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ABSTRACT. In this paper, we obtain the general solution of a quadratic functional equa-
tion and study the Hyers-Ulam stability of generalized derivations in Banach algebras

using a fixed point approach.

1. Introduction

The stability problem of functional equation originated from a question of S.M. Ulam
[38] . In 1940, S. M. Ulam gave the following question concerning the stability of homo-
morphisms:

Let (G,-) be a group and let H be a metric group with metric d(.,.). Given ¢ > 0
does there exist a 0 > 0 such that if a function f : G — H satisfies the inequality
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d(f(zy), f(x)f(y)) < 0 for all x,y € G then a homomorphism a : G — H exists with
d(f(x),a(x)) <e foralzeG?

In other words, under what condition does there exist a homomorphism near an ap-
proximate homomorphism?. D.H. Hyers[18] gave an affirmative answer to the problem of
Ulam under the assumption that the groups are Banach spaces. The theorem of Hyers was
extended by T. Aoki[2] for approximately additive mappings and by Th.M. Rassias[30]
for approximately linear mappings. Four years later, J.M. Rassias|21] by applying Th.
M. Rassias’s approach[30] for the stability of mappings when the norm of the Cauchy
difference is bounded by the sum of powers of norms, obtained a similar theorem in which
the norm of the Cauchy difference is bounded by the product of powers of norms.

In 2009, Jung Rye Lee and Choonkil Park [25] proved the generalized Hyers-Ulam Sta-
bility of homomorphism and of derivations on Banach algebras using fixed point method

for the 3-variable Cauchy functional equation

fle+y+z)=fle)+fly)+ f(2)

In 2010, C.Park and A.Najati [28] investigated Hyers-Ulam-Rassias-Stability of ho-
momorphism and of derivations in Banach algebras associated with generalized additive

functional inequality

laf(z) +0f(y) + cf () < [|f(ax + By +72)|

In 2012, Yeol Je Cho, Jung IM Kang and Reza Saadati [39] investigated generalized
Hyers-Ulam stability of homomorphisms and of derivations on Banach algebras using fixed

point method for the following additive functional equation

The stability problems of various functional equations have been extensively investi-

gated by a number of authors and there are many interesting results concerning this

problem (see[T],[17],[19],[27],[31],[34],[35])
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Definition 1.1. Let X be a set. A function d : X x X — [0,00] is called generalized

metric on X if d satisfies

(1) d(z,y) =0 if and only if z = y;
(2) d(z,y) = d(y,z) for all x,y € X;
(3) d(z,z) < d(z,y) +d(y, z) for all x,y,z € X.

In 1996, Isac and Rassias[19] were the first to provide applications of stability theory
of functional equations for the new fixed point theorems. By using fixed point methods,
several stability problems have been extensively investigated by number of authors.

Now we shall recall a fundamental result in fixed point theory.

Theorem 1.2. Let (X,d) be a complete generalized metric space and let J : X — X be a
strictly contractive mapping with Lipschitz constant o < 1. Then for each given element
x € X, either d(J"x, J"™x) = oo for all nonnegative integers n or there exists a positive

integer ng such that

(1) d(J"z, J"z) < 00,Vn > ny;.

* is the unique fized point of J in the set Y = {y € X|d(J™z,y) < oo},

y
d(y,y*) < t=d(y, Jy) for ally €Y.

)
2) the sequence{J"x} converges to a fixed point y* of J;
)
4)

(
(3
(
In this paper, we obtain the general solution of a quadratic functional equation

fCRx—y)+fRRy—2)+f2z—2)+ flz+y+2)— flr—y+2)

—flat+y—2)—flr—y—2)=3f(x) +3f(y) +3f(2) (1.1)

and investigate its Hyers-Ulam stability in Banach algebras using fixed point approach.
This paper is organized as follows.

In Section:2, we provide the general solution of a quadratic functional equation . In
Section:3, we prove the Hyers-Ulam-Rassias stability of homomorphisms for the quadratic

functional equation(l.1)) in real Banach algebras and in Section: 4, we investigate the
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Hyers-Ulam stability of the functional equation . In Section:5, we prove the Hyers-
Ulam-Rassias stability of generalized derivations on real Banach algebras for the quadratic
functional equation by using fixed point method.

2. The General Solution

The following theorem provide the general solution of the functional equation ({1.1)

by establishing a connection with the classical quadratic functional equation.

Theorem 2.1. Let X and Y be real vector spaces. A function f : X — Y satisfies the

functional equation
fRr—y)+fQRy—2)+fRz—2)+ fle+ty+2)—flz—y+2)
—flaty—2)—flo—y—2)=3f(x) +3f(y) +3/(2) (2.1)

for all x,y, 2z € X if and only if it satisfies the quadratic functional equation
flet+y) + fl@e—y) =2f(z) +2f(y) (2.2)
forallz e X .

Proof. Suppose a function f: X — Y satisfies (2.1). Setting (z,y, 2z) = (z,z,z) in (2.1)),

we obtain

fQ@)+ f(@)+ f(2)+ fBa)— f(x) = fz) — f(—2) =3f(z) +3f (z) + 3f ()
which gives
fBx)=8f(x)+ f(—=). (2.3)
Again, setting (z,y, 2) = (—z,2,2) in (2.1), we obtain
f(=3z) + f(z)+ f(Bz) + f(z) = f(=2) — f(=2) — f(=3)
=3f(—2)+3f(z) +3f (2)

which gives

f(32) = 5f (~a) + 4f (). (2.4)
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Equating (2.3) and (2.4) we obtain f(x) = f(—x). Thus, f is an even function. Putting
x = 0 in equation ({2.1]), we obtain f(0) = 0. Setting (x,y, z) = (2,0,0) in (2.1)) and using

evenness we arrive,
fQ2x) = f(z) =3f(2),
which gives
f (22) = 4f (). (2.5)

In equation ([2.3)), using the evenness, we arrive
fBx)=9f(z) forall z € X. (2.6)

Extending this ideas, in general we obtain f (nz) = n?f (z). Setting z = 0 in equation

, using and evenness of f, we obtain
fQy—=2)=f-y+2)—fly—2)=2f(y) — f(2). (2.7)
Again, setting (y,2) = (y,y — z) in equation and using evenness of f, we obtain
fly+2)+fy—2)=2f(y) +2f(2).

Setting (y, z) = (z,y), we obtain

fl+y)+fr—y)=2f(x)+2f (v).

Suppose that a function f: X — Y satisfies (2.2)). Setting (z,y) = (x +vy,2), (y + 2,2),

z + x,y) respectively in equation ([2.2)), we obtain a set of equations:
Y p Yy q

flaty+2)+flz+y—2)=2f(r+y)+2f(2)
flytz+a)+fly+z—a)=2f(y+2)+2f(z) (2.8)

fe+rz+y+fz+z—y) =2f(z+z)+2f(y).
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Again setting (z,y) = (z,y — 2), (y,2 — x), (2,2 — y) respectively in equation (2.2)), we

have another set of equations:

flaty—2)+flx—y+z)=2f(2)+2f (y —2)
fytz—a)+fly—z+z)=2f(y) +2f(z — ) (2.9)

fetz—y)+fz—a+y) =2f(2)+2f(x—y).

Subtracting half the sum of all equations in ([2.9)) from the sum of all equations in ({2.8]),

we obtain

3Sf(r+y+z)=2[f(r+y)+fly+2)+fE+a))-[fx—y)+fly—2) +f(z—2)

+1f (@) + fy)+ [ ()] (2.10)

If we rewrite (2.2) as f (x + y) = 2f (z)+2f (y)— f (x — y) and perform cyclic permutation
of all variables, then (2.10)) simplifies to

3f(w+y+2) =9 (@) +fW+ (D] -3f@-y)+fly—2)+f(z-2)]. (211)

Setting (z,y) = (x,z — y) and all cyclic permutations of variables in (2.2)), we have

fQRx—y)+ fly)=2f(v)+2f(x—y),
fQRu—2)+f(z)=2f(y) +2f(y—=2), (2.12)
fQRz—z)+ f(x)=2f(2) +2f (2 — 7).

from equation (2.12)), we get

2[f (w—y)+ f(y—2)+ f(z — )]
=fQRe—y)+[QRu—2)+f2z—2)=[f(2)+ f(y)+ f(2)]. (2.13)

Using ([2.13)) in equation (2.11]), we get

fRr—y+fRy—2)+fRz—a)+2f(x+y+2)=Tf(x)+7f(y)+7f(z). (2.14)
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Setting y by y + z and y — z in equation (2.2)), we get
flx+y+2)+flr—y—2)=2f(x)+2f(y+2) (2.15)
flaty—2)+flx—y+z)=2f(z)+2f(y— =) (2.16)

Adding equation (2.15)) and (2.16)), using (2.2)) we get,

flatyta)+fle—y—2)+flety—2)+fle—y+2)=4f(2) +4f(y) +4f(2).

(2.17)
Subtracting equation from , we obtain
fRr—y)+fRy—2)+f2z—a)+ flety+z) - flz—y+2)
—fle+y—2)—fle—y—2)=3f(z) +3f(y) +3/(2)
O

3. Stability of Homomorphisms in Real Banach Algebras

Throughout this section, assume that A is a real Banach algebra with norm |||, and
that B is a real Banach algebra with norm ||-|| 5. For a given mapping f : A — B, we
define

Cflz,y,2) = fRr—y)+ [y —2)+ [z —2) + fla+y+2) - fle —y+2)

—flet+y—2z)— flx—y—2)—=3f(x) = 3f(y) = 3f(2) (3.1)

for all z,y, z € A.
Note that a C-linear mapping H : A — B is called a algebra homomorphism in Banach
algebras if H satisfies H(xy) = H(xz)H (y) for all z,y € A

We prove the Hyers-Ulam-Rassias stability of homomorphisms in real Banach algebras

for the functional equation C f(z,y, z) = 0.
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Theorem 3.1. Let f : A — B be a mapping for which there exists a function ¢ : A3 —
[0,00) such that

Z %¢(2ja:, 27y,272) < oo (3.2)
HCf(:c,y, Z)HB S Qﬁ(&?,y,Z) (33>
1/ (zy) = f(2) fW)ll5 < &(z,y,0) (3.4)

for all x,y,z € A. If there exists an L < 1 such that ¢(x,0,0) < 4L¢ (£,0,0) for all
r € A and if f(tzx) is continuous int € R for each fixred x € A, then there exists a unique
homomorphism H : A — B such that

I7(@) = H@)lp < 7=76(2,0,0) (35)
for all x € A.
Proof. Consider the set
X :={g:A— B} (3.6)
and introduce the generalized metric on X:
d(g.h) = inf{C € Ry : llgx) — h(w)ll, < C4(a,0,0),¥z € A}, (3.7)

It is easy to show that (X, d) is complete. Now, we consider the linear mapping J : X — X

such that

Jo(r) = 19(21) (3.8)

for all z € A. By [[5], Theorem 3.1]
d(Jg, Jh) < Ld(g, h) (3.9)
for all g,h € X. Letting z = 2,y = z = 0, f is even and f(0) = 0 in (B.3) we get
If(22) + f(==) + f(z) = f(z) = f(z) = f(z) = 3f(2)|| < é(x,0,0)

1f(22) — 4f(2)|| < ¢(x,0,0) (3.10)
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forall z € A. So

Hf(w) — 1f@n)| < 36(2,0,0) (3.10)

for all x € A. Hence d(f,Jf) <
such that the following hold.

By Theorem there exists a mapping H : A — B

L
(1) H is a fixed point of J, that is
H(2zx) = 4H (z) (3.12)
for all z € A. The mapping H is a unique fixed point of J in the set
Y={ge X :d(f,g) <o} (3.13)

This implies that H is a unique mapping satisfying (3.12]) such that there exists
¢ € (0,00) satisfying

I1H (z) = f(2)llp < Co(x,0,0) (3.14)

forallz € A
(2) d(J"f,H) — 0 as n — oo. This implies the equality

2n
lim f(—f) = H(x) (3.15)
for all x € A.
(3) d(f,H) < (125) d(f, Jf) which implies the inequality

1

d(f, 1) < ;=7

(3.16)

This implies that the inequality (3.5 holds.
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It follows from (3.2), (3.3)) and (3.15) that

|H2x —y)+ H2y—2)+ H2z—2)+ Hax+y+2)—Hlx—y+2)

—Hx+y—2)—H@—y—2)—3H(z)—3H(y) —3H(2)||

= lim L f(2'(2r —9) + F2" (20— 2)) + F(222 — 2) + F2(z +y + 2))
F@ e~y 2) — T2ty — ) — [Ny~ 2))
~3f(2') — 3f(2'y) ~ 37(2"2)|

1
< lim —¢(2"z,2"y,2"2) =0

n—oo 4m

(3.17)

for all z,y,z € A. So

H2x—y)+HRy—2)+H2z—2)+Hx+y+z2)—H(x—y+2) 3.18)
3.18
—H(x+y—2)—H(x—y—2)=3H(z)+3H(y) + 3H(2)

for all z,y,z € A. By Theorem [2.1], the mapping H : A — B is a quadratic.
By the same reasoning as in the proof of theorem of [30], the mapping H : A — B is

R-linear.

It follows from (3.4]) that
: 1 n n n
H(ey) — H@)H) |y = lim = (") — 20 f(2')]

1
< lim —¢(2"x, 2"y, 0)

for all x,y € A. So
H(xy) = H(z)H(y) (3.20)

for all z,y € A. Thus H : A — B is a homomorphism satisfying (3.5)) as desired. O
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Corollary 3.2. Let r < 2 and 6 be non negative real numbers, and let f : A — B be a

mapping such that

ICF (@ y,2)llp < Ol + lylla + 1111)
1f(zy) = f(@) f W)l s < Oy + [lyll) (3.21)

for all x,y,z € A. If f(tx) is continuous in t € R for each fixred x € A, then there exists

a unique homomorphism H : A — B such that

1£(@) ~ H@)ls < s ol (3.22)
for all x € A.
Proof. The proof follows from Theorem [3.1] by taking
oz, y,2) =0 ([=lly + lylls +112114) (3.23)

for all z,y, z € A, then we can choose L = 272 and we get the desired result.

1£) = H)lp < =7 0(2,0,0
1
< mﬁb(%oao)
< 1= el

O

Theorem 3.3. Let f : A — B be a mapping for which there exists a function ¢ : A3 —

[0,00) satisfying and such that

16 ZL2)
216¢<2j,2j,2j < o0 (3.24)

7=0
for all x,y,z € A. If there exists an L < 1 such that ¢(x,0,0) < leL(b(Qx,0,0) for all
x € A and if f(tx) is continuous in t € R for each fivred x € A, then there exists a unique

homomorphism H : A — B such that

If(2) = H(z)l| 5 < ¢(x,0,0) (3.25)

4 —4L
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for all x € A.

Proof. we consider the linear mapping J : X — X such that

Jg(x) :=4g (g) (3.26)

for all z € A. Tt follows from (3.10]) that

@) 47 <0 (5.0.0) < Fo.0.0) (3.27)

for all x € A. Hence d(f, Jf) < %. By Theorem , there exists a mapping H : A — B
such that the following holds

(1) His a fixed point of J, that is
H(2x) =4H (x) (3.28)
for all z € A. The mapping H is a unique fixed point of J in the set
Y={geX:d(f,g) <oo} . (3.29)

This implies that H is a unique mapping satisfying (3.28]) such that there exists
C € (0, 00) satisfying

|1H(x) = f(z)ll5 < Co(x,0,0) (3.30)

forallz € A
(2) d(J*f,H) — 0 as n — oco. this implies the equality

1muwﬂ§9:fu@ (3.31)

n—o0

for all x € A.
(3) d(f,H) < (125) d(f, Jf) which implies the inequality

a(f ) <

<7 (3.32)

This implies that the inequality (3.25)) holds.
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It follows from (3.3, (3.24]) and (3.31)) that
|H2z —y)+ H2y—2)+ H2z—z)+ Hx+y+2)— Hlx—y+ 2)

~H(zy =)~ H(z —y—2) — 3H(r) - 3H(y) ~ 3H ()|}
<t (55) o () s (57 o () 0 (55)
() () e () v () - ()

hm4n¢<x g Z)

n—00 2n’ n
z
< Jim 169 (o 90 37) =0
(3.33)
for all z,y,z € A. So
H2x—y)+HR2y—2)+H2z—x2)+Hx+y+2)—Hlx—y+2) 5,30

—Hxz+y—z2)—H(x—y—2)=3H(z)+3H(y) + 3H(2)

for all z,y,z € A. By Theorem [2.1], the mapping H : A — B is a quadratic.
By the same reasoning as in the proof of theorem of [30], the mapping H : A — B is
R-linear.

It follows from (3.4) that

|H(zy) — H@) H@) = lim 16" | 7 (50) =7 (5) 7 (5)|
< lim 16" (;—nz%o) - (3.35)
for all x,y € A. So
H(zy) = H(x)H(y) (3.36)

for all z,y € A. Thus H : A — B is a homomorphism satisfying (3.25]) as desired. O

Corollary 3.4. Let r > 2 and 6 be non negative real numbers, and let f : A — B be a

mapping satisfying . f f(tx) 1s continuous in t € R for each fized v € A, then there
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exists a unique homomorphism H : A — B such that

1f(2) = H@)llp < 5o Izl (3.37)
for all x € A.
Proof. The proof follows from Theorem [3.3] by taking
¢, y,2) =0 (lzlls + lyll’s + 121%) (3.38)

for all z,y,z € A, then we can choose L = 227" and we get the desired result.

I1£(2) = H@)lp < 7 0(,0,0)
22—r ,
< mﬂ”ﬂh)

0
< "
< 5 (Il

4. Hyers-Ulam Stability of a Functional Equation

The following Corollaries provides the Hyers-Ulam stability [34] for the quadratic func-
tional equation ([1.1)). This kind of stability considers both the sum and the product of

powers of norms as an upper bound for the norm of the Cauchy difference.

Corollary 4.1. Letr < % and 0 be non negative real numbers, and let f : A — B be a

mapping such that
ICf (g, 2) s < O (Ily + Nylly + 1215+ =y 1yl 1=17%)
1 (zy) = F@) F@)llp < Ol + Iyl + =]y lyl%) (4.1)

for all x,y,z € A. If f(tx) is continuous in t € R for each fired x € A, then there exists

a unique homomorphism H : A — B such that

0
1£) = H@)lp < g Ily (42)

for all x € A.
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Proof. The proof follows from Theorem [3.1] by taking

3r 3r 3r r r T
oz, y,2) =0 ([ol13 + lyll + 1=+ Izl vl 1207)

for all z,y,z € A, then we can choose L = 23"~2 and we get the desired result.

1
“B < m¢(z7 0, 0)

1
< - -
= 41— 4(252)

[ f(z) — H(z)
¢(x,0,0)

0 3r
S o ][4 -

15

O

Corollary 4.2. Let r > % and 0 be non negative real numbers, and let f : A — B be a

mapping satisfying . If f(tx) is continuous in t € R for each fired x € A, then there

exists a unique homomorphism H : A — B such that

a
1) = H@lg < 555 Ially

for all x € A.
Proof. The proof follows from Theorem [3.3] by taking
o(x,y,2) = 0 (|23 + Iyl + =15+ lely Iyl 111

for all z,y,z € A, then we can choose L = 2273 and we get the desired result.

1£() = H@)lp < 77 6(2,0,0)

22737"

< me ()

0 r
< o3 o (Hfﬁﬂi) .

(4.4)
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5. Stability of Generalized Derivations on Real Banach Algebras
Throughout this section, assume that A is a real Banach algebra with norm ||-|| ,. For
a given mapping f : A — A, we define
Df(z,y,z) =fQRz —y)+ f(2y —2) + [z —a) + flx+y+2) - fle—y+2)
—flety—2) = fle—y—2)=3f(x) =3f(y) = 3/(2) (5.1)

for all z,y,z € A. Note that a C-linear mapping 6 : A — A is called a derivation if
d(zy) = d(z)y + zé(y) for all x,y € A

Definition 5.1. A generalized derivation f : A — A is R- linear and fulfills the generalized

Leibniz rule

f(xyz) = f(ey)z —xf(y)z + 2 f(y2) (5.2)

We prove the Hyers-Ulam-Rassias stability of generalized derivations on real Banach

algebras [8, [9] for the functional equation D f(x,y,z) = 0.

Theorem 5.2. Let f : A — A be a mapping for which there exists a function ¢ : A3 —
[0,00) satisfying such that

1Df(x,y,2)][4 < &2,y 2) (5.3)
1 (zyz) = flzy)z + 2f(y)z —af(yz)] 4 < (z,y, 2) (5.4)
for all x,y,z € A. If there exists an L < 1 such that ¢(x,0,0) < 4L¢ (%,0,0) for all

x € A and if f(tx) is continuous int € R for each fized x € A, then there exists a unique

generalized derivation 6 : A — A such that

1f(z) = d(x)]l4 < ¢(,0,0) (5.5)

4—4L
for all x € A.

Proof. Consider the set
X:={g: A— A} (5.6)
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and introduce the generalized metric on X:
dg,h) = inf {C € Ry : g(x) — h(@)ll, < Co(,0,0) ¥ € A} (5.7)

It is easy to show that (X, d) is complete. Now, we consider the linear mapping J : X — X

such that
1
To(w) = 79(22) (5.8)

for all z € A. By [[5],Theorem 3.1]
d(Jg, Jh) < Ld(g,h) (5.9)

for all g, h € X.
Letting y = 2 =0 ,f is even and f(0) = 0 in (5.3]) we get

1/ (22) — 4f(2)|| < ¢(x,0,0) (5.10)

for all x € A. So

1
< —
4
By Theorem there exists a mapping 0 : A — A

¢(z,0,0) (5.11)

) - 372

for all z € A. Hence d(f, Jf) <
such that the following hold.

1
1

(1) 0 is a fixed point of J, that is
d(2z) = 49 (x) (5.12)
for all x € A. The mapping ¢ is a unique fixed point of J in the set
Y={geX:d(f,g) <o} . (5.13)

This implies that § is a unique mapping satisfying (5.12) such that there exists
¢ € (0,00) satisfying

16(z) = f(@)][4 < Co(z,0,0) (5.14)

forallz e A
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(2) d(J"f,0) — 0 as n — oo. This implies the equality

lim J@2") = d(x) (5.15)

n—00 4n

for all z € A.
(3) d(f,8) < (%) d(f, Jf) which implies the inequality

d(f,0) <

TR—Ys (5.16)

This implies that the inequality (5.5 holds.

It follows from (3.2), (5.3)) and ([5.15)) that

102z —y) + 02y —2) + 02z —x)+d(z+y+2) —0(x —y+ 2)

—0(z+y—2)—0(x—y—2)—36(x) —36(y) — 35(2) /4

= lim 4—1”||f(2”(2w —y) + (2" 2 = 2) + F(2" (22 —2)) + f(2"(x +y + 2))

—f@Nr—y+2) - fQN(x+y—2) - 2" (r -y —2) = 3f(2") = 3f(2"y) —3f(2"2)]|

1
< lim —¢(2"z,2"%y,2"2) = 0.

n—oo 4m

(5.17)
for all z,y,z € A. So

02x —y)+ 02y —2)+d2z—x)+d(x+y+2)—d(r—y+ 2) : )
5.18
—dr+y—2)—0(x—y—2)=30(x)+30(y) + 35(2)

for all z,y,z € A. By Theorem [2.1] the mapping § : A — A is a quadratic.
By the same reasoning as in the proof of theorem of [30], the mapping § : A — A is

R-linear.
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It follows from (5.4) that
16(zyz) — 5($y)2 +26(y)z — 26(y2)| 4

= ||f( "zyz) — f(4"wy)2 2 + 2" f(2"y)2" 2 — 2" f(4"y2) |

< lim —gb( "x,2"y,2"2) =0 (5.19)
n—oo 4m

for all z,y,z € A. So
d(zyz) = 0(xy)z — 2d(y)z + xd(yz) (5.20)

for all z,y,z € A. Thus § : A — A is a homomorphism satisfying ([5.5)) as desired. O

Theorem 5.3. Let f : A — A be a mapping for which there exists a function ¢ : A3 —
[0,00) satisfying and such that

™ 113)
2;64¢(2j,2j,2j < 00 (5.21)
]:

for all x,y,z € A. If there exists an L < 1 such that ¢(x,0,0) < ;iLqS(Q:U,0,0) for all
x € A and if f(tx) is continuous int € R for each fived x € A, then there exists a unique

homomorphism 6 : A — A such that

17(2) ~ @)l < g7 (.0.0) (522

for all x € A.

Proof. we consider the linear mapping J : X — X such that

Jg(x) :=4g <§> (5.23)

for all x € A. It follows from (/5.10) that

@) a7 ()] <6 (5.0.0) < Z6(.0,0) (521)

for all z € A. Hence d(f, Jf) < £. By Theorem 7 there exists a mapping § : A — A
such that the following holds.
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(1) ¢ is a fixed point of J, that is
d(2z) = 49(x) (5.25)
for all z € A. The mapping ¢ is a unique fixed point of J in the set
Y={geX:d(f,g) <oo}. (5.26)

This implies that § is a unique mapping satisfying (5.25) such that there exists
C' € (0, 00) satisfying

16(z) = f(@)][4 < C¢(x,0,0) (5.27)
forall z € A
(2) d(J"f,0) — 0 as n — oo. this implies the equality

X

lim 4”f(2—n) = 0(x) (5.28)
for all z € A.
(3) d(f,8) < (1£) d(f, Jf) which implies the inequality
d(f,5) < —~ (5.29)
=T '

This implies that the inequality ((5.22)) holds.

It follows from (5.3)), (5.21)) and (5.28) that
102 —y) +0(2y —2) +0(2z —x)+d(x+y+2) —d(z —y+2)

— 0wty —2) =z —y—2) = 30(x) = 36(y) — 30(2)[[a
s () (7)o (5
—f(%)—f(%)—W(%Hf(%)*f(%)ll

<hrn4”¢< g Z)

(%Y Z
< =
Jim 64 ¢< »on’ 2n> 0

(5.30)
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for all x,y,z € A. So

02 —y)+02y —2)+ 02z —x)+d(x+y+2) —d(r —y+2) (5.3
5.31
—dx+y—2) —0(r—y—2z)=30(x)+35(y) +3(2)

for all z,y,z € A. By Theorem [2.1] the mapping § : A — A is a quadratic.
By the same reasoning as in the proof of theorem of [30], the mapping § : A — A is

R-linear.

It follows from (5.4) that

16(zy2) = 0(xy)z + 2d(y)z — xd(y2)]| 4

smerls ()1 () 5+ 2 (25 2 (%)),
< oo (2.5 =1 5o

for all z,y,z € A. So

d(zyz) = 0(xy)z — 26(y)z + xd(yz) (5.33)
for all z,y,z € A. Thus 6 : A — A is a generalized derivation satisfying as
desired. U
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