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On Ringswhere Certain Subsets are Multiplicatively Generated by
| dempotents

Abstract

In a Boolean ring, every element is trivially mplitatively generated by idempotent
elements. In this paper, we study the structumengf in which certain subsets are
multiplicatively generated by idempotents or mditigtively generated by
idempotents and nilpotents.
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I ntroduction

In a Boolean ring every element is trivially a puotiof idempotents. This naturally
motivates the study of the structure of a ring,cllas a semi-group, is generated by
its idempotents. That is, rings which are multigticely generated by idempotents.
This also motivated the study of rings which ardtiplicatively generated by
idempotents and nilpotents in [2]. Theorems A arfieBw were proved by Putcha
and Yaqub [13]), and Theorem C below was provedlmy-Khuzam in [2].

Theorem A: Let R be a ring which is multiplicatively genezdtby idempotents. If R
has an identity element, then R is Boolean.

Theorem B: Let R be a ring which is multiplicatively genedtby idempotents. If R
is finite, then R is Boolean.

Theorem C: Let R be a ring which is multiplicatively generatedibgmpotents and
nilpotents such that the set N of nilpotent eletaés commutative, then N forms
an ideal of R and R/N is Boolean.

In this paper, we have tried to generalize the alvegults by assuming that only
certain subsets of R, such as the set of non-eitp@lements (R\N), or the set of
elements that are not in the Jacobson radical,(B\dpe set of non-central elements
(R\C), are multiplicatively generated by idempogerithe conclusion in each of
Theorems 1, 2, 3, and 4 for the ring is the next bucture to being Boolean.
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Main Results

Throughout, R is a ring, N is the set of nilpotess the center, J is the
Jacobson radical of R, C(R) is the commutator idé&, and Z is the ring of integers.
As usual [x,y] will denote the commutator xy-yx.

Theorem 1. Let R be a finite ring such that
(1) The set R\N is multiplicatively generatedibgmpotents.
Then N is an ideal of R and R/N is Boolean.

The following Lemmas are needed for the proof oédiem 1 .
Lemma 1. Any homomorphic image of a ring satisfying (1) mstisfy (1).

Proof. Let ¢:R - R be a surjective ring homomorphism. Lgt=¢(x) be any
element ofR'. Using (1),
xON or x=¢.e..6, ,whereg isidempotentin R. Thus,

x"=0 o X=e.e..e . So,
X"=gx")=0 o X =¢X) =ge)@e). 4(e,).
Clearly, ¢(e)*=@e’)=¢(e). So R satisfies (1).

The following Lemma is well known:

Lemma 2. Let R be a ring. If the commutator ideal C(R) oisRnil, then the set N of
nilpotents is an ideal of R.

Lemma 3. Let R be a ring with identity such that R satisfi#s Then R is Boolean.

Proof:
Let aJN. Then a+1 is invertible and a#IN. Hence, by (1),

l+a=ge, ... & , eis idempotent.
Multiplying both sides by £from the left, we get

e(l+a) =ge,... &, since eis idempotent

=1l+a.

But 1 + a has aninverse in R, hengce 4.
Similarly, we show thate= ... = g = 1.
Hence 1 + a=1 and a = 0. So N=0, and hence Riligpticatively generated by
idempotents. So, to show that R is a Boolean ftrig,enough to prove that the
idempotents are central.
Let e be an idempotent element in R and let a=exe. Clearly,

& = (ex —exe) (ex —exe) = 0.
So a = 0. Therefore, ex = exe for everyhRk.
Following the same above argument, we considex@-=exe and we show that xe =
exe for every x in R. So, ex =xe forall xinR.
Thus e is central and R is Boolean.
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Proof of Theorem 1:

Let R be a finite ring satisfying (1).

Case 1If J=0, then R is a finite semisimple Artiniangiwith identity satisfying (1).
So R is Boolean, by Lemma 3, and the theorem falow

Case 2 If J# 0, then R/J is a semisimple Artinian ring withntiey satisfying (1), by
Lemma 1. So by Lemma 3, R/J is Boolean and hencereaative. Thus, xy-yx J
for all x,y in R. But J is nil, since R is finitk€nce Artinian). Hence,

xy-yx[J N for all x, y in R.
Since xy-yx[ J, therefore C(R)! J, and hence

C(R JON.
Thus, The commutator ideal C(R) is nil and N isdwmal of R, by Lemma 2.
Using (1) we have

XJR impliesthat XIN or x=g e,... &, € isidempotent.
Moreover, x(I N implies that

XtN=¢g e,...es + N

= (e+N).(e&+N)...(e,+N)

and clearly, (eN)*=e+N.
So every element x +N in R/N is multiplicativelyrgated by idempotents, and since
R/N is finite, R/N is Boolean, by Theorem B. Th@mwupletes the proof of Theorem 1.

Theorem 2. Let R be a finite ring such that
(2) The set R\ J is multiplicatively generatedidigmpotents.
Then N is an ideal of R and R/N is Boolean.

The following Lemmas are needed for the proof oédriem 2.
Lemma 4. Any homomorphic image of a ring satisfying (2) mstisfy (2).

Proof. Let ¢: R - R be a surjective ring homomorphism. Leét’] R = ¢(R),
thenx =¢(x) for somex [0 R. Now using (2),
xOJorx=e.e,..e, ,whereg isidempotentin R.
Let J' denote the Jacobson radicalRft It is readily verified thaig(J) O J', and
thus, for allx' = ¢(x) O R = ¢(R),
X'=g(x)Ueg(d)UJ or ¢x)=¢ee,. &,)-
Thus for all X' = ¢(x) O R = ¢(R)

x'0J" or X' is a product of idempotents.
So, R satisfies (2).

Lemma 5. Let R be a ring with identity such that R saésf{(2).
Then R is Boolean.

Proof. Let al1J. Then a+ J, and hence

atl=e.e..e ,@ isidempotent.
So,e(a+l) =e.e,..e, =a+l, and thus £1, since a+1 is invertible.
Continue this way to show that=es=...=e,=1, which implies that a=0.



145 So, J=0, and thus (2) implies that R is multigialy generated by idempotents.
146 Therefore, R is Boolean, by Theorem A.

147

148  Proof of Theorem 2

149

150 LetR be a finite ring satisfying (2).
151

152 Case 11f J=0, then R is a semisimple Artinian ring dr@hce has an identity. Thus,
153 by Lemma 5, R is Boolean and the Theorem follows.

154

155 Case 2 Suppose 2 0. Then R/J is a semisimple Artinian ring andsdes (2) by

156 Lemma 4. Hence R/J is a ring with identity satisfy(2), and thus R/J is Boolean by
157 Lemma5.

158 So, R/J is commutative, and thus

159 xy—-yx[OJ, forallx,yinR.
160 HenceC(R) O J. But J is nilpotent, since R is Artinian. So
161 C(RJJON,

162 and hence the commutator ideal C(R) is nil, whraplies that N is an ideal of R, by
163 Lemma 2.

164

165 To complete the proof, sincé] N, x [0 N implies thatx (0 J and by (2)
166 X=g. €2... &, @ isidempotent.

167 Hencex O N implies that

168 X+tN=¢g €e,...6, + N

169 = (e+N).(e2+N)...(en+N)

170 where, (e-N)’=g+N.

171 Thus, R/N is multiplicatively generated by idempuge and since R/N is finite, R/N
172 is Boolean, by Theorem B.

173

174

175

176 Theorem 3. Let R be a ring with identity 1 such that

177 (3) The set R\C is multiplicatively generateditlgmpotents.
178 Then R is commutative.

179

180 Proof. Let e be any idempotent of R and x any element. &ftien,
181 a=ex—exe[IN.

182  Suppose thaaOC, thenl+aC, and hence using (3),

183 1+a=e.e,..€,, Wheregis idempotent. So

184 e(l+a)=e.e,..6 =1+a. This implies thatg =1 sincel+a is a unit. Similarly,
185 we gete,=e,=...=¢, =1. Soa=0and ex=exe. Similarly we can show that
186 xe=exe, and henceellC .

187 On the other hand, & C, then it is easy to show that also the idempotargs
188 central.

189 So, in all cases, the idempotents are central wimglies using (3) that R is
190 commutative.

191

192
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Theorem 4: Let R be a ring such that
(4) The set R\ J is multiplicatively generatedidgmpotents and nilpotents.

If R satisfies the polynomial identig = x™*f (x) , where f is a polynomial with

integer coefficients, and if the set N of nilpotetéments is commutative, then N is
an ideal of R and R/N is Boolean.

Proof.

A simple induction shows that™ = x>™f (x)™ . This implies thae=x"f (x)" is
idempotent for each x in R.

Let x(J. Since J is an ideal theex= x" f (x)™ is an idempotent element in J. But J
contains no nonzero idempotent elements and henad® e

So, x"f(x)™ =0, and hencex™ = x*"f(x)" =0 .

So every element in J is nilpotent. This impliesng (4), that every element in R is

multiplicatively generated by idempotents and nigmds.
Now, using Theorem C, N is an ideal and R/N is Baal

Corollary: Let R be a finite ring such that
(5 The set R\ (NUJ) is multiplicatively genexatoy idempotents.
Then N is an ideal of R and R/N is Boolean.

Proof.

Since R is Artinian (being finite), then the Jaambsadical J is nil and hence NUJ=N.
This implies by (5) that R\N is multiplicatively gerated by idempotents. Now, using
Theorem 1, N is an ideal of R and R/N is Boolean.

The following example shows the essentiality thas Rnite in Theorems 1 and 2,
and the essentiality that R has identity in Lem@asd 5.

Example Let R, be a ring with identity, and let R be the ringadif
00 x 00 matrices over Rin which at most a finite number of entries ara mero. For
every XLI R, there exists a finite n x n matrix A oveg Rich that

0
Let L, M and N be matrices in R defined by

A
X = ( O} where 0’s are zero matrices.

I 1.0 0, 0 O o
L={0 0 0|, M= I, O,andN:(” j
0 O

0O 0 O 0O 0 O

It is readily verified that L, M, and N are idempnts.
Clearly for every X in R, X = LMN. Thus, every X R can be expressed as a product
of idempotents. However, N is not an ideal, since



11 o 0 0 0 1 0 O

235 5= (:J 0 :J) ER,and T = (1 0 :J) E N, but 5T = (0 0 G) is not in N.
0 0 0 o o0 o 0 0 C

236

237 In conclusion, we would like to express our grat&uo the referees for their valuable

238 suggestions.
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