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1 Introduction
Because of the fact that the normal vector bundle has non-trivial intersection with the tangent vector
bundle, the differential geometry of lightlike submanifolds is different from non-degenerate submanifolds.
So, one can not use the classical submanifold theory for lightlike (null) submanifolds. To overcome
this problem K. L. Duggal and A. Bejancu were introduced some new methods and studied lightlike
submanifolds Duggal and Bejancu (1996) (see also Duggal and Şahin (2010)).

In Duggal and Bejancu (1996), CR-lightlike submanifolds were studied by K. L. Duggal and A.
Bejancu in indefinite Kähler manifolds, then B. Şahin, R. Güneş Şahin and Güneş (2001) investigated
geodesic CR-lightlike submanifolds of indefinite Kähler manifolds. Geodesic lightlike submanifolds
of indefinite Sasakian manifolds were introduced by J. Dong, X. Liu Dong and Liu (2011). Also, in
indefinite Sasakian manifolds screen CR-lightlike submanifolds and contact CR-lightlike submanifolds
were presented by K. L. Duggal, B. Şahin Duggal and Şahin (2007). Since then an extensive literature
has been created on lightlike submanifolds (see Şahin (2006); Perktaş, Kılıç and Acet (2014); Duggal
and Şahin (2005); Kılıç and Gülbahar (2016); Duggal and Jin (2003)).

On a semi-Riemannian manifold M2n+1, S. Kaneyuki, M. Konzai Kaneyuki and Konzai (1985)
introduced a structure which is called the almost paracontact structure and then they characterized
the almost paracomplex structure on M2n+1 × R. Recently, S. Zamkovoy Zamkovoy (2009) studied
paracontact metric manifolds and some subclasses which is known para-Sasakian manifolds. The
study of paracontact geometry has been continued by several papers (Alekseevski et al. (2009);
Alekseevski, Medori and Tomassini (2006); Cortés et al. (2004); Cortés, Lawn and Schäfer (2006);
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Erdem (2002)) which are contained role of paracontact geometry about semi-Riemannian geometry,
mathematical physics and relationships with the para-Kähler manifolds.

In this manuscript we study the lightlike submanifolds of para-Sasakian manifolds and obtain
several geometric results. The paper arranged as follow. In Section 2, we recall some basic facts
about lightlike submanifolds and almost paracontact metric manifolds, respectively. In Section 3,
we introduce geodesic paracontact CR-lightlike submanifolds of para-Sasakian manifolds and obtain
some necessary and sufficient conditions for totally geodesic, D̃−geodesic, D̆−geodesic and mixed
geodesic paracontact CR-lightlike submanifolds. Section 4 is devoted to paracontact screen CR-
lightlike submanifolds of para-Sasakian manifolds.

2 Preliminaries

2.1 Lightlike Submanifolds
Let (M̄n+m, ḡ) be a semi-Riemannian manifold with index q, such that m,n > 1, 1 ≤ q ≤ m + n − 1
and (Mm, g) be a submanifold of M̄ , where g induced metric from ḡ on M . In this case, M is called a
lightlike (null) submanifold of M̄ if g is degenerate on M. Now let us consider a degenerate metric g
on M. Thus TM⊥ is a degenerate n−dimensional subspace of TxM̄ and orthogonal subspaces TxM
and TxM

⊥ are degenerate but no longer complementary. So, there exists a subspace RadTxM =
TxM ∩ TxM

⊥ which is called radical space. If the mapping RadTM : x ∈ M → RadTxM , defines a
smooth distribution, named Radical distribution, on M of rank r > 0 then the submanifold M is called
an r−lightlike submanifold Duggal and Bejancu (1996).

Let S(TM) be a screen distribution which is a semi-Riemannian complementary distribution of
RadTM in TM. So one can write

TM = S(TM)⊥RadTM (2.1)

and S(TM⊥) is a complementary vector subbundle to RadTM in TM
⊥

. Let tr(TM) and ltr(TM)
be complementary (but not orthogonal) vector bundles to TM in TM̄ |M and RadTM in S(TM⊥)⊥,
respectively. In this case we arrive at

tr(TM) = ltr(TM)⊥S(TM⊥), (2.2)

TM̄ |M= TM ⊕ tr(TM) = {RadTM ⊕ ltr(TM)}⊥S(TM)⊥S(TM⊥). (2.3)

Theorem 2.1. Duggal and Bejancu (1996) Let (M, g, S(TM), S(TM⊥)) be a lightlike submanifold of
a semi-Riemannian manifold (M̄, ḡ). Then there exist a complementary vector subbundle ltr(TM) of
RadTM in S(TM⊥)⊥ and a basis of Γ(ltr(TM) |U consisting of smooth section {Ni} of S(TM⊥)⊥ |U ,
where U is a coordinate neighborhood of M, such that

ḡ(Ni, Ei) = 1, ḡ(Ni, Nj) = 0, (2.4)

where Γ(RadTM)=Span{E1, E2, ..., En}.

For a lightlike submanifold (M, g, S(TM), S(TM⊥)) we have following four cases:
* If r < min{m,n} then M is a r−lightlike submanifold,
* If r = n < m, S(TM⊥) = {0} then M is a coisotropic lightlike submanifold,
* If r = m < n, S(TM) = {0} then M is a isotropic lightlike submanifold,
* If r = m = n, S(TM) = {0} = S(TM⊥) then M is a totally null submanifold.
By use of (2.3), the Gauss and Weingarten formulas are given by

∇̄XY = ∇XY + h(X,Y ), ∀X,Y ∈ Γ(TM), (2.5)
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∇̄XU = −AUX +∇t
XU, ∀X ∈ Γ(TM), U ∈ Γ(tr(TM)), (2.6)

where {∇XY,AUX} belongs to Γ(TM) and {h(X,Y ),∇t
XU} belongs to Γ(tr(TM)). ∇̄ and ∇t are

linear connections on M and on the vector bundle tr(TM), respectively.
In view of (2.2), we consider the projection morphisms L and S of tr(TM) on ltr(TM) and

S(TM⊥). Therefore (2.5) and (2.6) become

∇̄XY = ∇XY + hl(X,Y ) + hs(X,Y ), X, Y ∈ Γ(TM), (2.7)

∇̄XN = −ANX +∇l
XN +Ds(X,N), X ∈ Γ(TM), N ∈ Γ(ltr(TM)), (2.8)

∇̄XW = −AWX +∇s
XW +Dl(X,W ), X ∈ Γ(TM),W ∈ Γ(S(TM⊥)), (2.9)

where hl(X,Y ) = L(h(X,Y )), hs(X,Y ) = S(h(X,Y )), ∇l
XN, Dl(X,W ) ∈ Γ(ltr(TM)), ∇s

XW,
Ds(X,N) ∈ Γ(S(TM⊥)) and ∇XY, ANX, AWX ∈ Γ(TM).

Assume that P is a projection of TM on S(TM), then by use of (2.1), we have

∇XPY = ∇∗
XPY + h∗(X,PY ), X, Y ∈ Γ(TM), (2.10)

∇XE = −A∗
EX +∇∗t

XE, X ∈ Γ(TM), E ∈ Γ(RadTM), (2.11)

where {∇∗
XPY,A∗

EX} belong to Γ(S(TM)) and {h∗(X,PY ),∇∗t
XE} belong to Γ(RadTM).

Using (2.10) and (2.11), we get

ḡ(h∗(X,PY ), N) = ḡ(ANX,PY ), (2.12)

ḡ(hl(X,PY ), E) = ḡ(A∗
EX,PY ), (2.13)

ḡ(hl(X,E), E) = 0, A∗
EE = 0. (2.14)

In genereal, the induced connection ∇ on M is not metric connection. By using property of ∇̄ and
(2.7), we have

(∇Xg)(Y,Z) = ḡ(hl(X,Y ), Z) + ḡ(hl(X,Z), Y ). (2.15)

However, ∇∗ is a metric connection on S(TM).

2.2 Almost paracontact metric manifolds
A paracontact manifold M̄2n+1 is smooth manifold equipped with a 1−form η, a characteristic vector
field ξ and a tensor field ϕ̄ of type (1, 1) such that Kaneyuki and Konzai (1985):

η(ξ) = 1, (2.16)

ϕ̄2 = I − η ⊗ ξ, (2.17)

ϕ̄ξ = 0, (2.18)

η ◦ ϕ̄ = 0. (2.19)

If we set D = ker η = {X ∈ Γ(TM̄) : η(X) = 0}, then ϕ̄ induces an almost paracomplex structure
on the codimension 1 distribution defined by D Kaneyuki and Konzai (1985).

Moreover if the manifold M̄ is equipped with a semi-Riemannian metric ḡ of signature (n+ 1, n)
which is called compatible metric satisfying Zamkovoy (2009)

ḡ(ϕ̄X, ϕ̄Y ) = −ḡ(X,Y ) + η(X)η(Y ), X, Y ∈ Γ(TM̄) (2.20)

then we say that M̄ is an almost paracontact metric manifold with an almost paracontact metric
structure (ϕ̄, ξ, η, ḡ).

From the definition, one can see that Zamkovoy (2009)

ḡ(ϕ̄X, Y ) = −ḡ(X, ϕ̄Y ), (2.21)
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ḡ(X, ξ) = η(X). (2.22)

If ḡ(X, ϕ̄Y ) = dη(X,Y ) then the almost paracontact metric manifold is said to be a paracontact metric
manifold.

For an almost paracontact metric manifold (M̄, ϕ̄, ξ, η, ḡ), one can always find a local orthonormal
basis (Xi, ϕ̄Xi, ξ), i = 1, 2, ..., n, which is called ϕ̄−basis Zamkovoy (2009).

An almost paracontact metric structure (ϕ̄, ξ, η, ḡ) is a para-Sasakian manifold if and only if
Zamkovoy (2009)

(∇̄X ϕ̄)Y = −ḡ(X,Y )ξ + η(Y )X, X, Y ∈ Γ(TM̄), (2.23)

where ∇̄ is a Levi-Civita connection on M̄ .
From (2.23), one arrive at

∇̄Xξ = −ϕ̄X. (2.24)

Example 2.2. Acet, Perktaş and Kılıç (2014) Let M̄ = R2n+1 be the (2n + 1)−dimensional real
number space with standard coordinate system (x1, y1, x2, y2, ..., xn, yn, z) . Defining

ϕ
∂

∂xα
=

∂

∂yα
, ϕ

∂

∂yα
=

∂

∂xα
, ϕ

∂

∂z
= 0,

ξ =
∂

∂z
, η = dz, (2.25)

g = η ⊗ η +

n∑
α=1

(dxα ⊗ dxα − dyα ⊗ dyα),

where α = 1, 2, ..., n, then the set (M̄, ϕ̄, ξ, η, ḡ) is an almost paracontact metric manifold.

3 Geodesic Paracontact CR-Lightlike Submanifolds

Definition 3.1. Acet, Perktaş and Kılıç (2014) Let (M, g, S(TM), S(TM⊥)) be a lightlike submanifold
of a para-Sasakian manifold (M̄, ḡ) such that ξ ∈ Γ(TM). If the following conditions are satisfied on
M , then M is called a paracontact CR-lightlike submanifold,

i) RadTM is a distribution on M such that

RadTM ∩ ϕ̄RadTM = {0},

ii) There exist vector bundles D0 and D´on M such that

S(TM) = {ϕ̄RadTM ⊕D´}⊥D0⊥{ξ}, (3.1)

ϕ̄D0 = D0, ϕ̄D´= L1⊥L2, (3.2)

where D0 is non-degenerate and L1 = ltr(TM), L2 is a vector subbundle of S(TM⊥). So one has
the following:

TM = {D ⊕D´}⊥{ξ},
D = RadTM⊥ϕ̄RadTM⊥D0.

Taking D̂ = D⊥{ξ}, we get
TM = D̂⊥D´, ϕ̄D̂ = D̂.

Theorem 3.1. Let M be a paracontact CR-lightlike submanifold of a para-Sasakian manifold M̄ .
Then M is totally geodesic if and only if ḡ(Y,AWX) = ḡ(Y,Dl(X,W )), ∇X ϕ̄Y has no components
in ϕ̄L1, Y ∈ Γ(TM − {ξ}) or X has no components in ϕ̄L1.
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Proof. It is well known that the condition for M being totally geodesic is equivalent to the equations
given by

ḡ(hl(X,Y ), E) = 0, E ∈ Γ(RadTM),

and
ḡ(hs(X,Y ),W ) = 0, W ∈ Γ(S(TM⊥)).

In view of (2.7), (2.9) with (2.20), we obtain

ḡ(hl(X,Y ), E) = ḡ(∇̄XY,E)

= −ḡ(ϕ̄∇̄XY, ϕ̄E) + η(∇̄XY )η(E)

= −ḡ(ϕ̄∇̄XY, ϕ̄E)

= ḡ((∇̄X ϕ̄)Y, ϕ̄E)− ḡ(∇̄X ϕ̄Y, ϕ̄E)

= ḡ(X, ϕ̄E)η(Y )− ḡ(∇X ϕ̄Y, ϕ̄E) (3.3)

and

ḡ(hs(X,Y ),W ) = ḡ(∇̄XY,W )

= Xḡ(Y,W )− ḡ(Y, ∇̄XW )

= −ḡ(Y, ∇̄XW )

= ḡ(Y,AWX)− ḡ(Y,Dl(X,W )). (3.4)

The proof follows from (3.3) and (3.4).

Definition 3.2. A paracontact CR-lightlike submanifold of a para-Sasakian manifold is called D̃−geodesic
paracontact CR-lightlike submanifold if second fundamental form h satisfies

h(X,Y ) = 0, ∀X,Y ∈ Γ(D̃).

Theorem 3.2. Let M be a paracontact CR-lightlike submanifold of a para-Sasakian manifold M̄ .
Then M is D̃−geodesic if and only if ∇∗

X ϕ̄E ∈ Γ(ϕ̄RadTM⊥ϕ̄L2) and ∇XY has no components in
ϕ̄L2 for any X,Y ∈ Γ(D̃).

Proof. By using the definition, M is D̃−geodesic if and only if

ḡ(hl(X,Y ), E) = 0, X, Y ∈ Γ(D̃), E ∈ Γ(RadTM)

and
ḡ(hs(X,Y ),W ) = 0, X, Y ∈ Γ(D̃), W ∈ Γ(S(TM⊥)).

So, from (2.7), (2.10) with (2.20), we obtain

ḡ(hl(X,Y ), E) = ḡ(∇̄XY,E)

= −ḡ(ϕ̄∇̄XY, ϕ̄E) + η(∇̄XY )η(E)

= ḡ((∇̄X ϕ̄)Y, ϕ̄E)− ḡ(∇̄X ϕ̄Y, ϕ̄E)

= −ḡ(∇̄X ϕ̄Y, ϕ̄E)

= ḡ(ϕ̄Y, ∇̄X ϕ̄E)

= ḡ(ϕ̄Y,∇∗
X ϕ̄E) (3.5)

and

ḡ(hs(X,Y ),W ) = ḡ(∇̄XY,W )

= −ḡ(ϕ̄∇̄XY, ϕ̄W ) + η(∇̄XY )η(W )

= ḡ((∇̄X ϕ̄)Y, ϕ̄W )− ḡ(∇̄X ϕ̄Y, ϕ̄W )

= −ḡ(∇̄X ϕ̄Y, ϕ̄W )

= −ḡ(∇XY, ϕ̄W ), (3.6)
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which completes the proof.

Definition 3.3. A paracontact CR-lightlike submanifold of a para-Sasakian manifold is called D̆−geodesic
paracontact CR-lightlike submanifold if its second fundamental form h satisfies

h(X,Y ) = 0, ∀X,Y ∈ Γ(D̆).

Theorem 3.3. Let M be a paracontact CR-lightlike submanifold of a para-Sasakian manifold M̄ .
Then M is D̆−geodesic if and only if A∗

EX, AWX have no components in ϕ̄L2⊥ϕ̄RadTM for any
X,Y ∈ Γ(D̆).

Proof. We know that M is D̆−geodesic if and only if

ḡ(hl(X,Y ), E) = 0, X, Y ∈ Γ(D̆), E ∈ Γ(RadTM)

and
ḡ(hs(X,Y ),W ) = 0, X, Y ∈ Γ(D̆), W ∈ Γ(S(TM⊥)).

So, in view of (2.7) and (2.9), we obtain

ḡ(hl(X,Y ), E) = ḡ(∇̄XY,E)

= Xḡ(Y,E)− ḡ(Y, ∇̄XE)

= −ḡ(Y, ∇̄XE)

= −ḡ(Y,A∗
EX) (3.7)

and

ḡ(hs(X,Y ),W ) = ḡ(∇̄XY,W )

= Xḡ(Y,W )− ḡ(Y, ∇̄XW )

= −ḡ(Y, ∇̄XW )

= ḡ(Y,AXW ). (3.8)

The proof follows from (3.7) and (3.8).

Definition 3.4. A paracontact CR-lightlike submanifold of a para-Sasakian manifold is called mixed
geodesic if its second fundamental form h satisfies

h(X,Y ) = 0,

for any X ∈ Γ(D̃), Y ∈ Γ(D̆).

Theorem 3.4. Let M be a paracontact CR-lightlike submanifold of a para-Sasakian manifold M̄ .
Then M is mixed geodesic if and only if Aϕ̄V U has no components in ϕ̄RadTM⊥ϕ̄L2, for any U ∈
Γ(D̃), V ∈ Γ(D̆).

Proof. Assume that M is mixed geodesic. Therefore we can state

ḡ(hl(U, V ), E) = 0, U ∈ Γ(D̃), V ∈ Γ(D̆), E ∈ Γ(RadTM)

and
ḡ(hs(U, V ),W ) = 0, U ∈ Γ(D̃), V ∈ Γ(D̆), W ∈ Γ(S(TM⊥)).
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By use of (2.7), (2.9) with (2.20), we obtain

ḡ(hl(U, V ), E) = ḡ(∇̄UV,E)

= −ḡ(ϕ̄∇̄UV, ϕ̄E) + η(∇̄UV )η(E)

= −ḡ(ϕ̄∇̄UV, ϕ̄E)

= ḡ((∇̄U ϕ̄)V, ϕ̄E)− ḡ(∇̄U ϕ̄V, ϕ̄E)

= −ḡ(∇̄U ϕ̄V, ϕ̄E)

= ḡ(Aϕ̄V U, ϕ̄E) (3.9)

and

ḡ(hs(U, V ),W ) = ḡ(∇̄UV,W )

= −ḡ(ϕ̄∇̄UV, ϕ̄W ) + η(∇̄UV )η(W )

= −ḡ(ϕ̄∇̄UV, ϕ̄W )

= ḡ((∇̄U ϕ̄)V, ϕ̄W )− ḡ(∇̄U ϕ̄V, ϕ̄W )

= −ḡ(∇̄U ϕ̄V, ϕ̄W )

= ḡ(Aϕ̄V U, ϕ̄W ). (3.10)

The proof follows from (3.9) and (3.10).

4 Geodesic Paracontact Screen CR-Lightlike Submanifolds

Definition 4.1. Suppose that (M, g, S(TM), S(TM⊥)) is a lightlike submanifold of a para-Sasakian
manifold (M̄, ḡ), such that ξ ∈ Γ(TM). If the following conditions are provided on M then M is called
a paracontact screen CR-lightlike submanifold;

i) There exist real non-null distributions D and D⊥, such that

S(TM) = D⊥D⊥⊥{ξ}, ϕ̄(D⊥) ⊂ S(TM⊥), D ∩D⊥ = {0}, (4.1)

where D⊥ is the orthogonal complementary to D⊥{ξ} in S(TM).
ii) ϕ̄(RadTM) = RadTM, ϕ̄(ltr(TM)) = ltr(TM), ϕ̄(D) = D.

Thus one can state following decompositions:

TM = D̄⊥D⊥⊥{ξ},
D̄ = D⊥RadTM.

(4.2)

Let us denote D̊ = D̄⊥{ξ}. For any X tangent to M, we put

ϕ̄X = PX + FX, (4.3)

where PX ∈ Γ(D̄) and FX ∈ Γ(ϕ̄D⊥).
Similarly, for any W ∈ Γ(S(TM⊥)), we put

ϕ̄W = BW + CW, (4.4)

where BW ∈ Γ(D⊥) and CW ∈ Γ(S(TM⊥)− ϕ̄D⊥).

Theorem 4.1. A paracontact screen CR-lightlike submanifold M of a para-Sasakian manifold is totally
geodesic if and only if

(LE ḡ)(X,Y ) = 0 and (LW ḡ)(X,Y ) = 0,

for any X,Y ∈ Γ(TM), E ∈ Γ(RadTM) and W ∈ Γ(S(TM⊥)).
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Proof. Assume that M is totally geodesic. Then we get

ḡ(h(X,Y ), E) = 0, X ∈ Γ(D̄), Y ∈ Γ(D⊥), E ∈ Γ(RadTM)

and
ḡ(h(X,Y ),W ) = 0, X ∈ Γ(D̄), Y ∈ Γ(D⊥), W ∈ Γ(S(TM⊥)).

By use of property of Lie derivative, we have

ḡ(hl(X,Y ), E) = ḡ(∇̄XY,E)

= Xḡ(Y,E)− ḡ(Y, ∇̄XE)

= ḡ(Y, [E,X])− ḡ(Y, ∇̄XE)

= ḡ(Y, [E,X])− E(ḡ(Y,X)) + ḡ(∇̄EY,X)

= ḡ(Y, [E,X])− E(ḡ(Y,X)) + ḡ(X, [E, Y ])

+ḡ(∇̄Y E,X)

= ḡ(Y, [E,X])− E(ḡ(Y,X)) + ḡ(X, [E, Y ])

+Y (ḡ(E,X))− ḡ(E, ∇̄Y X)

= −ḡ(E, ∇̄Y X)− (LE ḡ)(X,Y )

= −ḡ(h(X,Y ), E)− (LE ḡ)(X,Y ),

which gives
(LE ḡ)(X,Y ) = −2ḡ(h(X,Y ), E).

Similarly, we get
(LW ḡ)(X,Y ) = −2ḡ(h(X,Y ),W ).

Hence the proof is completed.

Definition 4.2. A paracontact screen CR-lightlike submanifold of a para-Sasakian manifold is called
mixed geodesic if its second fundamental form h satisfies

h(X,Y ) = 0,

for any X ∈ Γ(D̄), Y ∈ Γ(D⊥).

Theorem 4.2. Let M be a paracontact screen CR-lightlike submanifold of a para-Sasakian manifold
M̄ . Then M is mixed geodesic if and only if ∇t

U ϕ̄V ∈ Γ(D⊥), Aϕ̄V U ∈ Γ(D̊), for any U ∈ Γ(D̊),
V ∈ Γ(D⊥).

Proof. A paracontact screen CR-lightlike submanifold M is mixed geodesic if and only if

h(U, V ) = ∇̄UV −∇UV = 0.

From definition of paracontact screen CR-lightlike submanifold there exists W ∈ Γ(S(TM⊥)) such
that

ϕ̄W = V. (4.5)
Thus using (2.23), (4.3) and (4.4), we have

0 = ∇̄U ϕ̄W −∇UV

= ϕ̄∇̄UW −∇UV

= ϕ̄(−AWU +∇t
UW )−∇UV

= −PAWU − FAWU +B∇t
UW

+C∇t
UW −∇UV.

In view of (4.3) and (4.4), we know that FAWU = 0 and C∇t
UW = 0. So we obtain ∇t

UW ∈ Γ(ϕ̄D⊥),
AWU ∈ Γ(D̊). From (4.5) and (2.17) the assertion is proved.
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Theorem 4.3. Let M be a paracontact screen CR-lightlike submanifold of a para-Sasakian manifold
M̄ . Then D⊥ defines a totally geodesic foliation if and only if hs(S, ϕ̄N) and hs(S, ϕ̄Z) has no
components in Γ(ϕ̄D⊥), for any S ∈ Γ(D⊥) and Z ∈ Γ(D̄).

Proof. Assume that, D⊥ is a totally geodesic foliation. In this case we have

∇ST ∈ Γ(D⊥), ∀S, T ∈ Γ(D⊥),

which gives
g(∇ST,Z) = 0, Z ∈ Γ(D̄)

and
g(∇ST,N) = 0, N ∈ Γ(ltr(TM)).

Then in view of (2.23), we obtain

g(∇ST,Z) = g(∇̄ST,Z)

= Sg(T,Z)− g(T, ∇̄SZ)

= g(ϕ̄T, ϕ̄∇̄SZ)− η(T )η(∇̄SZ)

= g(ϕ̄T, ϕ̄∇̄SZ)

= −g(ϕ̄T, (∇̄Sϕ̄)Z) + g(ϕ̄T, ∇̄Sϕ̄Z)

= g(ϕ̄T, ∇̄Sϕ̄Z)

= g(ϕ̄T, hs(S, ϕ̄Z)), (4.6)

and

g(∇ST,N) = g(∇̄ST,N)

= −g(ϕ̄∇̄ST, ϕ̄N) + η(∇̄ST )η(N)

= −g(ϕ̄∇̄ST, ϕ̄N)

= g((∇̄Sϕ̄)T, ϕ̄N)− g(∇̄Sϕ̄T, ϕ̄N)

= −g(∇̄Sϕ̄T, ϕ̄N)

= −Sg(ϕ̄T, ϕ̄N) + g(ϕ̄T, ∇̄Sϕ̄N)

= g(ϕ̄T, hs(S, ϕ̄N)). (4.7)

Thus, the proof follows from (4.6) and (4.7).
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Acet, B. E., Yüksel Perktaş, S. and Kılıç, E. (2014). On lightlike geometry of para-Sasakian manifolds.

Scientific Work J., Article ID 696231.
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