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ABSTRACT This paper studies the effects of Reynolds number on the oscillating flow in convergent and 5 
divergent channels. The nonlinear equations governing the flow are solved analytically by the method of 6 
perturbation series solutions. Expressions for the velocities and wall shear stress are obtained and 7 
analyzed graphically. It is found that increase in the Reynolds number increases the velocities and wall 8 
shear stress. Similarly, it is seen that a flow separation occurs in the radial velocity flow structure. 9 
 10 
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1.   INTRODUCTION  13 
 14 
The human artery is infested by a number of diseases. Amongst these is atherosclerosis, which involves 15 
the hardening of the artery due to deposition of lipids (a generic name for esters) on its internal walls. The 16 
calcification of the lipids at the points of infection leads to lose of distensibility at such points. Also, the 17 
progressive encroachment of the plague on its internal walls tends to block the passage of blood to other 18 
parts of the body. And, this imposes extra loads on the heart musculature. To maintain the peripheral 19 
flow, the heart enlarges itself, and thus, increasing the amplitude of the pulse or pressure wave. More so, 20 
the encroachment of the plague  which may overlap leads to distortion of the tapered geometry of the 21 
artery to other forms, such as the idealized locally constricted and peristaltic geometries. 22 
 23 
[1] investigated the fluid mechanical aspect of the pulsatile flow of an incompressible fluid through a 24 
tapered, locally constricted and peristaltic channels. Their model did not consider the flow behavior in the 25 
regions before and after the peak of the stenos height, which are idealized as the convergent and 26 
divergent channels. Therefore, we are motivated to examine the flow behaviour in the convergent and 27 
divergent channels using the same problem.  28 
 29 
In part one of these studies, the effect of variations in the pressure wave amplitude and height of 30 
constriction on the flow structures of blood in the region before and after the critical height of the 31 
constriction, approximated by the convergent and divergent channels were examined. The study did not 32 
consider the effects of Reynolds number on the flow. Therefore, in this model we shall investigate the 33 
effects of Reynolds number on the flow.  34 
       35 
Some work exists in literature on the flow of an incompressible and viscous fluid in channels of varying 36 
cross-sections. For example, [1] considered the pulsating flow of a Newtonian, and incompressible 37 
viscous fluid in channels of varying cross-session using the perturbation series expansion solutions which 38 
they developed, and observed that flow separation occurs in all geometries; [2], [3], [4] and [5] studied the 39 
flow in locally constricted and peristaltic channels; [6] solved the Navier–Stokes and the energy equations 40 
by the method of finite difference, and noticed the existence of an annular effect in the entry region for the 41 
pulsatile part of the velocity and temperature; [7] solved the Navier–Stokes and energy equations 42 
numerically for the laminar pulsating flow in a channel, and concluded that an appreciable heat transfer 43 
enhancement occurs in the channel. Furthermore, [8] studied the unsteady three-dimensional fluid 44 
mechanics analysis of blood flow in a plagued artery with the aim of quantifying the effectiveness of 45 
plague removal modalities in the small arteries using the method of numerical simulation, and observed 46 
that the removal of the  plague leads to an increase in the flow rate of blood during the systole and 47 
diastole portions of the cardiac cycle; [9] investigated a time-wise periodic pipe flow using numerical 48 
simulation approach, and identified a large-periodic limit at which the flow is quasi-steady. More so, [10] 49 
considered the time-varying pipe flow driven by a harmonically pulsating inlet velocity using the Mente 50 
transitional numerical simulation model, and observed that the use of quasi-steady model for predicting 51 
the fully developed friction factor is not applicable to higher frequency. They also noticed that backflow 52 
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occurs near the walls as the flow transits from deceleration to acceleration. Even so, [11] examined the 53 
influence of heat and chemical reactions on blood flow through an anisotropically tapered and elastic 54 
artery with overlapping stenosis, and found among others, that  the coupling number, tapering angle, 55 
maximum height of stenosis, Sorret number and Brinkman number tend to increase the axial velocity 56 
higher for the Newtonian fluid than for the micro-polar fluid; [12] considered the MHD flow of an 57 
incompressible viscous fluid through convergent and divergent channels using the homotopy perturbation 58 
method, and noticed that the behaviour of the homotopy perturbatiom method is in good agreement with 59 
the numerical simulations.  60 
 61 
This paper presents an analytic model on the effect of Reynolds number on the velocity and wall shear 62 
stress structures of the oscillatory flow in convergent and divergent tubes.  63 
 64 
The paper is organized in the following format: section 2 gives the methodology; section 3 holds the 65 
results and discussion, while section 4 presents the conclusions. 66 
 67 
2.   METHODOLOGY 68 
 69 
The problem examined the flow of blood in axi-symmetric convergent and divergent channels. These 70 
channels approximate the region before and after the critical point of the constriction caused by the 71 
stenosis of the artery. Due to the plague, the region of the artery affected becomes rigid and therefore, 72 
loses its distensibility. Let (R, θ , X) and (u,v,w) be the polar cylindrical orthogonal coordinates and vector 73 
components, respectively, and assuming the flow is symmetrical about the θ - axis, then for a two-74 
dimensional  situation, the coordinates and vector components are reduced to (R, 0, X) and (u, 0, w) 75 
respectively, such that the continuity, momentum and energy equations governing the flow become:          76 
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where ρ the density, p the pressure, υ  the kinematic viscosity of the fluid, and t  is the time. R=0 is the 80 

centre or symmetric axis of the tube; ( , )oR a X t= , which is an arbitrary function of X and t is the cross-81 

sectional radius of the tube; oa  is the characteristic radius of the tube, and t is the time. 82 

 83 
The boundary conditions are: 84 

                        (i)                 w  0,  0
R
u∂= =

∂     
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                       (ii)  by the no-slip condition at the wall of the tube 86 
                            ( , ) 0ou a t =

   
at   ( , )oR a X t=                 (5) 87 

                       (iii) the flux across a cross–section of the tube is prescribed as:  88 
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where oψ  is a constant, k is the amplitude of  the pulse which is  assumed to be small, and β is the 90 

frequency of oscillation. 91 
 92 
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To eliminate the pressure terms in equations (2) and (3) we take the partial derivatives of equations (2) 93 
and (3) with respect to R and X respectively, then subtracting the first result from the second one, we 94 
have 95 
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       98 
Also, the pressure expression in the axial direction can be obtained from equation (3), as                                                                           99 
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 101 
 Introducing the stream function ψ, vorticity Ω, and non-dimensionalized variables, respectively, into 102 
equations (7) and(8), we have 103 
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Equation (13) shows that the pressure field is of order 
ε
1

. Also, the O (ε)2  terms are neglected for being 109 

small. 110 
 111 
Furthermore, the wall shear stress is expressed as 112 
                                                             Ω= ρυτ w     (see [5]) giving us 113 
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The boundary conditions become: 115 
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   are the stream functions and vortices terms, and 121 
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are the non-dimensionalized variables, where Re is the Reynolds number of the flow, η  is a 124 
dimensionless number for the frequency of oscillation, T is the dimensionless time, ε is the height of 125 
constriction, φ , ω  are the dimensionless  stream function and  vorticity, respectively.  Also, we assume 126 
that the cross–section of the tube in the model vary in the axial direction, and for which we take a(X, t) = 127 

sao   (ε oaX , t) , )),(1(0 txfRr ε+= ,  0   ≤  r   ≤ 1, 0   ≤  x   ≤ 1 where s is an arbitrary function of X; 128 

a is the variation in the r along the axial direction; 10 <<=<
L

aoε  is a small dimensionless parameter 129 

that characterizes the slow variation in the channel radius; L defines the channel characteristic length. 130 
0=ε  corresponds to a tube with constant radius. As ε increases from zero the variation of ψ  in the 131 

axial direction depends upon  Xε  instead of X. 132 
 133 
We shall seek for perturbation series solutions about the small parameter ε of the form: 134 

                                 

( ) ( ) ( ) ( )( )1 1 ...o oiT iTf f ke f f ke fε= + + + +           (19) 135 

where nf  represents ω  andφ . This enables us to linearize the problems and make them tractable. 136 

Therefore, substituting equation (19) into equations (11), (12), (15) and (16), we have     137 
the zeroth order terms as 138 
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with the boundary conditions 144 
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Furthermore, by equation (19), equations (9), (10), (13) and (14) become 157 
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The analyses show that the non-steady parts of the solutions are very negligible. 163 
  164 
The solutions of equations (20) - (35)   are      165 
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193 

where Io (λr), I1(λr), I2 (λr), Io(λs), I1(λs) and I2 (λs) are the modified Bessel function of order zero, one and 194 
two, respectively.  195 
 196 

Similarly, the geometries under consideration are: the convergent channel / 2xs e−= ,and divergent 197 

channel  / 2xs e=  198 
 199 
3.    RESULTS AND DISCUSSION 200 
 201 
The effects of Reynolds number on the flow behaviour of blood in the regions before and after the stenos 202 
critical height, and which are approximated as convergent and divergent channels as shown in Fig 1 of 203 
part one of these studies are considered. The problem shows that the flow structure depends on variation 204 
in the Reynolds number. For this, Fig 1 – Fig 6 show the computational results for the velocities and wall 205 
shear stress for various values of Reynolds number and constant values of other parameters, using 206 
Mathematica computational software.  For realistic values of T=π/4, λ=2, k=0.03, ε=0.05, Re 10, 100, 207 
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500, 1000 the profiles show that the increase in the Reynolds number produces a commensurate 208 
increase in the velocities and wall shear stress. 209 
 210 
In the regions before the plague, that is, in the upstream, the flow is laminar, Poiseuille and fully 211 
developed. Therefore, the Reynolds number is moderate. But towards the peak of the constriction, that is, 212 
in the convergent channel whose geometry narrows down exponentially, the inertial force rises such that 213 
the Reynolds number and the momentum increase On the other hand, in the divergent channel whose 214 
geometry widens away exponentially from the peak, the inertial force must drop. This must be followed by 215 
a drop in the Reynolds number and momentum, and subsequently the velocities and other factors of the 216 
flow must drop. This is supposed to be the case in the divergent channel. Therefore, the increase in the 217 
velocities and wall shear stress in the divergent channel, possibly, could be due to the influence of the 218 
flow situations in the convergent region on it. And, these account for the observations noticed in Fig.1 – 219 
Fig 6. 220 
 221 
Furthermore, a flow separation is seen in the radial velocity flow structure at r ≤ 0.3 in both convergent 222 
and divergent regions (see Fig 2 and Fig 3). This is in consonance with [1], which showed that separation 223 
virtually occurs in the flow. The occurrence of this special feature at such point could be due to adverse 224 
flow conditions there. According to [1], the flow separation is due to the viscous effects at such point. And, 225 
until the point r ≤ 0.3, where the radial velocity drops to zero, it increases as the Reynolds number 226 
increases. After this point, the flow pattern changes such that the velocity decreases as the Reynolds 227 
number increases. 228 
 229 
More so, the increase in the axial velocity arising from the increase in the Reynolds number tends to 230 
cushion the effects of arbitrary increase in the pulse amplitude and height of constriction which decrease 231 
the axial velocity. 232 
 233 
 234 

 235 
Fig. 1 Axial velocity-Reynolds number profile in a convergent channel 236 
 237 

 238 
Fig. 2 Axial velocity-Reynolds number profile in a divergent channel 239 
 240 
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 241 
Fig. 3 Radial velocity-Reynolds number in a convergent channel 242 
 243 

 244 
Fig. 4 Radial velocity-Reynolds number profile in a divergent channel 245 

 246 
Fig. 5 Wall shear stress-Reynolds number profile in a convergent channel 247 
 248 

 249 
Fig. 6 Wall shear stress-Reynolds number profile in a divergent channel 250 
 251 
4.     CONCLUSION 252 
 253 
The oscillatory flow of an incompressible viscous fluid through axi-symmetric convergent and divergent 254 
channels is examined for the effects of Reynolds number. The overall analysis indicates that the increase 255 
in the Reynolds number tends to increase the velocities and wall shear stress. Furthermore, the increase 256 
in the axial velocity due to the increase in Reynolds number tends to cushion the adverse effects of pulse 257 
amplitude and height of constriction on it. 258 
 259 
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