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Mathematical Study of In-host Dynamics of Hepatitis B
Virusin absence of immunity system

Abstract

We develop a mathematical model to understand tmardics of HBV-in host
infection of individuals in vivo. The model incomates the uninfected host cells,
short lived infected cells, chronically infectedllse free virus particles, humoral
immune response of HBV specific antibodies and meltiated immune response of
CTLs is analysed to gain its characteristic withiitman cell mechanism. At first we
have analyzed the stability analysis of host catid infected cells without the effect
of immunity system and also discuss the graphicalyais with immunity system.
Present study represents a mathematical modelhvexiibit two equilibrium points
namely, the virus free equilibrium (VFE) and vimpesent equilibrium (VPE). It is
found that using Lyapunov function the virus freguiébrium (VFE) is globally
asymptotically stable (GAS) whemy, < 1. And also the virus present equilibrium
point (VPE) is locally asymptotically stable whig = 1.
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I ntroduction

Hepatitis B virus is a potentially life-threadingdr infection caused by the hepatise
B virus. It is a major global health problem. ltncaause chronic infection (long-
standing) and puts people at high risk of deatmfoearrhosis and liver cancer [1].

The infection has been preventable by vaccinaiioces1982 [2, 3] .Vaccination is
recommended by the World Health Organization in first day of life if possible.
Two or three more doses are required at a later onfull effect. This vaccine works
about 95% of the time. About 180 countries gave \thecine as part of national
programs as of 2006 [4].

About one third of the world population has beefiedéted at one point in their lives,
including 240 million to 350 million who have chiiorinfection [3, 5]. Over 750,000
people die of Hepatitis B each year [3]. The diseisnow only common in sub-
Saharan Africa and East Asia;, where between 5-10%he adult population is
chronically infected. High rates of chronic infectiare also found in the Amazon and
the southern parts of eastern and central Europthel Middle East and the Indian
subcontinent, an estimate 2-5% of the general ojoul is chronically infected [3].
Less than 1% of the population in Western Europk Morth America is chronically
infected [1].

Transmission of hepatitis B virus results from esyge to infection blood or body
fluids containing blood. Possible forms of transius include sexual contact [6]
blood transfusion and transfusion with other huniéood product [7] are use of
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contaminated needles and syringes [8] and vettiaasmission from mother to child
(MTCT) during childbirth. Without intervention, aather is also positive for HBsAg
has a 20% risk of passing the infection to herpoifgy at the time of birth. The risk is
as high as 90% if the mother is also positive fBelg [9].

The hepatitis B virus can survive outside the bémtyat least 7 days. During this
time, the virus can still cause infection if it erd the body of a person who is not
protected by the vaccine. The incubation periothefhepatitis B virus is 75 days on
average, but can vary from 30 to 180 days. Thesuinay be detected within 30-60
days after infection and can persist and develtp@hronic Hepatitis B [1].

The likelihood that infection with the virus becosnehronic depends upon the age at
which a person becomes infected. 30-50% of childnéected before the age of 6
years develop chronic infection. 20-30% of adultsovare chronically infected will
develop cirrhosis and liver cancer [1].

Treatment strategies include drug therapy (for HBXQ liver transplantation in cases
of end-stage liver disease. However, these tredtvae expensive and can produce
significant side effects [10]. It is known that mygpatients with liver transplants have

experienced HBV re infection, illustrating that amments may not result in a

permanent cure [11]. There is still limited accégsdiagnosis and treatment of

hepatitis B in many resource-constrained settindg,raany people are diagnosed only
when they already have advanced liver diseasesr ldancer progresses rapidly and
treatment option are limited. In low-income setingnost people with liver cancer

die within months of diagnosis [3]. Thus, in orderanalyze the with-host dynamics

of HBV, mathematical modeling is introduced.

Here we simplified a mathematical model of immuasponds to HBV infection.
This focuses on the control of the infection by iterferon, the innate and adaptive
immunity. Much interest has been devoted to mattima modelling of in vivo
dynamics of viral infections. These in-host modeis formulated to explore possible
mechanisms and dynamical behaviours of the virf@ction process. There is little
evidence that humeral immunity plays a major raiethe clearance of established
infection. Cell-mediated immune responses, paditylthose involving cytotoxic T-
lymphocytes (CTLs) seems to be very important 14, During HBV infection, the
host immune response causes both hepatocellularagtanand viral clearance.
Although the innate immune response does not plasigaificant role in these
processes, the adaptive immune response, in pgartieirus-specific cytotoxic T
lymphocytes (CTLs), contributes to most of the diwejury associated with HBV
infection. CTLs eliminate HBV infection by killingnfected cells and producing
antiviral cytokines, which are then used to purd@/Hrom viable hepatocytes [14].
Although liver damage is initiated and mediated Hye CTLs, antigen-
nonspecific inflammatory cellscan worsen CTL-inddc immunopathology,
and platelets activated at the site of infectiory iailitate the accumulation of CTLs
in the liver [15].

Here we construct a simplified, biologically jugd, mathematical model of the
dynamics of HBV infection and want to focus on thimportant components of the
immune response; the interferon and cellular coraptmof innate immunity and the
adaptive immunity. Innate host responses duringetiidy phases of viral infections
are mainly characterized by the production of typeterferon (IFN) and the

activation of natural killer (NK) cells [14]. Innatimmunity generally plays a role
immediately after infection to limit the spreadtbe pathogen and initiate efficient
development of an adaptive immune response.
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Our goal of this study is how the early virologieald immunological events might
influence the development of activation of adapiivemunity necessary to control
HBV infection. All of these have the same goal iafiting the concentration of the
virus and the damage of the system.

The interaction between the HBV virus and both itheate and adaptive immune
response determines the final outcome of the imiectCurrent treatments are
effective in suppressing HBV viral replication bntmost cases fail to clear the virus
[10]. Increased knowledge of the virological andriomological events secondary to
HBV infection allows us to define the mechanismeoiuwed in viral clearance and
persistence.

Here, we explore the natural history of hepatitisirBhost, and if possible the
mathematical formulation of its dynamics in vivo darthe construction of
epidemiological aspects within a mathematical mad€éhe paper is organized by,
model formulation, analysis of the model, evaluatiof the basic reproduction
number and determines the existence and stabflityeovirus free and virus present
endemic equilibrium of the model.

For mulation of model

We design a mathematical model to understand thestnission dynamics and
prevalence of HBV-in host. The model is construdteded on the characteristics of
HBV-in host transmission. In our model, the totaitogenously mixing population at
time t, is denoted by N (t). The total host pogiola is sub-individual into six
epidemiological groupsH(t) represent the uninfected target host cells at tirmed
short lived infected celld(t}), chronically infected cellsc(t}, and free virus
particlesV (t). The A (t) represent the density of HBV specifitibodies produce by
the humoral immune response at time t and Z (tjessts the density of CTLs
produced by the cell mediated immune responsenattii so that

N(t) =H(t) +I1(t) + C() + V() + A (D) + Z (t)

The susceptible host cell is decreased by infectidrich can be acquired following
effective contact with free virus particles, abgerd given by

A=Y (D)

1 tav”

The uninfected target cell consist of constantuigTrent rate of uninfected healthy
cells and the rate of infection is given by satoratfunctional response which
describes the interaction of the virus with unitégc cells (at a ratgé(1 &),
anda = 0 whereg is the vaccination efficacy, € ¢ < 1) and infected hepatocytes
can be cured and move back into the target populati that rat@ and host cells is
decreased by the natural death rateThus the rate of uninfected target cell is given

by

dH (1—&)BHV
=g—puH ———"7—

— = I
dt 1+ al tp
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The short-lived infected cells consist of the iat#ion of the virus with uninfected
cells (at a rat@(1—o)(1—¢), andx = 0 where ¢ is the fraction of infection
depends on the short lived and chronically infeatellls, 0<. ¢ < 1) and decreases
by the death raté of the short-lived infected cells and infected dtepytes can be
cured and move back into the target populatiomatates and the density of CTLs
produced by the cell mediated immune response fetted cells at the raté and
progression ratg of short-lived infected cells. Thus the governaguation is

dl  (1—¢)(1—a)BHV
dt 1+ al

—8I—pl —PIZ—nl

The chronically infected cells consist of the iatgion of the virus with uninfected
cells (at a rat(1 — o), anda = 0) and decreases by the death rateof the
chronically infected cells and the density of CTuduced by the cell-mediated
immune response of chronically infected cells. dt further increased by the
progression rat@ of short-lived infected cells. Thus the governaguation is

dc _ ¢(1-o)BHYV

—al —PCZ+nl
dt 1+ al n

The free virus particles consist of the average bemof virus produced during the
lifetime of short-lived infected cells. It is alsocreased by the average number of
virus produced during the lifetime of chronicallpfected cells and decreases
clearance the free virus (at rafe, by humeral immune response against HBV
infection of free virus particles (at a rate q) aby the density of CTLs produced by
the cell-mediated immune response of free virusigd@s. Thus the governing
equation is

dv
— = NI+ NoaC—yV —qVA - PVZ
The humeral immune response consists of the prmtfucate of antibodies (at the

rate &z, depends on the number of short-lived and chrogidafected cells and
decreases by the lost of the antibodies (at augteHence

dA
E=rxﬂ_(f+ CIA—p A

The cell mediate immune response consist of therexgh precursor CTL cells from
the thymus at the rate and CTL cells also expand in response to viralgenti
derived from infected cells such as short-lived ahtbnic infection (at a ratg and
is decreased by the lost of CTL (at a naff. Therefore, the governing equation is

dZ
—=b+c,(I+C)Z—pu Z
d't +1( + J Pz

Based on the characteristics of HBV transmissiothiwiin-host the non-linear
differential equations (associated variables andrpaters are describes in Table 1)
are given by

dH _ g (-opav
dt —TTH 1+aV P
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dl . (L—g)(1-o)SHV
E_ 1+ ul’

df  @(l-c)BHV
dt 1+al’

—aC — PCZ +qyl

v
— = Nl + NoaC —yV — qVA— PV7

A
== a,(I+ C)A—p A

%=b+c1{1+c}2—pzz

Figure: Model Diagram of HBV in- host

—&81—pl —PIZ —ql
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Parameters Description Values
T Constant rate of production of health
hos{) cells ) 10 el
i Natural death rate of healthy cells varies
o The vaccination efficac 0<o=1
B The interaction rate 0.01 [19]
D Cured rate of infected hepatocy 4 [20]
@ the fraction of infection depends on the
short lived and chronically infected cells O=p=1
) The death rate of the short-lived infected 0.5 [22]
cells ]
P Cell-mediated immune response 0.5 [varies]
a The death rate of the chronically infected -
Ce”S varies
¥ The free virus clearance rate 0.67 [24]
q The antibody neutralization r: varies
b The export of precursor CTL cells from 0.12 [25]
the thymus
et The saturation infection rate varies
] Progression rate of short lived
! £(];hronically infected cell Ll e
N, The averag number of virions produce
during the lifetime of short lived infected varies
cell
N, The average number of virions produt
during the lifetime of chronically infected varies
cell
@, Production rate of antibodi 0.43 [20]
s The lost rate of antibody 0.066 [19]
I The lost rate of CTL cells 0.43 [21]
| HBV specific CTL stimulation rate varies

Table 1: Data summary and description of parameters of theehn

Analysisof the model :

Consider the model (2), with absence of immune amrse (i.e. model (2) with

P =4 =a, = b= ¢, = 0). Then the model (2) in the reduced form is :

dH

(1- o)BHV
== G Z9)PAY

m— uH
" 1+ al

dl _ (1-@)(1-a)fHV
dr 1+al

— 0l — pl —nl
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dC ¢@(1—o)BHV
it 1+aVv

& — N,8I + N,aC —yV

dr

—aC —nl

Existence and the local stability of virusfree equilibrium points (VFE):

The reduced model (2) has a VFE, obtained by sgettia R.H.S of the equations in

(2) to zero, which is given by

A
£, = (H*I*,C*,V¥) = (—,u,n,n).
I

The local stability of, can be established using the next generation tmpareethod.
The matrices F and Q for the new infection termd #re remaining transfer terms
from the model at the VFE are respectively given by

, o Br-o)-o) [ pr(l-9)(1-0)
w(l+al)? u
= 0 J@-nr:p[:l—u? = 0 o J@-n:p(l—r_lj

p(1l+av)? 2

0 0 0 - 0o 0 0
d+p+n 0 1]
and Q= -1 a 0
—N,d —N,a vl

The associated reproduction number, denoteB oy p(F@ "), wherep denotes the
spectral radius (dominant eigenvalue in magnituofejhe next generation matrix
FQ ™. It follows that

Rr{(1 — a){@N 8+ @N p + N, + N&(1 — )}
u(d+p+my

Ry =p(FQ™Y) =

Lemma 1 : The disease free equilibriums, of the model (2), is locally
asymptotically stable (LAS) i?; = 1, and unstable ift; = 1.

The threshold quantify®, is the reproduction number for the model. The
epidemiological implication of Lemma 1 is that HBM-host spread can be
effectively controlled in the community (whéi < 1) if the initial sizes of the
population of the model are in the basin of attoecbf the disease free equilibrium
£g.

Global Stability of VFE of the model :

Lemma 2 : The model (2) does not undergo backward bifurcasibR, = 1 in the
absence of immunity (i.e., whéh=g = a, =b = ¢; = 0).

The result given in lemma 2(discounting the posigitdf backward bifurcation when
P=q=a,=>b=c, =0 suggest that the DEF;, of the model (2), may be



311 globally asymptotically stable (GAS) whe®, <landP =g =a, =b=c¢,; =10
312 this is explored below.
313
314 Theorem 1: The DEF,s,, of the model (2), witlP =g =a, =b=c¢; = 0is GAS
315 inDif By < 1.
316  Proof : Consider the Lyapunov function
317 F=RlI+HCH Y
318
319  Where,
_uN_+ N8
320 T d4p+n
321
322 fa=N,
323
324 =1
325
326  With Lyapunov derivative given by (when dot represgifferential with respect to t)
327

328 F=fIt)+fCD)+ £V
N.+ NG (1—g)(1—0o)SHV
d+p+n 1+aV
¢(1-0g)BHV ]
N |——————aC —pCZ+nl
329 + 1[N,81 + N aC —yV — ¢VZ — PVZ]
330
331

_ BrV(nN,+ N,5)(1— o) _ﬁ‘?ﬂr’fp(l —a) (N, + N, &}
T w8+ p+n)(Ltav) p(d+p+m(1+av)

(nN_+ N&) @N (1 — o) fal

———Hé+p+mn) +nIN,+ NS —yV +
23 e (6+p+mn) +nIN + NS —y (At an)
333
334

Brv(nNe+N;6)(1-o5)  Bave(l-c)(nNe+N&) N (1-o)gnv
335 = —

plE+p+n)14ar) plErprn)(1eav) pl1 +av)

IN, = NIS + niN, + N1 -y + £t = DBV
336 e m Ao T T en u(1 +ab)
337

_ BV (yN. + N;8)(1 — g) — BaVe(l — ad N, + N, &) = yVE( +p +0)(1 + aV) + oN faV1 —a)(5 +p + 1)
338 (s +p+n)(1+al)
339
340
_@N.(1—o)faVE + N (1 - o)faVp + N V(1 — o) + V(1 — oIN;6 — BrVp(l — o)N;§ v
341 h 6 +p+n)A +aV) !
342
343
(4 (4 V
=T—[Rﬁ—1]—y—rxV~*{Y—[R,:,—1] =0

344 (14 al) (1L+aV) (1L+aV)
345
346 Thus,F = 0if Ry = 1 with F = 0if and only if v=0 (sincet = LU 0). It follows,

1+aV
347 from the LaSalle’s Invariance Principle [13] that 0 as t — oo,



348  Existenceof Virus Present Equilibrium point (VPE):

349

350 In this section, the possible existence and l#halof virus present (positive)
351 equilibria of the model (2) ( that means, equiibwhere at least one of the infected
352 components of the model is non-zero) will be coasia the absence of immunity,
353 thatiswhenf =g =a,=b=c, =0).

354 Let &= (H™, 1™, C*, V™) represent any arbitrary virus present equilibriomthe
355 model (2) withP =g = a, = b = ¢, = 0. Solving the equation of the system (2),we
356 have the following virus present equilibrium pofNPE)

357
358

aH _ H-(1—-0)AH +pl 4
359 T H o =) [ )
360

A (- @)1= o)l — 61— pl — 7l '
361 T @ 7). F'—pl—nl e (5)
362

dc
363 ;=(p(l—J)JLH—aC—|—nI.................(6]
364

dv-h’é’[+h’ Cc—yV (7)
366
367 From (4) we get the first equilibrium point,
368
369 T—pH™ — (1 — @) AH™ +pI™ =0
370
372

,R._l_ [w.-c
=:-H**=—p..........................(Sj

373 u+(1—o)it=
374
375

376  From (5) we get, (1—e)(1—a)A™H* — (6+ p+n)I* =0
377
Sy Q@A Z)TET )
378 (6+p+mn)
379
380
381  From (6), (1 — G)i**H™ — aC*™ + nI** = 0
382

383 =@(l—0)A”H” —al* +
384
385 =207 =

n(1—g@)(1—g)A** H* -0

E+p+m)

lp(1-c)(E+p+n)+n1 —pl(1-c)]A"H™
alf+p+n)

e (10)

386

387

388  And from the equation (7) we have,

389

390 N,6I** + N_aC* — yV*™ =
391



392
(L —@)(l —a)A=H*

= N_{G =
(0t~ D p+m) + (1= 9)(1 = o)
1-0)(E +p+m) +n(1 - @)1 - O)A=H*

AT prm+n-g =0
393 ald+p+n)
394

_ IN;a6(l — i1l — gl + Noalell —glld+p+9) + 90l — o)l —g}iA™H"

' ald +p+1)
395 —yalf+p+ IV =1
396
397

Syt = N;asll — g}l —o) + Nealp(l— o) +p+7) +5(1 —g)(1 — g)]}A"H™ an

398 vaGleglm T
399
400

401 So, we have positive virus present equilibrium goionly whereR, = 1. The
402  expression fo#, at the endemic steady state, denotediiiyis given by

403
Ui*i*
AT = E— U
404 1+al™
405
406 =21+ av™) = pre
407
1
= ——(A—yd —yn —yp —aldH"N, + aASH*N.c + aldH*N,
?(5+p+nj[(r yn —yp Ny ; @
— aAdH " Nypo — alld "Nl — alH " N-@pp + adH " N-pdc + alH " N-@ap
— adH** N+ aAH** N om))
_BWNad(A—p)(A—0a) + Nea[e(1 —a)(§+p + ) +7(1 - @) (1 - )]JAH™
408 va(d+p+m)
409
Aly(d+ p+ )+ widH™N, — aifH N0 — alfH" Ny + widH™Npr + aiH N, @b + elH"N. gp — alH " N.ods — eiH Nooap + aiH™N.1-
= yif+p+n)
_ BiNaed(1—pd1—a) +Malp(l—adld+p+n) +n(1-p)(1- OlliE
410 - yald+p +1)
411
= Aal[y(d +p + 1) + aAH™N, — aA6H"N,0 — aASH**N,¢ + aASH**N,go
+ adH"N @S+ arH N pp — alH* N @pdoc — aAH" N .@op
+ aAH** N n— ail N on]
= BN, ad(1—g)(1— o) _
412 +Nalp(l-o)(d+p+n) +n(l—@)(1l—a)]}AH™
413
= Aaly(6 +p + 1) + aAH*N,(1 — o) — aASH*N,p(1 — ¢) + aAH* N, (1
— )+ adH* N pp(1 — a) + adH* N n1 — 7]
= Ba{N;5(1—¢)(1— o)
414 + N [p(1-a)(§+p+n) +n(1-e)(1-a)JAH™
415

= daly(6 +p+n) + (1 —o)(aAdH "N, — aAdH "N, + alH" N-@d
+ alH* N gp+ a:H*N:q)]
= fa{N,6(1—@)(1— ag)
416 +NJp(1—-a)(d+p+n) +n(l—@)(1-a)]}AH™
417



= Aaly(§ +p +n) + (1 — a){albH*N,(1— @) + aAH*N.@5+ alH*N_-¢gp
+ aAH™Nn)]
— Ba{N,5(1— ¢)(1 — o)
418 + N [o(1-a)(d+p+n) +n(1—@)(1-a)]}AH*
419
420
= Aly(G+p+m) +[(1—0){6N,(1— @) + NowlS+ Nowp + NegHulH™
=B{N;6(1-¢)(1-0)
+ N_p8(1—0a)+N,pp(l —a)+N.on(l —a)+N n(1l - o)

422
= Ay +e+n) +[(1—a){N,(1 — @) + No@d+ Negp + Nenj]aiH™
423 =R{(1—a){N,6(1— @) + N.@S+N_op+ N.n JAH™
424
1-0){6N,(1— @)+ NS +N.gpp+N
=?41}’(5+P+T;r] {14_( Uj{ ;( ‘Pj cP cPP Cnrx},H**|
y(f+p+n)
475 =p{(1—a){N,6(1— @) + N @S+N_pp+ N JAH™
426
427
1—a) (6N, (1 — N.@S+N N
=},1[1+( Uj{ ;( ‘Pj+ c@0+ N-op + cﬂaiﬁggl
y(6+p+mn)
_B{1-a){N,6(1— ) + N, @i+N pp+ Ncﬂ;}mgg
428 y(6+p+mn)
429
al,
::-,1[1+ }L] = Ryd
430 B
431
:,aE“,12+1 RA=0
432 B coe
433
= %o 5o +A(1—-R)=0
434 B °
435
a:ﬂc, .
436 B
437
:,aE“‘,l— B,—1
438 B °
439
R,—1
= 1=
aRy
440 B
441
R,—1
=~,.,1="9( o— 1)
442 aRy
443
444 =Ell—i) If Ry > 1 then > 0,
o ow Ry

445
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Lemma 3 : The model (2) wittP = g = a, = b = ¢, = 0 has a unique virus present
equilibrium point , given by, wheneverr, = 1.

L ocal stability of VPE point :( HBV- in host without immunity system)
The local stability of the virus present uniqueiglguum point (VPE)z,, will now be

explored for the reduced model (2). Using the stligin H** = N** —I — C -V,
gives the following reduced model:

A A=) DY e V)= (64 p+m)

dt 14+ aV
dl
»>—= [-(1-o)(1-o)a, — k, ]I+ [-(1— @)1 —0o)a,]C
+(1-g)(1-a)[a;—a,]V
dl
= s = (-ma, — k) + (—ma,)C + m(a, —a,)V
ﬁ i fP'::l—O':] % T _ _
~ = iy W= C=V]=al+nl (13)
dl
- Py [l —olay +nll +[—¢(l —o)ay —alC+ @1l —o)[a; —a1]V

dc
== (—na; + 7)1 + (—na; —a)C +nla, — a ]V

r

dt

— NSl + N,uC —yV

Theorem 2: The unique virus present equilibrium poirt, of the model (2), is
locally asymptotically stable (LAS) ®, = 1.

Proof: The proof is based on using the technique in [M#ich employs a

Krasnoselskii sub- linearity trick. The essentiadiytails that the linearization of the
system (13), has solution of the form

Z(t) = z,

Substituting a solution of the form (14) into theekrized system of (13), gives the
following linear system

Bz, = (—ma, — ky)z; + (—-may)z, + (a; —ay)zz o oo (15)
0z, = (—na, + n)z; + (—na; —a)z; + [a; — a;]zz . e o (16)
fz; = N6z, +N.az; —yzz . v o (17)



490 Where,

se _ BV _ BH™ _ 1 — — = —_ =
491 .-1 - P - ﬂ--p T - ﬂ"_‘_!l [1 ‘pj(l Jj m, @(1 Cj ﬂl
492 k,=8+p+n
493

494  Firstly, all the negative terms in the equation)(ai"e moved to their respective left
495 hand sides. Solving the equation of (17) and suitisig the result into the remaining
496 equations we have,

497

498 From (17) we have, Bz, = N,6z; + N.az, — ¥z,

499

500 = (6 +y)z; = N6z, + N,az,

501

Nydz,tN.az

502 = Eq = T .:é-}}r; T et (18)
503

504  Firstly, all the negative terms in the equation)(@& moved to their respective left
505 hand sides and solving the equation of (16).

506
507 From (16) we get, 6z, = (—na; +n)z; — (na; + a)z, + [a, —a4] [%:;““]

508

=8z, + taz, + 4 2o ulea
e T T, az, nao, =z - = e
S R N CR S O i
N a, N & a,N. a
=nz Z Zy
509 R CERS RN CERY
510
a,N_a a,N,§
:}[E—i-(na—i-a]-l- L e ]zz-l-[na-l- 11 ]z
! (6 +7) e+l
[ + azN{ﬁ“] + . N a (19)
=\ Z g vreves vee mrven e s nen
511 CEZINCESY
512

513  Firstly, all the negative terms in the equation)(dBe moved to their respective left
514 hand sides and solve that equation.

515
Npdz, +Nyaz=,
516 From (15), 8z, + mayz, + kyz, + mayz, = (a, —ay) [%T]
517
a N, d a,N_a
= [6 + (ma, + k,)]z, + ma,z, + ———z L o
N CE S R CE 3%
aq Ny & + aq N, a
= z z,
518 @+ @+
::-[5' + (ma, + k) + G1N15]z + [ﬂm + a1Nr__g]z
R CE % ECERY) e
o, N & N a,N a (20)
= -4 - U ('
519 E+¥) 7 (B+y) °
520
521  From (18) we have, [1 + E] zg =2z %2,
¥ ¥ ¥
522

523  Adding the equations (19) and (20) we observe that,
524



[8+k 4 (m4n) +2a1N*'5] +[e+ 4 (m+4n) +2a1N"a]
T TL )2 —_— = & FrLTTL | £ ey
' e+l e+l
[ Eazh’fﬁ] +2a2Nca
= =z Z,
525 TTe It Tein™
526
g m+n)a 2a,N,5 7 (m+na 2a,N-a
:}[1+_+( Jay 197 ]zl-l-[l-i-—-i-( Jay 15]22
ky ky k(8 +¥) ] a a(f +v¥)
] 2ayN;& 2a,N,
527 ki ky(8+v) (6+7v)
528
2a-N;& 2a-N
529 -*-1+F32+1+Fez=i+z—’].+“’z
1+ F@]z,+ [1+ FO)]z, = [L+ 2200 7, 4 2k,
N;& N
530 [1+ F3(8)]z; = lzl—l—mzz. ..................................... (21)
¥ ¥
531
532 Where, FI(:HJ :i+im+‘]‘l_lﬂ1 Izai."v;-ﬁ‘
key k. ity (B+y]
533
5, (6) —E+ (m+tn)a, 2ayN;
534 a a (6 +71)
535
7,
F, () =-
536 (0) ¥
537
Qg & oV @ 0
ka¥ k¥
. n o, egNgd 3 N
538 W|th, M= E+? T )]
E NLE 0
¥ ¥
539

540 Note that, the notationM(Z,) (with i=1, 2, 3) denotes the-th co-ordinate of the
541  vector M(7). It should further be noted that the M matrix mas-negative entries
542 and equilibriume, = (H*,I**, C**,V**) satisfiess; = Mg,. Furthermore, since the o
543  ordinate ofs are all positive, it follows then thatif is a solution of (21), then it is possible

544  to find a minimal positive real numbers s, depegdin Z, such that
545

546 IZ]l < 584 e e (22)
547

548  Where||Z] = (Elz_z_) with the lexicographic order ar|d.|| is a norm iriC. Now

549 we want to show thake (&) < 0. Deny it, we distinguish two case&:=0 and
550 & = 0. In the first case, the determinate of the homeges linear system (13) in the
551 variableZ, (i = 1,2,3) corresponds to that Jacobean matrix.

552

553  Then, forf = 0, the only solution of the system (21) is the &ivbine which implies
554 that #+0. Assume now that #§+0, and Re(f)=0. Let
555 F(f)=minf|1+ F(#)|,i = 1,2,3}. It is easy to prove that in this caldet F(8)| =
556 for all i, and therefor&(#) = 1. Taking norms on both sides of (21), and using the
557 fact that M is non- negative, we obtain the follogiinequatiy:

558

559 F(O)lzll = Mzl ... .......(23)

560
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Using (22) and (23), we get
F@)IIZIl < sMe, = sz,

which implies, 1Zll = = 9} ——£, < 55

But this contradicts the minimality of s. TherefoRe (&) < 0. In this way we proved the
following theorem.

Theorem 3: If R, = 1, then the positive endemic virus present equiitrstates; of
the system (2) is locally asymptotically stabletioa seD.

Global stability analysisof VPE

Theorem 4: The unique VPE of the reduced model (13). Constaerfallowing non-
linear Lyapunov function:

L= 1—H— H+2 1—'— |
H K, I
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I
i s WiH® (1—ggH Y H” sx H (-g)BH'V .
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Since the arithmetic mean exceeds the geometria hitfallows then that

5

———-—=<0
H** H

Also, if we conside"ﬂl = 1 then the sign of the quantig/™ - %(1 — IT) iS positive.

Considering the parameter values from Table 2y#iee of k is greater than 1. So
the last term of the above expression is also igesit

Hence L < 0 for &, = 1. Hence, L is a Lyapunov function of the system ((16)— Thus,

by the Lyapunov function L and the LaSalle’s Ineage principle [13], every solutlon to the
equation of the reduced model (13) approaches (\BE)= oo for R, = 1.

Numerical ssimulation and discussions

In this section, we have drawn some graphical ptegen using data from Table 1. Here we
have collected some data from [26]d we assumed some data for our convenience.

Short lived infected cells with immune response and R0O=0.0831

0.9 B

0.8 B

0.7 B

0.6 B!

0.5 b

0.4 =

0.3 B
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0.1 B

Total number of short lived infected hepatocyte cells

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time (hours)

Fig 1. Short lived infected cells with immune responsewR®=0.0831<1

In Figure 1, consider the different rate of immuesponse parametgi®, q. m4. b, r,)
for the reduced model (2)Ve see that the total number of short lived irddatells
are slowly decreases with immune response wheés Igss than 1 (i.eR0.0831<1).
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Short lived infected cells without immune response and R0O=0.3960
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Fig 2: Short lived infected cells without immune respomgien B=0.3960<1

In Figure 2, consider the absence of immune resporEarameters
(P =g =a, =b=c. =0) for the reduced model (2Ve see that the total number of
short lived infected cells are also slowly decrsagghout immune response wheg R
is less than 1 (i.e40.3960<1). But the reduced rate is comparativielw shan the
role of immune response.

Short lived infected cells with immune response and R0O=4.5856

Total nunrber of short lived infected hepatocyte cells

L L L —— T L L L
0 5 10 15 20 25 30 35 40 45 50
Time (hours)

Fig 3: Short lived infected cells with immune responsewR=4.5856 >1

In Figure 3, consider the different rate of immuesponse parametdi®, q, a4, b, ¢4)

for the reduced model (2)Ve see that the total number of short lived irddatells
are slowly decreases within the initial time angtathat it is increases and due to the
immune response short lived infected cells are gesliwhen Ris greater than 1
(i.e.R=4.5856>1).
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Short lived infected cells without immune response and RO=1.6619
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Fig 4: Short lived infected cells without immune responden R=1.6619>1

Total nurber of short lived infected hepatocyte cells

In  Figure 4, consider the absence of immune resporEarameters
(P =q=a, =b=c =0) for the reduced model (2)Ve see that the total number of
short lived infected cells are slowly decreases$iwithe initial time and after that it is
gradually increases due to absence of immune respahen R is greater than 1
(i.e.R=1.6619>1).

% Chronically infected cells with immune response and RO=0.7919

1 T T T T T
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Fig 5: chronically infected cells with immune respondeew R=0.7919<1

In Figure 5, consider the different rate of imnmuesponse parametgi®, g, at,, b, c,)
for the reduced model (2)Ve see that the total number of chronically iréelctells
are slowly decreases with immune response whes IBss than 1 (i.eJR0.7919<1).
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Chronically infected cells without immune response and RO=0.7919
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Fig 6: chronically infected cells without immune respomden R=0.7919<1

In Figure 6, consider the absence of immune resporEarameters
(P=g=ay,=b=c =0) for the reduced model (2)Ve see that the total number of
chronically infected cells are also slowly decrsasgthout immune response when
Ro is less than 1 (i.eqR0.7919<1). But the reduced rate is comparativielw shan
the role of immune response.

Chronically infected cells with immune response and RO=7.8940

Toa nunrber of dyonically infected hepatocyte odlis
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Fig 7: chronically infected cells with immune responseewli®=7.8940>1

In Figure 7, consider the different rate of immuesponse parametdi®, g, a4, b, ¢4)
for the reduced model (2)Ve see that the total number of chronically irdelctells
are slowly decreases within the initial time anteathat it is increases and also
decreases due to the immune responses. In thedamgthe infected cells tends to a
stable situation whengRs greater than 1 (i.egR7.8940>1).
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Chronically infected cells without immune response and RO=7.8940
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Fig 8: chronically infected cells without immune respenghen B=7.8940>1

In  Figure 8, consider the absence of immune resporEarameters
(P=g=a4=b=c =0) for the reduced model (2)We see that the chronically
infected cells are gradually increases due to bserce of immune response and in
the long term the infected cells tends to a stalileation when Ris greater than 1
(i.e.R=7.8940>1).

Summary of Contributions

We rigorously analyzed (mathematically and numdgiraghe dynamics of HBV in vivo in
our model.The model equations are solved numerically anddlalts are presented
graphically based on our simulations. The immurspease can be ficient to clear
the HBV infection from hepatocyte cells of an indival. But in the absence of
immunity, the viral load is brought down to veryMdevels although not completely
cleared . Most important, we also showed that tinesvfree equilibrium is stable
while the virus present equilibrium is also statgending on the various values of
the model parameterSome mathematical and epidemiological findings wf study are
given below:

1. The model has a virus free equilibrium (VFE) althis asymptotically stable ¥, <2 1 and
unstable ifR, = 1. We also found that, the model has a unique vimesent equilibrium
point and discuss the local stability at VPE usBuip-linearity trick wher®; = 1 and global
stability of that point using non linear Lyaponunttions wheri; = 1.

2. The decreases rate of infected cells with imem@sponse is comparatively better than that
of without immune responses .

Conclusion

In this paper, we have proposed a deterministicenfm the dynamics of HBV inside the
body of an infected human host. The model describednteraction of the virus with the
uninfected and infected cells taking into withaamune response. The infection rate is given
by saturation functional response which is dependsotal viral load. We have shown that
the dynamics of the model is fully determined bgeihold parameter,RThe model have
shown a globally asymptotically stable virus freguiébrium (VFE) whenever a certain
epidemiological threshold, known the basic repréidacnumber, is less than unity. It has a
unique virus present equilibrium (VPE) whenever theeshold quantity exceeds unity. By
constructing Lyapunov function and using Lasallaisvariance principle, we have

investigated the global stability of equilibrium thfe model. We have proven that i§R1
the VFE is GAS and under certain condition VPE I& ajlobally asymptotically stable if
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Ro>1. Finally, numerical simulations have been peried the disease stability on the basis of
immune response.
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