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Abstract—In this paper a Volterra — Hammerstein integral equdion (V-HIE), with two continuous kernels of position
k(x,y) and of time F(t, t), is considered in the Banach spac€([0,1] x [0,T]),T < 1. The existence of a unique
solution of the V-HIE, is discussed and proved. A quadtic numerical method is used to obtain a system of
Hammerstein integral equations (SHIES) in position andhe existence of a unique solution of the SHIEs, undeertain
conditions, is proved. Moreover, we use two different mabds, quadratic method (QM) and Simpson's rule (SR), to
transform, in each method, the SHIEs into a nonlinear gebraic system (NAS). In addition, the existence of anigue
solution of each algebraic system is guaranteed and provetihe Adomian decomposition method (ADM) is used to
solve SHIEs without having to convert the system to a liseity. Finally, some applications contain numerical reslts, in
some different time, are calculated and the error egtiate, in each case, is computed.

Keywords- Volterra- Hammerstein integral equatioW-HIE); A system of Hammerstein integral equationSHIEs); Quadratic method
(QM); Simpsosn's rule ( SR ); Nonlinear algebraigstem (NAS)The Adomian decomposition method (ADM) .

l. INTRODUCTION

Integral equations play an important role in many subidngsof linear and nonlinear functional analysis and theplications
in potential theory, the theory of elasticity, mathé&oa physics, engineering, and electrostatics problemsadiicular the mixed
integral equations has many applications in differernses, sefl — 3]. Therefore, many different analytic and numeric methods
are used to obtain the solution of the linear and nonlinéegrad equations In addition, different methods can be used to obtain
the solution of theNIEs in the spacé.,[Q] x C[0, T], whereQ is the domain of the contact problem considered in dsitipn,
while t € C[0,T], T < 1 is the time. In fact, the numerical methods have playednportant rule to obtain the numerical solution
of the IEs in linear and nonlinear cases, see [4-12].

Consider the&/-HIE of the second kind:

t 1
puulx,t) = f(x,t) + f f F(t, 1) k (x,y) y(y, T, u(y, T))dy dt , u+0. ¢))
00

Here, f(x,t) and y(x, t,u(x, t)) are two given functions, while the functiar(x,t) is unknown in the spac€([0,1] x
[0,T]),T < 1. The kernel of positionk (x,y) and the kernel of tim&(t,7) are continuous .The constantdefines the kind of
the integral equation.

In this paper, the existence of a unique solution of Epis(discussed and proved, using Banach fixed point theokem.
quadratic method is used to obtaiBSHIEs in position, then the existence of a unique solution ofdhétem is considered and
proved. The quadratic method and Simpson's rule are appladdain aNAS. The existence of a unique solution of the produced
NAS is guaranteed. Adomian method is appliebHEs, as another way, to solve this nonlinear system. Nicalezxamples are
considered and the estimate error, in each casalcislated, a comparison between these methods is served.

Il EXISTENCE OF A UNIQUE SOLUTION OF TH&/ OLTERRA-HAMMERSTEIN INTEGRAL EQUATION

In this section, we will prove the existence of a uniquetiem of (1), using Banach fixed point theorem. For this, & write
V-HIE (1) in the integral operator form:



Wu(x,t) = 111 flx, t) + Wu(x, t) , u#0 . )

t 1
1
Wu(x,t) = ; f fF(t, )k (x,y) y(y, 7,u(y, r))dy drt. 3)
00
In addition, we assume the following conditions:

(i) The kernel of positiok (x, y) is continuous, and satisfies
|k(x,y)| <M, (M isaconstant).
(i) The kernel of timé (t, ) is a continuous function and satisfies
|F(t,7)| < L ,(Lisaconstant).
(i) The given functiorf (x, t) with its partial derivatives with respect to position antktbelong taC([0,1] x [0, T]), and its
norm is defined by :
I1f Ce, Ollcro,uixtorn = H}C%X|f(X, t)| < H, (H is a constant )

(iv) The known function (x, t, u(x, t)) satisfies for the constants, c, andc = max {cy, c,} the following conditions:
(@) max|y(x, t,u(x, )] < ¢ [luCx, Ollcoxior -

By t,ulx, ) —y(x,t,¢(x,0)I< ¢ [ulx, t) — p(x, )] .
Theorem 1:

In view of the conditions (i-iv)V-HIE (1) has a unique solution in the Banach spa¢®,1] x [0,T]),under the condition
(TLMc)<|ul

Proof:

In view of the two formulas (2) and (3), we have

t 1

_ 1 1

1Wu(x, O < |;| I1F Ge Ol + |;| f f F &, D 1k Gl ¥ (7,7, u(y,0)|dy de
00

Using the conditions (i) - (iv — a), we obtain
a

G Dl (@ = TLM o). @

_ H
Wulx, )|l <+
|l

The previous inequality (4) shows that, the operitanaps the balf, into itself, whergy =

lul-a

Sincep > 0 & H > 0, therefore we have < |u|. Also, the inequality (4) shows that the operdtbis bounded; moreover, the
operator¥ is bounded.

For the two functiona(x, t) and¢(x, t) in €([0,1] x [0,T]) , and from the formulas (2), (3), we find

t 1

_ _ 1

17ute,0) = oG 0l = [ | [ [1F@ 011k oyl 0 m) = v 7, 90,00) dy
00

In view of the conditions (i), (ii) and (iv — b), we have
17, 0) = W, Ol S [ luCe ) = G Ol )

From inequality (5), we see thatdf < |u|, then the operatd# is continuous and contraction in the spé&¢g0,1] x [0, T]).
So, from (4),(5) and the fixed point theoreiti,has a unique fixed point which is the unique solution of (1).

. A SYSTEM OFHAMMERSTEIN INTEGRAL EQUATIONS(SHIES)

In this section, 8HIEs is obtained, using a quadratic numerical method, (Atkinson413klves and Mohamed [15]). For
this, we divide the intervdD, T], 0 <t < T < 1 into s subintervals, by means of the poirlis= t, < t; <t; < .. <ty < <



tp <= <t;=T,wheret=t, , 1=t
neglect the erroly-HIE (1) becomes

¢ » P,q=012,..,s, use the quadrature formula in the integral term of Eg.then

14 1
() = D Fog [ KG9 ¥y (7,04 00) dy = £, ©)
q=0 0

where we used the following notations:

u(x, tp) = u, (%), F(tp'tq) =Fyq . fx tp) =f(x), Y, tg, u(y, tq)) =Y (y, uq(y)) )

and the weight functionw,, satisfies w, = h/2 ; if q=0, s,and w, =h ; if 0<gq <s.Eq. (6) representsSHIEs, that
can be solved using recurrence relations.

Now, let E be the set of all continuous functidiéx) = { ug(x), u,(x) ,..., Uy, ... }, Where u, (x) are functions in the space
C[0,1] and the norm in the spaé&eis defined by {|U||z = max, max |u,(x)|. ThenE is a Banach space.
X

IV. THE EXISTENCE OF A UNIQUE SOLUTION OFSHIES

To discuss and prove the existence of a uniquei@olaf the SHIEs (6) in the Banach spade we write the (6) in the
integral operator form

_ 1
Vu,(x) = ;fp(x) +Vu,(x), @)
where
1 2 :
Vup(x)zﬁzwq Fp,qfk(xry) Yq (yruq(y))dy ®
q=0 0

In addition to condition (i) of theorem (1), we assumeftitilewing conditions:

(1) max max |fp(x)| = |If(®)|lg < H*,(H" is a constant) .
P x
S
2 Z max |Wq Fp,q| <L, (L isaconstant).
q
q=0

(3) The known continuous functiops (x, up(x)),Vp satisfies for the constants’, ¢; andc* = max{ ¢}, c; }, the following
conditions:

(ay) max rr}cax|yp (x,up(x))| < o IUM)lg -

b2 1 (24,0) = 1 (%, 6,00)| = €5 [, (0) = 8, (0]
Theorem 2:

The system (6) has a unique solution in the spageder the conditiomr™ = L*M ¢* < |ul.
Proof:

In view of the two formulas (7) and (8), we have

14 1
17 GOl = [ Wl + 3] D we vl | [ 11 10 (32040)] ]|
q=0 0

Using the conditions (i) and (1) - ¢3), we obtain
_ H a . . .
[V, || < 't m||up(x)|| J(a'=L'Mc"). ©)



*

The previous inequality (9) shows that, the operdfanaps the balf, into itself, whered =

pl-a*

Since 8 > 0and H* > 0, therefore we have* < |u|. Moreover, the inequality (9) involves that the oper#itas bounded.

For the two functiona,, (x) and¢, (x) in E, and from the formulas (8), (9) we find

1 1
_ _ 1
”Vup(x) - V¢p(x)” < |;| leq Fp,ql j|k(x:)’)| |Yq (y!uq(y)) —Yq (y' ¢q(y))| dy
q=0 0
In view of the conditions (i), (2) with (3 5,), we have

1724, = Py O < 17 Totn) = 4,0 (10)

From inequality (10), we see that #* < |u|, then the operatdr is continuous and contraction in the spaceConsequently,
from (9), (10) and fixed point theoreii,has a unique fixed point which is the unique solution of (6).

V.  NUMERICAL METHODS
1) Quadratic numerical method

We use a quadratic numerical method, to transfornStHiEs (6) to aNAS, for this, we divide the interval [0,1] inty
subintervals, by means of the poifits: x, < x; < - < xy = 1, wherex = x;,i = 0,1,2, ..., N, then use the quadrature formula

in (6), we get
ﬂupl qu pqz L] Vq] fpl' (11)

where the notationsy,; = u,(x;), kij =k (xi, %), ¥4, = 74 (xj,uq(xj)), are used, and; are the weights of the numerical

h/2 j=0m

methodvj={h o<j<m:

2) Composite Simpson's rule:
In this section, we approximate tB&lIEs of (6), using Composite Simpson's r@ladir and Rahmoune [16}t9 obtain aNAS,
in the form

1
N/2 N-3

p

h

Mup,i =fp,i+§ z pq z kLZ] 1 VqZ] 1+22 klZ] Vq2]+klOYq0+klNVqN ) (12)
q=0 j=1 j=1

which can adapted in the form

HUpi — qu pqz kij Yaj = foir (13)

wherev; = 1/3if j = 0,N, v; = 2/3 if jis even, and; = 4/3 if j is odd .

We can easily observe that the difference between thealgebraic systems (11) and (13) which are obtained bgratie
method and Simpson's rule, respectively, is in the valuteokeightsy;.

VI. THE EXISTENCE OF A UNIQUE SOLUTION OF THENAS)

In order to guarantee the existence of a unique solutiddA& in a Banach spadé’, we write theNAS (11) or (13) in the
integral operator form



_ 1
VA up’l' = l_ifp'i + Z up’i ) (14)

where

N
=0

p
1
Z up’l' = ;Z Wq Fp,q z Vj ki,j ]/q']' . (15)
q=0

J
Then, we assume in addition to condition (2), of theorem &otlmving conditions:

(a) sup |fp_i| < H** (H**isaconstant ).
p,i

N

(b) sup Z|vj ki_j| <E*, (E*isaconstant).
iN &

j=0
(c) The known continuous functiong, ; satisfy (v q,j) for the constants;,¢, and ¢ = max {{;,¢&,} the following
conditions:
@ sup [y, ()] < & ol
(B) 1vai(uas) = vai(bai)| < S2luq; — ¢ql -

Theorem 3 :

Under the conditiod L* E* < |u| , theNAS (11) or (13) has a unique solution in the Banach sfface
Proof :

From the formulas (12) and (15), we obtain

1 14 N
IHM=HUM+ZM&AZMhMm4
q=0 j=0

In view of the conditionsi() - (3-a), the above inequality takes the form

1Zwyll <5 S gl = £ LB (16)
' 171 7] i
Inequality (16) shows that, the operalfomaps the bal, into itself, where
H
T an

Sinces > 0 andH** > 0, therefore we have** < |u|, moreover, the inequality (17) involves that the operztisrbounded.

For the two functions.,; and ¢,,; in I, the formulas (14) and (15) yield

p N
_ _ 1
122t~ Z il < 15 D W Fnal 1 i [ () = Ve (9]
q=0 j=0
Using the condition§2), (b) and(c - 15) , the above inequality takes the form

12y — 2 gyl < —
’ ’ | ul

Uqj — ¢q.j” . (18)

In view of inequality (18), we see that the operafoiis continuous in the Banach spate Moreover,Z is a contraction
operator under the conditian™ < |u|. From Banach space fixed point theoreéhhas a unique fixed point which is the unique
solution of NAS (11) or (13).



Theorem 4:

If the sequence of continuous functiong (x,t)} converges uniformly to the functigf(x, t) in the space ([0,1] x [0,T]),
then under the conditions of theorem (1), the sequanée, t)} converges uniformly to the exact solution of Eq. (1§ {if0,1] x
[0, 7D .

Proof:

The formula (1) with its approximate solution gives

t 1
1 1
W@O—w&ﬂSEWMM—E%M+HJJW@mMﬁwﬂhbmﬂym—V@mw&ﬂﬂwﬁ

In view of the conditions of theorem 1, we get

||u(x, t) — u;(x, t)|| < [|;1|—71"—LMC] ||f(x, t) — filx, t)|| . (19)
Hence ||u(x, t) — u;(x, t)|| = 0 since||f (x,t) — f;(x, )| - 0 asj > o .
Corollaryl:
The estimate total error define by the relation:
t 1 14 N
R; = j jF(t, )k (x,v) y(y, 7,u(y, T))dy dr — z wq B q z vi ki ¥qils (20)
00 q=0 j=0
when j = max{N,p} - o , the sums
p N t 1
z wq By q Z vikij Vej j J F(t,7) k (x,y) y(y, 7,u(y, T))dy dty,
q=0 j=0 00

and the solution of the NAS (11) or (13) becomes the salatiy-HIE (1) .

In view of theorem 4, we can deduce that the total &yreatisfies lim;_,, R; = 0.

VII. THE ADOMIAN DECOMPOSITION METHOD (ADM)

ADM is a semi-analytical method for solving integesjuations, ordinary or partial differential equatiorigelraic equations,
and so on, see [17,19]. The ADM involves separating thet®n into linear and nonlinear portions. The nonlinear qoiit

decomposed into a series of Adomian polynomials, andsthetion is generated in the form of a series whosesteare

determined by a recursive relationship using these Adomigngials, so, the solution can be determined by caionlaf the

Adomian polynomials which allow for solution convergeraf the nonlinear portion of the equation, without simjpigarizing

the system. In the references [20,23] the convergend®Wf are discussed and proved by different methods .

Consider the following system of integral equations:

14 1
.uup(x) _qu Fp,qjk(x!y) Yq (y!uq(y)) dy =fp(x)- (21)
q= 0

0

Assume the functions, (x) can be written as an infinite series:

[oo]

(1) = D 2, (). (22)

i=0

While the nonlinear terny, (x, up(x)) of (21) is decomposed into an infinite series



o)

7 (14,@) = D 4y (23)

where the traditional formula of; ,, is:

4 =1L, Zrynu (24)
pil il dnl. 14 pn 4

after applying the ADM on equation (21), we have

1

p
1 1
Upo() =2 /005 () = = ) g [ KN Ay @Iy, (12D (25)
q=0

0
Where the so-called Adomian polynomials; can be evaluated for the nonlinear funcl;iplﬁx, Up (x)), therefore the Adomian
polynomials are given by
Apo = ¥p(po).,

Apy = Up, yp(“p,O) )
1 N
App = Euzzz,l 7p(“p,0) +up, yp(up.()) )
1 <
Apsz = gufv,l Vf)(um) + U1tz Vp(Upo) + Ups Pp(ipo) -

1 1 1 <
Aps = ﬁufh }/154) (up,o) + Eufw,lup,z yf) (up,(,) + (E uj, + up’lup,3) Yo (up,o) +Upas Vp (up,o). (26)

The determination oft, , andu,, leads to the determination 4f, ; that will allows us to determing, ,, and so on. This in turn

will lead to the complete determination of the componefits,; ,i = 1, upon using the second part of (25). The series solution
follows immediately after using (22). The obtained ses@ation converge to an exact solutiorMsHIE (1).

VIIl.  NUMERICAL RESULTS

Consider th&-HIE (1), atu = 1, and the time§ = 0.008,T = 0.07 and T = 0.5, then divided the position interval by
N = 100 units, and the time interval in= 4. The next tables give us an exact solution with the Simpappioximate solution
(App. SR), quadratic approximate solution (App. QD), and rdida decomposition method (App. ADM), with their
corresponding errors (E. QD.), (E. SR.), (E. ADMpespectively, the diagrams explain the difference betwesse tresults.

Application 1:
Consider the integral equation:

g t 33 (u(y, T))Zdy dt, (27)

t 1
u(x,t) =f(x,t)+ojoft‘[

The exact solution : u(x,t) = x? t3.

Tables 1,2 and 3 describe the errors of the approximateéosplaf equation (27), by SM and the QM, their accuraeies
107%, 107%,1073, whilst, the accuracies of ADM ar®~2,10~7, 10~* , whenT = 0.008,0.07, T = 0.5, respectively.

Casel: N=100 , T =0.008

Exact App.SR | E.SR| App.QD | E.QD| App.ADM | E.ADM
0 0 0 0 0 0 0 0
0.1 | 5.1200E-09] 5.1200E-09 0 5.1200E-P9 0 5.1200E09 0
0.2 | 2.0480E-08| 2.0480E-08 0 2.0480E-D8 0 2.0480ED8 0

0.3 | 4.6080E-08 4.6080E-0$ 0 4.6080E-D8 0 4.6080E08 O




0.4 | 8.1920E-08| 8.1920t-08 0 8.1920E-08 0 8.1920E-08 0
0.5 | 1.2800E-07| 1.2800t-07 0 1.2800E-07 0 1.2800E-07 0
0.6 | 1.8432E-07| 1.8432t-07 0 1.8432E-07 0 1.8432E-07 0
0.7 | 2.5088E-07| 2.5088E-07 0 2.5088E-07| 0 2.5088E-07 0
0.8 | 3.2768E-07| 3.2768E-07 0 3.2768E-07| 0 3.2768E-07 0
0.9 | 4.1472E-07| 4.1472t-07 0 4.1472E-07 0 4.1472E-07 0
1 | 5.1200E-07| 5.1200t-07 0 5.1200E-07| 0 5.1200E-07 o
Table (1)
[ 13 [E
[}
45 =
P ] o
u,lmmm - - 02 i \)\ /{(
“-mll,llll 1 " "m‘m\"v
Error of Simpson's App. Sol. | Error of Quadratic's App. Sol. | Error of Adomian App. Sol.
Dig. (1)
Case2:N=100 , T=0.07
X Exact App. SR E. SR App. QD E. QD App.ADM | E. ADM
0 0 0 0 0 0 0 5.0EL4
0.1 | 3.430E-06| 3.430E-06 0 3.430E-06 0 3.430E-0¢ 6.08-
0.2 | 1.372E-05| 1.372E-05 0 1.372E-05 0 1.372E-0§ 7.08-
0.3 | 3.087E-05| 3.087E-05 0 3.087E-05 0 3.087E-01 8.08-
0.4 | 5.488E-05| 5.488E-05 0 5.488E-05 0 5.488E-0f 8.08-
0.5| 8.575E-05| 8.575E-05 0 8.575E-05 0 8.575E-0f 1.08-
0.6 | 1.235E-04| 1.235E-04 0 1.235E-04 0 1.235E-04  1.0B-
0.7 | 1.681E-04| 1.681E-04 0 1.681E-04| 1.06E-1( 1.681E-04 1DE-
0.8 | 2.195E-04| 2.195E-04 | 1.33E-10| 2.195E-04 1.99E-10  2.195E-04  1GE
0.9 | 2.778E-04| 2.778t-04 | 2.35E-10| 2.778E-04 3.51E-1p  2.778E-04 1GE
1 3.430E-04 | 3.430E-04 | 3.94E-10| 3.430E-04 5.90E-10 3.430E-04 5.6E
Table (2) 4
Error of Simpson's App. Sol | Error of Quadratic's App. Sol. | Error of Adomian App. Sol.
Dig. (2)
Case 3N =100 , T=0.5
X Exact App. R E. SR App. QD E. QD App.ADM E. ADM
0 0 0 0 0 0 0 0
0.1 | 1.250E-03| 1.281B3 | 3.143E-05| 1.293E-03 4.308E-05 1.252E-03  2.40@H
0.2 | 5.000E-03| 5.036B3 | 3.608E-05| 5.046E-03 4.598E-05 5.003E-03  2.8G@H
0.3 | 1.125E-02| 1.12982 | 4.119E-05| 1.130E-02 4.959E-05 1.125E-02  3.208H
0.4 | 2.000E-02| 2.005B2 | 4.705E-05| 2.005E-02 5.429E-05 2.000E-02  3.6@8H
0.5 | 3.125E-02| 3.13082 | 5.404E-05| 3.131E-02 6.072E-05 3.125E-02  4.006H
0.6 | 4.500E-02| 4.50682 | 6.284E-05| 4.507E-02 6.984E-05 4.500E-02  4.588H
0.7 | 6.125E-02| 6.13282 | 7.437E-05| 6.133E-02 8.308E-05 6.126E-02  5.1Q6H




0.8 | 8.000E-02| 8.009E-02 8.999E-Q5 8.010E{02 1.0256H- 8.001E-02 | 5.702E-0¢

0.9 0.10125 0.101362 1.116E-Q4 0.101381  1.308H-04.013E-01 | 6.339E-06

1 0.125 0.125142| 1.417E-04 0.125142 1.719E04 EZBO | 7.040E-06
Table (3)

Error of Simpson's App. Sol. | Error of Quadratic's App. Sol. | Error of Adomian App. Sol.
Dig. (3)

Application 2 :

Consider the integral equation :

y

] (u(y, T))3 dy dt. (28)

t 1
ulx, t) = f(x,t) +0fofet—r

The exact solution :  u(x,t) = t cosh(x) /2.

Tables 4,5,and 6 describe the errors of the approximate solotiequation (28), by SM and QM, the accuracieslare, 1074,
1072, , the accuracies of ADM ad®~%,107%, 10~3 , whenT = 0.008,0.07 and T = 0.5 , respectively.

Case4: N=100 , T=0.008

Exact App. SR E. SR App. QD E. QD App.ADM E. ADM
0 4.000E-03| 4.000E-03 5.54E-10 4.000E-P3  6.61E}10.000E-03 7.60E-11]
0.1 | 4.020E-03| 4.020E-0 5.06E—1|O 4.020E03  6.04E-1@.020E-03 6.90E-11
0.2 | 4.080E-03| 4.080E-0 4.73E-10 4.080E{03 5.67E-10.080E-03 6.40E-11
0.3 | 4.181E-03| 4.181E-0 4.49E-10 4.181E03 5.43E-10.181E-03 5.90E-11
0.4 | 4.324E-03| 4.324E-0 4.36E—1|O 4.324E{03 5.32E-18.324E-03 5.50E-11f

0.5 | 4.511E-03| 4.511E-O0 4.31E-1|0 4511E03 5.33-10.511E-03 | 5.10E-11

0.6 | 4.742E-03| 4.742E-O0 4.35E-1|0 4.742E{03 5.46H-10.742E-03 | 4.80E-11

0.7 | 5.021E-03| 5.021E-O0 4.48E-1|0 5.021E{03 5.72E-18.021E-03 | 4.50E-11

0.8 | 5.349E-03| 5.349E-0 4.73E-1|0 5.349E{03 6.14E-18.350E-03 | 4.20E-11

0.9 | 5.732E-03| 5.732E-0 5.09E-1|O 5.732E{03  6.75E-18.732E-03 | 4.00E-11

1 | 6.172E-03| 6.172E-03 5.62E-1P 6.172E-P3  7.58E}10.17ZE-03 | 3.80E-11
Table (4)

Error of Simpson's App. Sol. | Error of Quadratic's App. Sol. | Error of Adomian App. Sol.

Dig. (4)
Case 5: N=100 , T=10.07

Exact App. SR E. SR App. QD E. QD App.ADM | E. ADM
0 | 3.500E-02| 3.500E-02 2.228E-06 3.500E{02 2.300E-08500E-02| 4.56E-07
0.1 | 3.518E-02| 3.518E-02 2.028E-06 3.518E{02 2.088H- 3.517E-02| 4.15E-07




0.2 | 3.570E-02| 3.570B2 | 1.864E-06| 3.570E-02 1.927E-Q
0.3 | 3.659E-02| 3.659H2 | 1.730E-06| 3.659E-02 1.792E-Q
0.4 | 3.784E-02| 3.784H2 | 1.618E-06| 3.784E-02 1.683E-Q
0.5 | 3.947E-02| 3.947H2 | 1.527E-06| 3.947E-02 1.595E-0
0.6 | 4.149E-02| 4.14982 | 1.452E-06| 4.149E-02 1.527E-Q
0.7 | 4.393E-02| 4.39382 | 1.393E-06| 4.393E-02 1.476E-Q
0.8 | 4.681E-02| 4.681H2 | 1.348E-06| 4.681E-02 1.443E-Q
0.9 | 5.016E-02| 5.016H2 | 1.319E-06| 5.016E-02 1.430E-Q

1 | 5.401E-02| 5.401B2 | 1.305E-06| 5.401E-02 1.437E-Q

Table (5)

3.570E-02  3.80E-
3.659E-02  3.BIE+
3.784E-02  3.28E-
3.947E-02  3.02E+
4.149E-02  2.83Er-
4.393E-02  2.068E-
4.681E-02  2.B3E-
5.016E-02  2.80E-
5.401E-02  2.28E+

| O O Of O] Of O O O

Error of Simpson's App. So Error of Quadratic's App. Sol. Error of Adomian App. Sol
Dig. (5)
Case6 N=100 , T=0.5

Exact App. SR E. SR App. QD E. QD App.ADM | E. ADM | ¢ x
0 0.25 0.25746. | 0.007463| 0.257492 0.007492 0.248635 0.001B65
0.1 | 0.251251| 0.25803( | 0.006785| 0.258062 0.006811 0.25001L 0.001241
0.2 | 0.255017| 0.26123!{ | 0.006222| 0.261263 0.006246 0.253879 0.001138
0.3 | 0.261335| 0.26708. | 0.005746| 0.267103 0.005741  0.260284 0.00105
0.4 | 0.270268| 0.27560i | 0.005340| 0.275633 0.00535 0.269293  0.000Pp75
0.5 | 0.281906| 0.28689" | 0.004990| 0.286923 0.005016  0.280996 0.00091
0.6 | 0.296366| 0.30105: | 0.004686| 0.301081 0.004714 0.295513  0.000B53
0.7 | 0.313792| 0.31821: | 0.00442 | 0.318244 0.004452 0.312989  0.000803
0.8 | 0.334359| 0.33854! | 0.004187| 0.338581 0.004223 0.3334 0.000758
0.9 | 0.358272| 0.36225: | 0.003982| 0.362293 0.004023  0.3575%3  0.000[19
1 | 0.385771| 0.38957. | 0.003802| 0.389621 0.003841  0.385088  0.000683

Table (6)

i3
03"

Error of Simpson's App. Sol | Error of Quadratic's App. Sol. | Error of Adomian App. Sol
Dig. (6)

IX. CONCLUSION
A SHIEs in position was formulated fromV-HIE by using quadratic numerical method.

Using Banach Fixed Point theorem, the existence of a unajuios of theV-HIE , was discusséd and proved in the sj
L,[0,1] x C[0,T],T < 1.

The existence of a unique solution of 8t¢IE s, under certain condition, was discussed.



¢ A NAS was configured fronSHIEs by using two different method@M andSR.

« ADM was used as another way to proceS$¢Es by a convergent series, without be compelled toved it to a linear
system.

e Some applications contain numerical results, ffedint times, were calculated.

This equation can be solved also by using many edsths Homotopy, Galerkin, and Collocation.

We can consider this equation in two dimensiorm@gosition, with a singular kernel.

* We observed from the numerical results of the stlidases that :

1. Time playing a great role in the results, wheredhier values was increasing according to the asing of time.

2. In all the calculated resultSR can get a bit more accuracy approximate solutian®M, but the most accurateADM .
3. The approximate solutions are more accurate wheexhct solution is a polynomial, as in application
4

The error values, approximately, was vanishedeatrtitial times (wherT < 0.01) , for allx € [0,1].
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