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Abstract

In this paper, the Vaisman-Gray manifolds witt fprojective curvature tensor are investi-
gated. It is shown that which conditions @eeessary for a Vaisman-Gray manifold with
flat projective curvature tensor is a nearly KaefidK) manifold, a locally conformal Kahler
(LCK) manifold and an Einstein manifold. Finallyhd@ relation between certain two special
classes of almost Hermitian manifold with respedhi projective tensor has been studied.
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1 Introduction

Differential geometry has a long history as fiefdwathematics and yet its rigorous founda-
tion in the realm of contemporary mathematics imtneely new. In particular, almost
Hermitian manifold occupies an important place iodern differential geometry. The notion
of almost Hermitian manifold is one of the centcaincepts of modern mathematics and
applications. Therefore, a great number of re$emrdave been devoted to study of such
structures and used more than one way to studythisture. One of these methods that does
not depend on manifold itself but on a principléfgeer bundle of all complex frames which
is called the adjoined G-structure spddg We used this method to study the projective
tensor of one more specific important class of the sixteen classt almost Hermitian
manifold which is Viasman-Gray manifold{G-manifold). This classdenoted byW,®W,,
where W, is the nearly K&hler manifoldVK-manifold) andW, is the locally conformal
Kéhler manifold [CK-manifold).

In 1994, Kirichenko and Shipkova [9] studied thassiW,®W,under the name Viasman-
Gray manifold. They found its structure equatiamshie adjoine(G-structure space. In 1996,
Kirichenko and Eshova [8] studied the conformabkin&nt of the clas W, @W,.

The constant type of Viasman-Gray manifold has tsedied by Vanhecke and Bouten [15]
and Kirichenko [6]. For Viasman-Gray manifold, thistion represents a generalization of
constant type ofnearly Kahler manifoldwhich is introduced by Gray [3]. In 2002,
Ignatochkina [11] studied the geometric meaningflat conformal invariant classes of
Viasman-Gray manifold. In particular, it has beaoved thatVG-manifold of dimension
greater thai4 with J-invariant conformal curvature tensor is eitheraloconformal equivalent
to thenearly Kéhler manifoldor is local conformal dhler manifold.

There were many authors studied ghejectivetensor. Kirichenko [5] proved that projective-
recurrentk-space of dimension > 2 is local symmetric or local equivalent to the prodof
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Euclidean space arddimensional Kéhler manifold. Abocghd Mohammed [1], proved that
almost Kihler manifold is a Khler manifold if it is a projective parakler manifold.

2 Preliminaries

LetM be a2n-dimensional(n > 1) smooth manifold, and th&(M) be module of smooth
vector fields onv, C* (M) be the set of smooth functions/daf

A pair{J,g = (-,7)} equipped with smooth manifoM is called almost Hermitian manifold
(AH-manifold), whereJ is an endomorphism of tangent spdigéM) with (]p)2 = —id and

g =<.,.> is a Riemannian metric oM such thatit is compatible with almost complex
structure ofM [3].

The basis ofT,/(M) given by the forre, ..., &,,&,...,&} which called adapted basis,
whereT; (M) is the complexification of the tangent spd¢€M) at the pointp € M. The
corresponding its complex frame {p, ¢y, ..., &, &, ..., &} The G-structure space is the
principle fiber bundle of all complex frames of nfafd M with structure group is the unitary
groupU(n). This space is called adjoined G-structure space [4].

Suppose that the indicésj,k,l in the rangel,2,...,2n and the indiceg, b, ¢, d, e, f in the
rangel,2,...,n andd = a + n.

In the adjoined G-structure space the components matrices of comglicture/ and
Riemannian metrig have the following forms:

; V—1I 0 (0 I )
L) = n gi:) = n ) 2.1
U5 < 0 Ny (9:7) I, 0 (2.1)
where [, is the unit matrix of ordet [4].

Definition 2.1 [2]. An AH —manifold is calledVG-manifold, if in the adjoined;-structure
space, the following conditions satisfies:

Babc = p=bac . pab _ alashl -
’ c
An AH-manifold is called a locally conformal K&hler mémd if B3¢ = 0 andB?’, =
a[a(?f], and is called a nearly Kahler manifoldit?¢ = —BPec, pab = 0 |
e _ V=1 b N 1 o ) .
where B¢ = T][%,CA] B, = _T]l%l,c anda = —6&F o J; F is a Kéhler form which def-

ined byF(X,Y) =< JX,Y >, § is a codrivative and,Y € X(M)and the bracket [ ] denote to
the antisymmetric operation.

Theorem 2.2[9]. In the adjoined>-structure space, the family of the structure &qna of
VG-manifold has the following forms:

1) dw® = wiAw? + B . w°Aw;, + B?‘w,Aw, ;
2) dw, = —wlAwy, + Byf w.AwP + Bypcw? Ao
3) dwjp = wiwj + (ZBathth + Af,“ci)a)clla)d + (BaflCBd]bh + Agcd)a)clla)d
+ (Bb,ECBd]ah + Ag“l) wAwg ,
whergw'}are the components of mixture fofm; } are the components of Riemannian conn-

ection of metrigy, {A%., , A2 } are some functions on adjoinéestructure space afd %
are system of functions which are symmetrich®y tower and upper indices and are called
the components of holomorphic sectional curvatensar.



Definition 2.3 [10]. A Riemannian curvature tens® of smooth manifoldM is an 4-

covariant tensomR: T,(M) x T,(M) x T,(M) X T,(M) - R which is defined by
RX,Y,Z,W) =g(R(Z,W)Y,X),

whereR(X,Y)Z = ([Vx, Vy] — Vixy))Z; X,Y,Z,W € T,(M) and satisfies the following pro-

perties:

1) R(X,Y,Z,W)=—-R(Y,X,Z,W);

2)R(X,Y,Z,W)=—-RX,Y,W,Z);

3RIX,Y,Z,W)+R(X,Z,W,Y)+R(X,W,Y,Z) = 0;

HRX,Y,Z,W) =R(Z,W,X,Y).

Theorem 2.4 [11]. In the adjoined;-structure space, the components of Riemanniaraeurv
ture tensoR of VG —manifold are given as follows:

1) Rapea = 2(Bab[cd] + a[aBb]cd) :
2) Rapca = 2Apca

3)Rapea = 2(—B*"Bpcq + a[[fc?é’]]) i

A Rapea = Agf + Bathhbc - B“?Bhff '

where {a% ,a. , ag, ,a® } are some functions on adjoinéd-structure space such that
da, + a,wl = alw, + ag,w?,

And
da® — a’wf = alw’ + a®Pw,.

The other components of Riemannian curvature teRstan be obtained by the property of
symmetry forR.

Definition 2.5 [13]. A tensor of type(2,0)which is defined as;;- Rl = g*'Ry;j is called a
Ricci tensor.

Theorem 2.6 [11]. In the adjoineds-structure space, the components of the Ricci teoko
VG-manifold are given by the following forms:
1_
1) Tap = Tn (aab + Apq + Aqap);
2) 1, = 3B““"B_,, — ASY + nT_l (a®ay, — aay) — %ahhc?{} + (n—2)a%).

And the others are conjugate to the above compsnent
3 Main results

Definition 3.1[13]. A projective tensor of aAH-manifold is a tensaP of type(4,0)which is
defined by the form:

1
Pijii = Rijiu + 7 (riwgjt — Tk i),
where,R;j; , 1;j andg;; are respectively the components of Riemannianature tensor,

Ricci tensor and Riemannian metric.
This tensor has properties similar to the thosRiefnannian curvature tensor,

I.e. Piji; = —Pjjjy = —Pijik = Praij -



Lemma 3.2. In the adjoined:-structure space, the components of the projettnsor of/ G-
manifold are given by the following forms:

1) Papea = 2(Bab[cd] + a[aBb]cd) ;

1
2) Papea = 2Apca — de5d ;

[a ob] 2 _[acb] .
[C8d])+2n—1rc ad ’

A Papeq = Ag? + Bathhbc - Ba}clBhg + ﬁ’”ca(sg-

3) Papea = 2 (_Bathhcd ta

Pr oof.
1) Fori=a, j=b, k=c,andl=4d, wehave

Pabca = Rabed + (racgbd - rbc.gad)
According to the equati@d.1), we get that

Papca = Rapea-
2)Fori=a, j=»n, k—c and [ =d, we have

Papca = Rabea o (Tac.gbd TveGad)

) Pabca = Rapea = 57 Theld -
3) Fori=a, j=b, k=c andl=d, Wehave

Pasca = Rabea + (racgbd Thc9ad)s
= Rgapea + m—1 (rca6d - T 6d)
b
= Rdﬁcd + o — 1T'C[a6d] X

4 Fori=ad, j=b, k=cand [=d,wehave

Papca = Rapea + m—1 (racgpa — Tvc9aa)

1 d
=R;p.a +—16p . €
dbcd +2n—1 c Y

Definition 3.3. An AH-manifold is called a projective flat if the projae tensor is equal to

Zero.

Theorem 3.4. Suppose tha¥ is VG- manifold with flat projective tensor, M is a manifold
of flat Ricci tensor theiM is NK- manifold.

Proof. Suppose tha¥ is VG-manifold with flat projective tensor.
Making use of Lemma 3.2. and Definition 3.3, itiée¥s that
Rapca + 57865 = 0.
According to the Theorem 2.4, we obtain
A4 4 padhp,,  — BB, d 4 —rc asl = 0.
Since M is manifold of flat Ricci tensor, then we deduce
AG¢ + BBy — BBy = 0,
Symmetrizing and antisymmetrizing by the indexgd), it follows that
—BpB,d=0.
Contracting the last equation by the indeges) and(d, c), we have



—B%Byg =0,
BBt =0 3B =0 o BY =
According to the Definition 2.1 we get thdtis NK- manifold. €

Definition 3.5 [12]. A Riemannian manifolds called an Einstein manifold, if the Ricci tensor
satisfies the equation;; = cg;;, where c is an Einstein constant.

Definition 3.6 [7]. An AH-manifold has/-invariant Ricci tensor, iffor =1 o .

The following lemma gives the necessary and defitccondition for which ad H-manifold
has/-invariant Ricci tensor.

Lemma 3.7 [14]. An AH-manifold has]/-invariant Ricci tensor if and only if, ithe
adjoined G-structure space we ha\tgi =714 = 0.

Theorem 3.8. Suppose tha¥ is VG-manifold with flat projective tensor agiednvariant Ricci
tensor. Them2? = ¢§¢ if and only if, M is an Einstein manifold.

Proof. Suppose tha¥ is VG-manifold with a flat projective tensor.
By using Lemma 3.2., definitio®.3.and theorem 2.4., we have

A32 + BYh By, — BBy + —— 1258 = 0. (3.1)
By symmetrization the equation (3.1) by the indifed) we get
1 1
ART+ (B By + BY By — BiBuf — BYiByf) + mrca(?g = 0.

Antisymmetrizing the last equation by the indi¢gsb) we obtain

A+ ——r86 = 0. (3.2)
Suppose thaV¥ is an Einstein manifold, so the equation (3.2)onees
Apd +——(8865)=0. (3.3)

Contracting the equation (3.3) by indeXesb), it follows that
Ag = == (6858)

Aad — —eS‘g
acd Zn—é ’
A%e =6,

wherec = % is the Einstein constant.
Conversely, by contracting (3.2) by the indeged) we get
1
A+ — @88 =0,
ad rd =0
Age + n-1_ !
e

2n-1 = 2n-1
rd = edl.
SinceM is J-invariant Ricci tensor, theM is an Einstein manifold. €

Theorem 3.9. Suppose tha¥ is VG-manifold with flat projective tensor aridnvariant Ricci
tensor, ifM is an Einstein manifold theM is LCK-manifold.

Proof. Suppose tha¥ is VG-manifold with flat projective tensor.
Making use of Lemma 3.2., definitiédh3 and theorem 2.4, it follows that

d d 1 d _
Ape + BBy — BYLBy, + — 1285 = 0.
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Contracting the above equation by the indgxge$), we obtain
AGe + B ' Byge — BBy + —— 188G = 0.

Since M is an Einstein manifold, then according to dedinition 3.5, we have

e
AGE + B " Byye — BY Byt + — 6884 =0.
By using theTheorem 3.8we obtained
_psd
2% 4 Bedhp, . — BB, 4 + -5 =0,

2n-1 2n-1

Bathhac - Bathhad =0.
SinceM isVG-manifold, then we have
_Bathhca - Ba’éBhg =0.
Symmetrizing and antisymmetrizing the last equaliprthe indexe@, h), it follows that
—Badhp, =0,
Contracting the above equation by the indgxks), we deduce
B*"'Byap, = 0 = BagpBaan = 0 = XqanlBagnl* = 0 & Bgap = 0.
Therefore, by the definition 2.1 we get thvais LCK-manifold. €

There are three special classes of almost Hernmtiamfold which are embodied in the follo-
wing lemma.

Lemma 3.10[14]. In the adjoined; —structure space, at- manifold is manifold of class:
Ry ifand only if,Rzpca = Rapea = Rapeq = 0,

R, if and only if,R pca = Rapea = 0,

R; (RK-manifold) if and only if Rzpcq = O.

Similarly, we can give their corresponding accogdio the projective tensor by the following
lemma.

Lemma 3.11. In the adjoined: —structure space, &AH- manifold is manifold of class:
PR, ifand only if,Pypca = Papca = Papea = 0,

PR, if and only if,P,pcqa = Papca = 0,

PR3 (PRK —manifold) if and only if Pz,.q = 0.

Theorem 3.12. Suppose tha¥ is VG-manifold, the classe®; and PR; are coincide if and
only if M isJ-invariant Ricci tensor.

Proof. Suppose thaRk; andPR; are coincide, then we have
_ L . 52=0
an—1 bcld = U
The = 0.
ThereforeM is J-invariant Ricci tensor.
Conversely, Suppose thidtis J-invariant Ricci tensor.

Making use of Lemma 3.2., it follows that
1
Pabca = Rabeca = 37— Tbc0d -

SinceM is J-invariant Ricci tensor, then according to the Learn/ we get



Papca = Rabea -

ThereforeR; andPR are coincide. €
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