: 142 
 143 
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We are searching to transform the matrix A: 145 
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In a quasi diagonal form one: 147 























−−+−
−

−−+

=

2

24
00

0

00
2

24

2

2

qq

nq

qq

B     (16) 148 

 149 



We specify that we chose this form of matrix quasi- diagonal B because we intend to solve this problem 150 
based on a solving model for a 2 nd order nonlinear differential equations system, presented in [6 ] , and 151 
we want to obtain the system of differential  nonlinear equations system in that form. 152 
 153 
That allows us to symbolically decouple those three differential equations, and in compliance with the 154 
conditions above, as it is written bellow, where the resemblance relations of matrix A and B are verified:  155 
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 157 
 158 
Looking for a three-dimensional V-basis, in R3 vector space, the: (a,b,c,d,e,f,g,h,i) - independent 159 
parameters, will be found as it follows: 160 
 161 

• We are searching to find a  generalized vector transformation, regardless of the physical 162 
constants of the system, a matrix form, with nine unknown matrix characteristic in R3  -vector 163 
space. 164 
 165 

• In order to perform an advance unitary transformation, parametrically point of view, we will 166 
consider all the numerical possibilities, through the nine parameters taken into account, and this it 167 
was the reason of choosing that those nine parameters. 168 
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 171 
Calculating symbolically the inverse of this matrix, we find the following form: 172 
 173 

























−++−−
−

−++−−
−

−
−++−−

+−
−

−++−−
−−

−++−−
−

−++−−
−−

−++−−
+−

−++−−
−−

−++−−
−

=−

gcegbfdchdbiafhaei

bdae

gcegbfdchdbiafhaei

bgah

gcegbfdchdbiafhaei

egdh
gcegbfdchdbiafhaei

cdaf

gcegbfdchdbiafhaei

cgai

gcegbfdchdbiafhaei

fgdi
gcegbfdchdbiafhaei

cebf

gcegbfdchdbiafhaei

chbi

gcegbfdchdbiafhaei

fhei

V 1
(19) 174 

 175 
where for any R3 - vector space form, determined by physical constants variations, verifies the equality: 176 
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 179 
According to the theory of vector space transformation, used in linear algebra, we obtain: 180 

BVAV =−1      (21) 181 
 182 
A matrix requires that data, to transform in a quasi-diagonal matrix B, using a parametric vector space,  183 
as follows: 184 
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 187 
Based on the  formula above which transforms a matrix according to a vector space 188 
and its inverse, we obtain after successive multiplications, next 9 equations with 9 unknowns: 189 
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(31) 214 
We form the next system: 215 

{ }333231232221131211 ,,,,,,,, eqeqeqeqeqeqeqeqeqS =    (32) 216 

 217 
After solving the nine equations system, with nine unknowns, depending on two parameters (q, 218 

n), we obtain solutions for those 9 unknowns as follows: 219 
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It follows that the three-dimensional vector space  helped us perform the transformation is V: 223 
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 225 
• The associated matrix of V -vector space thus found has a parametric form, depending on a initial 226 

given constants,  and it can turn the connections matrix A, into a connections matrix B, in any 227 
situation, regardless of values of the physical constants (K1, K2 , K3), with only condition that the V 228 
– matrix to be non singular ones. 229 

 230 
• V and his inverse V-1, are parametric type and it is possible to transform matrix A in matrix B, in 231 

the general case, regardless of the physical constants of the system. 232 
 233 
With matrix B, this 2nd order differential system becomes: 234 
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 Which involves solving a system of a 3 - differential equations in this decoupled form: 238 
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These three differential equations will be separately solved, as follows: 242 
 243 

a) The first 2nd order linear equation, has the form:  244 
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We denote the first oscillator’s own pulsation, that will be used later: 247 
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and we will obtain the equation: 250 
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By solving the characteristic equation, 252 
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The differential equation becomes:  257 
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After transformation, using Euler’s formulas, we arrive at:  260 
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 262 
b)     263 

 264 
The second nonlinear differential equation, in this uncoupled form, will have the following resolution, 265 
based on the authors’ earlier work [2], where the motion of a single spring-mass-magnet in magnetic field, 266 
was  considered, and where analytical solution of elliptic sine form functions, was obtained. 267 
 268 
 In the description of the Jacobi elliptical functions, involved of this problem resolution, were taken into 269 
account the dedicated scientific paper of [8] and [9]. 270 
 271 
With the purpose to find the form for the analytic solution of differential equation, we have to proceed as it 272 
is shown bellow. Equation solving will be summarized in the following: 273 
 274 
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-We calculate first the px1  and p parameters from the roots of the right member of upper differential 276 

equation: 277 
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and 279 
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After this we get the eccentricity argument of elliptic function as follows:  281 
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After it we can calculate the time argument of elliptic function in this mode: 283 
-We find a special prototype function - pF , starting from our dedicated form of the right member as  284 

follows: 285 
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 For finding (u, v) - constants, the next system of integral equations is implied, in order to solve our 287 
problem: 288 
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With specification that the first equation is solved for: px , p , k - being constants, and the second one is 290 

integrated for variable  X, and for constants: p , k .  291 

After the above system is solved to find (u, v) - constants, we have to identify the coefficients of the 292 
expression, provided from the right member of (43): 293 
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Starting from the system: 295 
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where after solving it for α , we will be able to find the final form of the function. 297 
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In the upper formulation problem, were taken into account some constructive ideas of the authors’ work of 300 
[10], [11].The problem resolution consists of finding an analitical general formula to get the interaction 301 
between linear and nonlinear subystems. 302 



 303 
c) The third one is a second order linear equation, of the form:  304 
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We denote the second oscillator’s own pulsation, that will be used later: 306 
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we will have: 309 
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By solving the characteristic equation:  312 
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Where 1−=I  is a complex number. 315 
 316 
The differential equation becomes: 317 
 318 
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After transformation, using Euler formulas, we get:  320 
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So that we have the next system sollutions following, written in V – basis : 323 
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 325 
Finding the final form of those two solutions involves a basic active transformation: 326 
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 327 

And finally we find the general solution in E space,  as it follows. We use the transformation method of 328 
differential equations which was described also in work [7] 329 
 330 

• We will return to the basic vector space for finding the general solution of this problem in the initial 331 
conditions.  332 



• After inverse transformation, the unknown function: )1( XnG , will have no effect and will not be 333 

written. 334 
 335 
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 339 

3. A SPECIFIC NUMERICAL APPLICATION: 340 
 341 
With the purpose of applying into practice the analytical solution presented above, we take a numerical 342 
application, such that the double nonlinear oscillator has the described behavior. 343 
 344 
We start to give numerical values of physical constants, to eliminate the parameters considered in the 345 
beginning, and to highlight the existence of the functional halts.  346 
 347 
Although there are many other possible physical values of the constants, we have selected the next set of 348 
values, because the obtained effect is similar to the practical experimental situation, from which we have 349 
started, and we developed the theoretical study. 350 
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We note with: 352 
 353 
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The system of nonlinear second order differential equations becomes: 357 
 358 
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Matrix B will take the form: 360 
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The vector space that decouples the solutions of our system will be: 362 
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So we obtain the system in its decoupled form: 366 
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 369 
Our system is rewritten in a quasi-diagonal form, in the vector space thus founded: 370 
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372 

This implies solving three isolated differential equations as it follows: 373 
 374 
 375 
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 377 
 378 
We solve separately these equations.  379 
 380 
a) The first 2nd order linear differential equation will be solved so:  381 
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Its attached algebraic equation has the following form:  383 
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The general solution will be of the form:  388 
 389 

IteItetX 444.0
2

444.0
1)(1

−+= ζζ     (73) 390 

 391 
Where after Euler fundamental formula development and constants notation, we get a known sinusoidal 392 
form: 393 
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b) The non-linear differential equation with elliptical solution is:   396 
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We start to find the constant of the system, as is written bellow:  400 
 401 
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Which is solved for: p
x  and k , as following: 403 
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and  407 
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 From the expression: 409 
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 415 
Then we take off the time argument of the elliptic function, first finding a prototype function and thus to 416 
correlate our function with the new function, by constants u and v, as follows: 417 
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The given function what describes the mechanical system is:  423 
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The found prototype function will be:  425 
 426 

304679999.089635789.0 XXpF +−=    (85) 427 

The both functions have the same roots, and comparison graph of the two functions is shown bellow. 428 
 429 
 430 
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 435 



Figure 2. The graph of (Fp, Fd ) functions, with the same roots and the same intergraphic area. 436 

 437 
 438 
By identifying the polynomial coefficients of the found polynomial with the polynomial resulted from the 2nd 439 
order  derivation of the proposed formal function, we get:  440 
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The system of elliptic sine derivative type, becomes: 443 
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Thus we find the expression: 
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Finally we obtain the function: 449 
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which is accompanied by the multi- graph as a function of t and initial position : 452 
 453 
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 463 
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 465 



Figure 3. Graph of Gn function, deppending on starting possition 466 
 467 
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 469 

c) The third 2nd order linear differential equation will be solved as follows: 470 
 471 
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The attached algebraic equation is the following: 473 
 474 
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with solutions: 476 
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The general solution will be of the form:  479 
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 482 
After Euler’s fundamental formula development and after we rewrite the constants expressions, we arrive 483 

at a known sinusoidal form:  484 
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 CONDITIONS: 489 
 490 
In order to produce mechanical oscillations with “controlled halts”, as their existence has been 491 
experimentally demonstrated, for the first time, by the authors and presented in figure 9, we have chosed 492 
the physical constants of the system, so that those two components in trigonometric sine,must have the 493 
same frequency of oscillation.  494 
 495 
The component that oscillates after elliptic sine law, will have a variable frequency, which depends on the 496 
strength of the eccentricity of the nonlinear component. It can be adjusted in X01, initial start position, so 497 
there is an equal condition of oscillation frequencies. The system naturally tends to self- synchronize, 498 
becoming stronger or weaker in eccentricity to "hold" in frequency. 499 
 500 
In this way, the system will always tends to self- regulate in a naturally way, the main oscillator will 501 
periodically enter in standby (stops), synchronizing with the frequency of the second oscillator, which 502 
requires in fact the repetition frequency of this process. 503 
 504 
In order to get controlled halts it is indicated to produce a difference between the individual oscillations 505 
frequencies, by choosing the physical constants (masses and elastic constant of the springs). 506 
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 (95) 511 
So the start position for the main oscillator will have the value above. 512 
We found a system with three decoupled solutions, explained as it follows: 513 
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To reach the basic vector space, we perform multiplications. We will introduce them in a linear 516 
combination, using inverse vector transformation as it follows, in order to obtain the final solution, which 517 
we have searched.  518 
 519 
We will have to find the final solutions, as it is shown below: 520 
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 524 
 525 

• We will return to the basic vector space for finding the general solution of this problem in the initial 526 
conditions.  527 



• Since the nonlinear function )1( XnG  was artificially introduced in the vector space V, it has no 528 

physical significance in base vector space E and its corresponding equation will not be written. 529 
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 531 
 532 
We associate the graphic representations in the following.  533 
 534 
The previous formula has the following graph, which includes the corresponding values of some initial 535 
perturbations applied to the two oscillators. It was considered that these two oscillators were trained in 536 
motion at time t = 0, with zero initial speed and these are the frontier conditions. 537 
 538 

a) For 539 
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with the graph bellow: 541 
 542 

Figure 4. Graph for the given physical system and starting conditions. 543 
 544 

 545 

 546 

In the figure above are graphically  represented the motion equations (98), as a function of time, for 547 
the initial conditions (99). The grey line represents the law of  motion for the second oscillator and the 548 
black line represents the law of motion of the main oscillator.  549 

The grey line represents the law of  motion for the second oscillator and the black line represents the 550 
motion law of the main oscillator. 551 



The grey line represents the motion law for the second oscillator and the black line represents the 552 
motion law of the main oscillator. 553 
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 555 
 556 

b) For: 557 
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 560 
If we maintain the initial starting position of the main oscillator, we modify only the starting 561 

positions of the secondary oscilator. If the value of the starting positions for the second oscillator is 10 562 
times lower than the previous example, we obtain the changing of the graphic concavity, as it follows in 563 
the next graph. 564 

 565 
 566 

Figure 5. Graph for given physical system and starting conditions. 567 
 568 
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c) For: 570 
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 572 
If the starting position 02x , is increased, we obtain the next graph. 573 

 574 
Figure 6. Graph for given physical system and starting condition of item c). 575 
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d) For: 583 
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 586 
If the same value of 02x  is increasing as it overpasses a certain limit, then we can notice that the 587 

subsystems change their roles, as is shown in the next figure. 588 
 589 
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Figure 7. Graph for given physical system and starting condition of item d). 595 
 596 
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e) For: 598 
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 602 

Figure 8. Graph for given physical system and starting condition. 603 
 604 

 605 
 606 

f)   The theoretical study presented above is confirmed by the experimental results. In this way we 607 
can associate the following graphic representation, ilustrating the mechanical system behavior, 608 
wich is described in this theoretical work, based on the numerical acquisition of data, and their 609 
further processing.  610 

 611 
 612 
 613 
 614 

Figure 9. Graph for experimental results 615 
 616 

 617 
 618 
4. CONCLUSIONS: 619 
We have come to the following main conclusions: 620 

 621 
• In the mechanical system presented in this research paper, the two oscillating subsystems do 622 

not produce beats phenomenon during their oscillations. Surprisingly, although both subsystems 623 
do not have the same individual frequency of oscillation, they synchronize and oscillate in phase, 624 
taking turns. In the end, a composition of the oscillations is to be found, in subtractive and 625 
additive ways.  626 



 627 
• In terms of application, during the motion laws simulation, we have noticed that this system has 628 

an optimum performance, in the circumstances in which m2 is at least the double of m1.  629 
 630 

• The oscillations which are presented in this paper, may also be obtained, in an artificial way, in 631 
mathematical terms, by composing the elliptic sine and trigonometric sine functions, under certain 632 
circumstances 633 

 634 
• The halt time of main oscillator depends on the physical constants of the system, specifically on 635 

the mass difference between the first and the second subsystem.  636 
 637 

• Those two subsystems could have different oscillatory frequencies and in this case the beats of 638 
oscillations can occur, while the component which oscillates after an elliptic sine law, will have a 639 
variable frequency, depending on the  strength of  eccentricity in  the nonlinear field. 640 
 641 

• Both subsystems naturally tend to self- synchronize, the nonlinear field of the main oscillator 642 
becoming stronger or weaker in elliptic eccentricity, for adjusting its frequency with the second.  643 
 644 

• In fact, the mass difference between these two-coupled oscillating subsystems is offset by a more 645 
profound or superficial presence in a nonlinear field, because the subsystems 1 and 2 naturally 646 
tend to come into play and give each other time. “Controlled halts” are produced without 647 
mechanical collision, from a distance, by transferring mechanical momentum, through the 648 
common spring. We regularly transfer momentum, through spring connection, because during 649 
shutdown/startup, the secondary oscillator is accelerated, respectively decelerated. 650 
 651 

• The motion equations include three components, two trigonometric equations and one elliptical 652 
equation. It may be said that these allow for the description of several other types of movements, 653 
not yet shown from an experimental point of view, but they were highlighted by the initial 654 
conditions (start) of the mechanical subsystems, and they were shown in the graphics. 655 

• We specify that this phenomenon, which is discovered and presented in this study, has been 656 
used in the construction of a new type of mechanical engine, which is based on controlled halts of 657 
movement. 658 

• By using special nonlinear transformations, we apply a method of algebraic vector transformation, 659 
applicable to linear systems in a nonlinear case, the stated analytical results being in accordance 660 
with experimental results.  661 

• As this is a theoretical article, the physical experiment and the experimental data have not been 662 
described in detail, as exceeding the purposes of this paper.  663 

 664 
 665 
REFERENCES: 666 
 667 
[1] Richard H. Enns, George C. McGuire. Nonlinear physics with Mathematica for scientist and 668 
engineers. ISBN 0-8176-4223-4, 518-518. 669 
 670 
[2] Nicuşor Nistor, Constantin Gheorghieş, Nelu Cazacu, “The motion equation of a spring-magnet-mass 671 
system placed in nonlinear magnetic field. An analytical solution of elliptic sine form functions”, British 672 
Journal of Mathematics & Computer Science, DOI: 10.9734/BJMCS/2016/20083, SCIENCEDOMAIN 673 
International 674 

[3] Todor Todorov, Rumen Nikolov. Dynamical modeling of mechanical oscillations in magnetic field. 675 
Recent Journal. 2008;9:1(22). ISSN 1582-0246. 676 
 677 
[4] Arnold, V. I., “Problem in Mathematical Methods of Classical Mechanics”. New York: Springer- 678 
Verlag, 1989. 679 
 680 



[5] Temple H. Fay and Sarah Duncan Graham, “Coupled spring equations”, University of Southern 681 
Mississippi, int. j. math. educ. sci. technol., 2003, vol. 34, no. 1, 65–79. 682 
 683 
[6] Nicuşor Nistor, Constantin Gheorghieş, Nelu Cazacu, “Algorithm to find the general laws of motion of 684 
the double oscillator, by using advance transformations on 1-parametric, vector space R2”, Annals of 685 
“Dunărea de Jos” University of Galaţi, Mathematics, Physics, Theoretical mechanics, Fascicle ii, year vii 686 
(xxxviii) 2015,special issue. 687 

[7] B. Bandyrskii, I. Lazurchak, V. Makarov , M. Sapagovas ,” Eigenvalue Problem for the 688 
Second Order Differential Equation with Nonlocal Conditions”, Nonlinear Analysis: Modeling and 689 
Control, 2006, Vol. 11, No. 1, 13–32, 690 
 691 
[8] Jacobi CGJ. Fundamenta nova theoriae functionum ellipticarum (in Latin). Königsberg. Reprinted by 692 
Cambridge University Press. 1829;2012. ISBN 978-1-108-05200-9. 693 
 694 
[9] Abramowitz, Milton, Stegun, Irene A. eds. Handbook of Mathematical Functions with Formulas, 695 
Graphs and Mathematical Tables, New York: Dover. 1965;Chapter 16:569. ISBN 978-0486612720. 696 
 697 
 [10] Belendez C. Pascual, Mendez DI, Belendez T, Neipp C. Exact solution for the nonlinear pendulum. 698 
Revista Brasileira de Ensino de Fisica. 2007;29(4):645-648. 699 
 700 
 [11] Alvaro H. Salas, Jairo E. Castillo H. Exact solution to duffin equation and the pendulum equation. 701 
Applied mathematical sciences. 2014;8(176):8781–8789. 702 
 703 


