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Some inequalitiesin quas 2-normed space

LP(u),0< p<1

ABSTRACT

In [8], C. Park generalized the notion of the quamimed space, i.e. he introduced the notion of|the
quasi 2-normed space. He proved several propefttee quasi 2-norm. In [3], M. Kir and M. Acikgaz
gave the procedure of completing the quasi 2-norepede. Several inequalities relating the quasi 2-
normed spaces are given in [1], [5] and [6]. Laitef,/], some properties of the convergent sequence
in quasi 2-normed spaces are proven. In this papenyill introduce the quasi 2-norm of the space

LP(u), 0< p<1 and we will prove several inequalities relating tjuasi 2-norm of this space.
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1INTRODUCTION

In 1965, S. Gahler introduced the 2-normed spafs One of the axioms of the 2-norm is the
inequality of parallelepiped which is fundamentalthe theory of 2-normed space ([5]). As in the
normed spaces, C. Park, in the 2-normed spacdagcespthis inequality with a new condition, which
actually gives the following definition of the qu&snormed space.

Definition 1 ([8]). Let L be a real vector space withmL = 2. Quas 2-normis a real function
[ICOl:LxL - [Ogo ) which satisfies:

a) |Ix,y |k Cforall x,yOL and||x,y [E Cif and only if the se{x y} is linearly dependent;
b) X,y lFlly x |[forall x,yOL;

¢ |lax,ylEl Blky |forall x,yOL and for eache OR,and

d) There exists a constamt =1 such thaf|x+y,z|KK ([xz |} Yz | forall x,y,zOL.

The pair(L,||CH|) is calledquasi 2-normed space. The smallest numbét that satisfies the condition
d) is called thamodul of concavity of the quasi 2-nornfj L]

In [3], M. Kir and M. Acikgoz give several exampl®$ trivial quasi 2-normed spaces and they
consider the question of completing the quasi 2rneat space, and in [8], C. Park gives a
characterization of the quasi 2-normed spacehéroved the following theorem.

Theorem 1 ([8]). Let (L,||CO|) be a quasi 2-normed space. Then there existd< p<1 and an
equivalent quasi 2-norfj|C|| onL such that

lix+yzP<ikz fi+ Wz A, @)
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forall x,y,zOL .=

In connection with this theorem 1, C. Park, in @@jes the following definition.

Definition 2 ([8]). The quasi 2-norm of theorem 1 is callg] p) — norm and the quasi 2- normed space
L is called(2, p)— normed space.

2 THE QUASI 2-NORM OF LP(u), 0<p<1

In this part, we will introduce the quasi 2-normtbé spacelP (x), 0< p<1. For that purpose, we
will use the following two well known inequalities.

Lemmal. If p(0,1) anda,b=0, then

(a+b)P <aP +bP, ()
and equality holds ifand only #=0 orb=0.m
Lemma?2.If g>1 andc,d >0, then

259 (c+d)d <cd+d9, (3)
and equality holds ifand only §=d . m

Theorem 1. Let (Y,M) be a measurable spage, be a positive measure d and let X = LP(y),
p(0,1) be the space

X={f| f:Y >R [| f|Pdu<+e}.
Y

Then the functior]|C|:.LP @ X LP @)- R, defined by

FO) f(y)

f,
f.glE{] Ig(x) "

YXY

‘Pd(uxu)}p, (4)

where ux y is the direct product of the measyre is the quasi 2-norm of the spae= LP (u) .
Proof. a) Because of the inequality (2), we have

f f
|‘ 0V TN ot g (v)- g 00 ) P

ax) a(y)

<( f g I+ g )f &)1
< gy P +1g&)f ¢) P,



79
80 forall f,gOLP(w) and for each(x,y) Y xY . Now, using (4), the properties of the absoluteea

81 and the properties of integrating on a direct pobadi the measurable spac@sxY,M xM, ux i),
82 we obtain

83
f(x) f(y) -
f, duxu)p
1.0 IF {Y£Y| 9% g(y)‘ Pd@xu)
<{ [ FgN P +1g()f (y) P)d (ux p)}?
YxY
84 ={ 1 EIPlay) Pd@xm+ [ [g)PIf ¢)Pd pxu)p
YxY YxY
={JI f( P duflgy) P du+[lg)Pduf |f ¢)PduP
Y Y Y Y
=2°{[| F(QIP AP | A YIP dpd P <+
Y Y
85
86  which means that the functidfC|:LP @ xLP @) - R is well defined.
87

88 b) Let f,gOLP(w). From the definition (4) directly follows thdtf ,g [& O. Let || f,g |E O, for
89 somef,gOLP(w), f #0,g9# 0 in respect of the measuye, i.e.

90
f(x) f(y) <

91 Pd(uxu)}P =0.

{Y£Y| 9% g(y)l (p> ()}
92 Then
93 ‘f(X) f(y):0

ax) a(y)

94

95 almost everywhere in respect to the meagurg/, which means thatf (x)g(y)-g(x)f(y) =0
96 almost everywhere in respect of the measurey . Therefore,

97

98 Wt g ={(x Y| £(x)a(y) —9(x) f(y) #C}

99

100 is a set with measure O, i.€ux )W ) =0. The assumptionf #0, g#0 in respect of the
101 measurey , implies that

102

103 U ={x| xOY, f(X) 20} andUgy ={x| xOY, g(x) #0}

104

105 are sets with positive measure ifgU¢)>0 n uUg) >0.

106

107  We will prove that

108

109 HU¢ nUg)>0, pUs\Ug)=0and uUg\Uy)=0.



110
111 Let us suppose thap(U¢ nUg)=0. Then, without loss of generality, we can assumat t

112 Ut nUg =0 in respect of the measurqu. For every (x,y)JU;xUg we have that
113 f(x)#20,9(y)#0,gx)=0and f(y)=0, so
114

115 f(x)a(y)-g()f(y) = f(x)g(y) #0.
116
117 Thereforgx,y) Wt 4, i.e. Us xU 4 OW; 4. Using the properties of the measywex 1/, i.e. from

118 its definition we get that

119

120 (> p)Ws ) 2 (ux 1)U xUg)
=uU¢)uUg) >0’

121

122 which contradicts(u/x 1)(Ws ¢) =0. So, we conclude thag(U¢ nUg) >0.

123

124 Let us now suppose that(U¢ \U4) >0. If (x,y)DU¢ \Ug)xU¢s nUg), then xOU¢, xOUyg,
125 ybU¢ andyOUg,so f(x) #0,9(x)= 0, f (y)# 0 and g(y) # 0, which implies that
126

127 f(x)a(y) -g(x) f(y) = f(x)a(y) 0.
128
129  ThereforeU¢ \Ug)x(U¢ nUg) OW; 4. Using this and the fact thafUs nUg4) >0, we get that

130
(ux )Ws ) Z (X DIU £ \Ug) x(U s nUg)]
=uU s \Ug)uUs nUg) >0,

131

132
133 which, again, contradict¢ux 1/)(Ws ¢) =0. We conclude that(U ¢ \U4) =0. Analogously, it can

134 be proved thag(Ugy\U¢) =0.

135

136  The equalities

137

138 U =Us\Ug)OU¢ nUg), Ug=Ug\Us)OUs nUg),
139 HU\Ug) =0 and u(Ugy\U¢) =0,

140

141 imply thatU¢ =Ug =U , in respect of the measyre

142

143 Clearly, u(U) > 0. For eachx[OU , we define the set

144

145 Uy ={yl yOu, f(xa(y) - f(¥)9(x) #0} .

146 We will prove that there existsy JU such that,u(UXO) =0. Let us suppose the contrary, i.e. that

147 HuU,) >0, for eachxOU . f =g=0 almost everywhere ofY \U in respect to the measyxre

148 implies that f =g =0 almost everywhere o \U, in respect to the measyre and
149
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| ()9(y)-9()f (y)IP>0onU,.

Then
h(x) = [1 f()g(y)-g()f (v) I° day
Y

= [1£0g()-g(x)f () P dty >0,
UX

which implies that

f(x) f(y)
ax) a(y)

[ ]

YxY

P d@xp)=[hXx)du= [hXx)du> 0,
Y U

which contradicts the assumptifirf ,g |F C. Therefore, there must exigg DU such that

f(%0)9(y) —9(%p) f(y) =0,

almost everywhere ob). Since f (xg) Z 0, g(xg) # O we get thatg(y) = 906) f(y), for eachyOU ,

X0
f (%)
which together with the factf =0,g=0 on Y\U, gives that g(y)=wf(y) Ha Y, i.e.

f (%)
a(y)=af(y), wherea = 90%) So, we proved the conditiohfrom the definition 1.

f(x)
c) For all f,gOLP(w), it follows that

f(x) f(y)
a(x) a(y)

a(x) a(y)
f(x) f(y)

Nf.glE{] |

YxY

={ ]

YxY

‘ Pd@xu)y

P d(uxm}® Al g fl

i.e. the conditioni) from the definition 1 is true.

d) Let f,g0LP(x) andaOR. Then

af(x) af(y)
g®)  g(y)
f(x) f(y)
g(®) 9a(y)

llaf.glE{] |

YXY

Sal{ ]|

YXY

‘ P dxu)p

Pd@xm}? daldlf g |

i.e. the conditionii) from the definition 1 holds.
e) Using the inequality (2), and then the inequali8), with q=%, we get that, for all

f,9,hOLP (1), it follows that



F)+9(x) f(y)+a(y) o
d@xu)

h(x) h(y) ‘ Pd@xu)}

f(x) f(y)‘lﬂ‘g(X) 9(y)

h(x) h(y)]" "[h(x) h(y)

(3 f(y)|p+|‘g(><) a(y)

If+ghlE{] |

YxY

<{ ]

YxY

<{ [
181 YxY

={ ]I

YXY

Pd (ux )P

PYd (1 %
hoo hyll oo ny|! AW

1P d(uxm+ [ |
YxY

IPduxm)? +( [ |
YxY

(0 f(y)

h) h(y)
o1 f()

< 2P

=2 1 oy ey

=20 (It h ik b b,

a(x) a(y)
h(x) h(y)
a(x) a(y)
h(x) h(y)

P d(uxu)®

P d@xu)P)

182

1
183  which means that, foK =2°  >1, the conditioriv) from the definition 1 holdss
184
185 In [8], C. Park defines Cauchy sequence, converggmiience and complete quasi 2-normed space i.e.
186 he gives the following definition.

187

188 Definition 3. Let L be a quasi 2-normed space.

189

190 a) The sequencexy p—; in L is aCauchy if

191 lim || X, —%,,z|F O, for eachzOL .
n- o

192 b) The sequencex} n=; in L isconvergent if there existsx L such that
193 lim || Xy, =X,z |E O, for eachzOL .
N - oo

194  The vectorxOL is called theboundary of the sequencexy} 1 -

195 c) A quasi 2-normed spack in which every Cauchy sequence is convergent liscca quas 2-
196 complete (aquas 2-Banach) space.

197

198 Problem. Whether the quasi 2-normed spakc®(x), 0< p <1 with the quasi norm, introduced by
199 (4), is complete?

200

201 3. TWOINEQUALITIESIN LP(u),0< p<1 ASQUASI 2-NORMED SPACE

202

203 For the quasi 2-normed spaces in [5], it is pravenfollowing Lemma.

204

205 Lemma 3. If L is quasi 2-normed space with modul of conca¥ty 1, then, for eacln>1 and for
206  all z,%,%s,....%, O L, it follows that

207
n n

208 13 %,z [k KOO IS ) 7 | m (5)
i=1 i=1

209

210 From Lemma 3 and the proof of Theorem 1, direailiofvs the consequence.
211



212

213
214

215

216

217
218
219
220
221
222

223
224

225
226

227
228

229

230
231

232
233

234

235
236

237
238

Corollary 1. Let LP(u), 0< p<1 be a quasi 2-normed space in which the quasi Bvi®mgiven by
(4). Then for all fy, fo,...,f,,g OLP (), n>2, it follows that

é1+[|092 (-DNG-D 2

n%ng$ S gl (6)

11
Proof. It is enough to take&k =2P  >1 in the inequality (5)m

In the following theorem, we will prove strictereiquality then the inequality (6). For that purpose,
we will use the following well known inequality.

Lemma4. Let tO[1,). Then for allgg, ay,...,a, 0 [0,0), it follows that
n n
(Xa)snYal.m
i=1 i=1

Theorem 2. Let LP (i), 0< p<1 be a quasi 2-normed space in which the quasi Bvisigiven by
(4). Then for all fy, fo,...,f, ,g OLP (u), it follows that

I3 6.0 KPS I g | ™
i=1 i=1

Proof. Sincet :_rlJ >1, the inequality (4), the properties of the intégk@mma 1 and Lemma 4 imply
that
¥ fi(y) -
d@xu)p
909 MJP by
i) fi(y)
9(x) a(y)
i¥)  fi(y)
9(x) a(y)
fi (X) fi (y) P d(ux
g o(y) |™ d(u> )}

fi(x) fi(y)
a(x) a(y)

IIang IF{f IZ

Yxy i=1l

4!(2

Yxy i=1

-{IZI

YxYi=1

n
=2 ]|
1=1yYxy
—l n

<n® {0

i=1 yxy

1
p

) Pd(ux )}

1
p

|Pd (> 1)}

1
p

1
p

P d(uxp)}

1_

=nP lefl 9l

Clearly, the inequality (7) is stricter than theeduality (6), since for eacm=2, it holds
n< 21092011 and the equality holds far= 25 k=1,2,3,...
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1
To prove thatnP is the best possible constant, it is enough te thkt E and F are measurable
sets such thap/(E) = a <o, y(F)=f <o, g=1- and E = E and f; :1Ei ,fori=1,2,..n. Then

1
p

13 1.9 IF & wx )& xF)p ={_§1p< E) UF} ° = nag

i=1 i=1
=0 tn(ad = né‘l_zfi YL

a_
p

- np‘lﬁl (ux 1)(E xF)P =n 1§1|| g llm

4. CONCLUSION

In this paper, it's introduced the quasi 2-normttwé spacelP (1), 0< p<1 and there are proven
several inequalities relating the quasi 2-normhaf space. Also is given the following open prohlem

Whether the quasi 2-normed spat&(u), 0< p<1 with the quasi norm, introduced by (4), is
complete?
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