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ABSTRACT

In the manuscript, a concept of a mixed monotone mapping is acquainted and a coupled
fixed point theorems is substantiated for such nonlinear shrinkage mappings in partially
ordered exact rectangular metric spaces. We enlarge and universalize the conclusions of
these theory.
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1. INTRODUCTION

Stefan Banach is a Polish mathematician, who established a benchmark fixed point
theorem for the Banach Shrinkage Principle (BSP). The BSP has been universalized in many
different respects. Many researcher enlarged to the situation of nonlinear shrinkage mappings.
Presence of a fixed point in partially ordered metric spaces are imagined in [1, 4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14] so far, here implementations to matrix equations, ordinary differential
eqguations and integral equations are asserted.

A coupled fixed point is acquainted by Bhaskar and Lakshmikantham [4] and some
coupled fixed point theorems is demonstrated for mixed monotone mappings in ordered metric
spaces. Subsequently, another conclusions on coupled fixed point theory subsist in the theory,
for further particulars, the commentator is mentioned to [3, 8, 9, 10, 11, 12, 13, 14].

Branciari [5] defined a rectangular metric space (RMS) by replacing the sum at the
righthand side of the triangle inequality by a three-term expression. He also substantiated an
alike of the BSP. The intriguing nature of these spaces has attracted attention, and fixed points
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theorems for various shrinkage mappings on rectangular metric spaces have been established
[2, 7, 10].

In this article, the presence of a coupled fixed point is attested for a mixed monotone
mapping T : XXX — X under a universalized shrinkage, build the uniqueness under a
supplementary presumption on partially ordered exact rectangular metric space.

We state primary definitions and notations to be used throughout this paper.
Rectangular metric spaces are designated as below.

Definition 1.1 [8] Assume X is a not null set and d: X X X — [0,0] satisfy the following
conditions for all X, y[J X and all distinct U,v[] X each of which is dissimilar from X and Y.

(RM1) d(x,y)=0 <= x =y,

(RM2) d(x,y) =d(y,x),

(RM3) d(x,y)<sd(x,u)+d(u,v)+d(v,y).

At that time the map d is named a rectangular metric and the pair (X,d) is named a
rectangular metric spaces (RMS).

Definition 1.2 [12] Suppose (X,° ) is a partially ordered set, T : X x X — X . T has got the
mixed monotone property if T(X,Yy) is monotone nondecreasing with respect to X, is
monotone non-increasing with respect to Y, namely, for any X, y[I X,

X, %, YO X% % X, =T (X,Y)° T(X,Y)
and

Yo Yo, XO Xy, % Y, =T (X, y)E T(X,Y,).

Definition 1.3 [12] A member (X, y)[ X x X is named a coupled fixed point of the mapping
T if
T(X,y)=X and T(y,X)=Y.

For any (X,Y),(u,v)Xx X, the product space X X X is equipped with the metric 0

described by
d(x,u)+d(y,v)
> .

P((x,y),(u,v)) =

So P is arectangular metric.

Definition 1.4 [8]

(i) A sequence X, inaRMS (X,d) is RMS convergent to a limit X < d(X,,X) — O as

n - oo,

(i) A sequence X, in a RMS (X,d) is RMS Cauchy « for every € >0 there subsist a
positive integer N(&) with d(x,,x,,) <& forall n>m> N(&).

(i) ARMS (X,d) is named exact if every RMS Cauchy sequence in X is RMS convergent .
The fixed point theorem is described by, Lakzian and Samet [10] as below.

Theorem 1.5 [10] Suppose (X,d) is a Hausdorff and exact RMS and assume T: X — X is
a self-map ensuring

Y(d(TxTy)) s (d(x y))-@d(x,y))
for all X,yOOX, and ¢,@00W, where { is non-decreasing. At that time T has got an
individual fixed pointin X .
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Recently, i. M. Erhan et al. [8] secured the fabulous conclusion and gave a
universalization of Theorem 1.5 for a larger class of (¢, @) weakly shrinkage mappings.

Theorem 1.6 [8] Suppose (X,d) is a Hausdorff and exact RMS and assume T: X — X isa
self-map convincing

YA Ty) <M (x,y)) =@M (x,y))+Lm(x,y)
for all X, yUX and ¢,@UW, where L >0, the function ¢ is nondecreasing and at that
time T has got an individual fixed pointin X .

M (x,y) = max{d(x y), d(x, TxX)d(y, Ty)},

m(x, y) = min{d(x TX)d(y, Ty), d(x, Ty)d(y, Tx)}.

Atthat time T has got an individual fixed pointin X .

In next section, we give a universalization of Theorem 1.6 for a mixed monotone
mappings. We verify a coupled fixed point theorem in partially ordered exact rectangular metric
spaces.

2. MAIN CONSEQUENCE

Now the main conclusion is certified.
Theorem 2.1 Supposing (X,° ) is partially ordered set and (X,d) Hausdorff and exact

RMS. Suppose there is a function @,68:[0,0) — [0,00) with @(t) <t, @(t) <t and for each
t>0 limg(r)<t, lim@&(r) <t and also the mixed monotone property on X is verified by
r-t r-t
T:XxX - X be a continuous mapping and
dT(xy). T, v)<d(p(x,y).tv))-El(x.y).tVv)) @

for all X, y,u,vX for which X° u, Yy*V There subsist (X,,Y,)d XXX with
X < T (X, Yo)» Yo* T(Yo X,). So T has got an individual coupled fixed point.

Proof. Suppose X;, Y, X is with X, <T(Xy, Yo): Yo£ T(Yo, %) Let X =T (X, Vo),
Y =T (Yo, Xo)- Then X, <X, Yox Y;. Again, let X, =T (X, Y,), ¥, =T(Y,,X,). The mixed
monotone property is verified by T, obtaining X, < X,, Y, * Y,. To continue to do so, two
sequences { X}, {y} arebuiltin X with X ., =T(X,,¥,), Ve = T (Vss X,)s

X=X < Xp =X X Ky < (2)

and,

Yot Vit Yo ox Y F Y F e 3)
Denote

0, = P((X, Yn)s Kooz Yoer)) = d(X,, Xml);d(yn,ynﬂ) |

We show that é'n <5n_1. Now, enforcing if the inequality (1) is implemented with
X y)=(,,Y,), (uv)=(X_,Y,,), forall n=0. Utilizing properties of ¢, we get
d(T (X%, ¥a)s T (%10 Y1) =0 (Xpe1%, )
< ¢(,0((Xn, yn)v (Xn—l7 yn—l))) - H(p((xn Yn ) (Xn+1vyn+1)))
< 9(P((% Yn)s (%t Vo)) <P (%5 Y0 ) Koo10¥-1))- - (B)

(4)

Similarly, we can obtain

d(yn+1!yn) <,0((Xnyyn)1(xn_1,yn_l). (6)

Thus we acquire
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d(xn+1’ Xn) -;d(y"*l’ yn) < p((xnvyn)! (Xn—l’yn—l)'

Thatis J, <9,_,. Thus {9} is monotone decreasing bounded to the bottom. Hereby, there
subsist a 0 = 0 with

limd, =0.
Demonstrating d = 0. Supposing the contrary & > 0. At that time from (1) obtaining
d(T(Xn! yn)vT (Xn—l’ yn—]_)) = d (Xn+11Xn ) S ¢(10((Xn1 yn)' (Xn—ll yn—1)))

=6(0((%,: ¥n)s Kz YD) < (00X, Y ) (Kt Yos))) - 7
Similarly, we can obtain
d(yn+1’ yn) < ¢(p((xn ’ yn )’ (Xn—l 1yn—l)))' (8)
Thus we get
d(&*l’)*);d(y"”’y“) <% Yo )s (Kt s Voea)- 9)

While n - o in (9), getting
0 =1imJ, <limJ,, =9.
n

S n- o

So the incompatibility is obtained. Hence d = 0. Namely

d ’ +d +1'In/ —
Li[?op((xn’y")’(xnﬂ’yml)) :LI[Tl (X"+l X”) > (yn 1 Y, ) =0.

Thus
Iimd(Xn, Xn+1) =0 and |imd(yn, yn+1) =0. (10)

n-oo

Evidencing {X}, {Y} are RMS Cauchy sequences. To accept the opposite that at
least one of {X} or {y} is nota RMS Cauchy sequence. At that time there subsist an &> 0

when obtaining two subsequences {( X} and {(X,;} of {x} with n(i) is the smallest
index where

n(i) >m(@) >, d (X)X )+d Vingy 1Yoy )2 €- (11)
This means that
d(xm(i)’Xn(i)—l)+d(ym(i)’yn(i)—1) <E. (12)

By (RM3), we obtain
A Xy %)) < A Xy s Xingiy-2) A K1 %0 -1) XKy y-1:%06))- (13)
Similarly from (RM3), we can obtain

A(Ymgy» Yoy) S AWy 1 Ymiy-1) T A Vinyr Yoy ) T A By Yoy)- - (14)
By adding (13) and (14), from (10), (11) and (12)

d (Xngiys Xaqiy ) T A Wiy s Yoy ) S [ Xy Xingiy-2) + A Yiniys Yimgiy-0)1+
[A(Xniiy-1s Xu)-2) F AV meren Yoo 2] HAK -0 X06y) A Yngy-2 Yoiy)l- (15)
Getting the limitas | — o in (15), obtaining by (10), (11)
&< !Im[d(xm(l)’ Xn(i)) +d(ym(i)’ yn(i))]
< !im[d(xm(i)—l’ Xair-0) T AYimgy-1 Yog 2] l
Similarly from (RM3), we can obtain
d(Xngiyar Xy-2) T AVimgy1s Yogy1) S A2 X 1) F A Vi (2 Yo ()]

(16)
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H AKXy Xay) A Vingiys Yoyl HAK 6y Xagy-1) FA(Vigy s Yaiiy-0)]- 17)
Having the limitas i — oo in (17), we get by (10), (11), (16)
!i[g[d(xm(i)’ Xaiy) T A Yingiys Yoy = |ii[11[d( Xyt Xny-D) + A (Yingiy-1r Y01 - (18)
Applying inequality (1) with (X, ¥) = (Xu)-1s Ymgy-a)s (UV) = (X2 Yogy-a)
d Xy X)) = AT Kenyrs Yy T Kyt Yng 1))
< P(O((Xniy-1s Ymiy-1)s Ragy1s Yagy-1)))

< P((Kgiy- Ymiy-1)s Kagy-10 Yngy-1))- (19)
Similarly we get
A(YVingiy» Yaciy) < PKngiy1s Yingy-1)» Kay-10 Yo gy-1))- (20)

Before by adding (19) and (20) and after taking the limitas i — % , we get

!i[folo[d(xm(i)’ Xaciy) T AVingiys Yaiy)1 < |ii[Tl[d( Xagiy-22 Xay-2) ¥ A(Yimgy- Yogy-0)]-
From (18), this is a contradiction. Then {X}, {y} are RMS Cauchy sequences. Because
(X,d) is exact there subsist X, Y[ X with

limx, =X and limy, =Y. (21)

n- o n- o

From continuity of T and since X is Hausdorff, obtaining
X=limX,., =limT (X, Y,) =T (X,y),
n- o n - oo
and

Y= 1limYp, = u[qu(yn,xn) =T (y,x).

n- oo

Theorem 2.2 Suppose (X,° ) is partially ordered set and (X,d) Hausdorff and exact RMS.

Assume T : XX X - X is a mapping possessing mixed monotone property. Supposing there
is a function ¢@,8 like in Theorem 2.1 and @#(t) =0=1t = 0. Assuming X has property as
below:

(@) for all n, if a non-decreasing sequence {x} — X, atthattime X, ° X

(b) for all n, if a non-increasing sequence {y,} — Y, atthattime y, + V.
If there subsist X,, Y, X with X,° T(X,,Y,) and Y, % T(Y,,X,), at that time

there subsist X,y X with X=T(X,y), Y=T(y,X), namely T has got an individual
coupled fixed point.

Proof. Coming after the proof of Theorem 2.1, constructing a non-decreasing sequence {X} in
X and a non-increasing sequence {y} in X with X, =T(X,,Y,) and y.,, =T(y,,X,) for

all n=0 and verifying (21).
Thence by properties of X, obtaining X, ° U and Yy, * V forall n=0. By (1), having

(X, T(XY)) =d (T (X,,Y,), T X, y)< @ (0(%, .Y, ), &.Y))
=0(0((%,, Ya), (X, ¥)))
< @(P((%,: Yo)s (X, ¥)))-

On letting N — oo, using (21) and properties of @, we get that
lim d(x,,., T(x,y)) =0. (22)
n- o

Conversely, from (RM3) getting
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205 d(X,T(X, Y)) < d (X! Xn+2)+ d (Xn+2 !Xn+1)+ d (Xn+11T (X !y))
206  While n - oo in the foregoing imparity, utilizing (21), (10) and (22), having d(x,T(x,y)) =0
207 namely X=T(X,Y). Analogous, displaying Y =T (Y, X).

208
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