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ABSTRACT  6 
 7 
In [8], C. Park generalized the notion of the quasi-normed space, i.e. he introduced the notion of the 
quasi 2-normed space. He proved several properties of the quasi 2-norm. In [3], M. Kir and M. Acikgoz 
gave the procedure of completing the quasi 2-normed space. Several inequalities relating the quasi 2-
normed spaces are given in [1], [5] and [6]. Later, in [7], some properties of the convergent sequences 
in quasi 2-normed spaces are proven. In this paper, we will introduce the quasi 2-norm of the space 

( ),pL µ  0 1p< <  and we will prove several inequalities relating the quasi 2-norm of this space. 

 8 
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1 INTRODUCTION  14 
 15 
In 1965, S. Gähler introduced the 2-normed spaces ([2]). One of the axioms of the 2-norm is the 16 
inequality of parallelepiped which is fundamental in the theory of 2-normed space ([5]). As in the 17 
normed spaces, C. Park, in the 2-normed spaces, replaces this inequality with a new condition, which 18 
actually gives the following definition of the quasi 2-normed space.  19 
 20 
Definition 1 ([8]). Let L  be a real vector space with dim 2L ≥ . Quasi 2-norm is a real function 21 
|| , ||: [0, )L L⋅ ⋅ × → ∞  which satisfies: 22 
 23 

a) || , || 0x y ≥ , for all ,x y L∈  and || , || 0x y =  if and only if the set { , }x y  is linearly dependent;  24 

b) || , || || , ||,x y y x=  for all ,x y L∈ ; 25 

c) || , || | | || , ||,x y x yα α= ⋅  for all ,x y L∈  and for each ,α ∈ R and  26 

d) There exists a constant 1K ≥  such that || , || (|| , || || , ||)x y z K x z y z+ ≤ + , for all , ,x y z L∈ .  27 
 28 
The pair ( ,|| , ||)L ⋅ ⋅  is called quasi 2-normed space. The smallest numberK that satisfies the condition 29 

d) is called the modul of concavity of the quasi 2-norm || , ||⋅ ⋅ .  30 
 31 
In [3], M. Kir and M. Acikgoz give several examples of trivial quasi 2-normed spaces and they 32 
consider the question of completing the quasi 2-normed space, and in [8], C. Park gives a 33 
characterization of the quasi 2-normed space, i.e. he proved the following theorem. 34 
 35 
Theorem 1 ([8]). Let ( ,|| , ||)L ⋅ ⋅  be a quasi 2-normed space. Then there exists ,p  0 1p< ≤  and an 36 

equivalent quasi 2-norm ||| , |||⋅ ⋅  onL  such that  37 
 38 

||| , ||| ||| , ||| ||| , |||p p px y z x z y z+ ≤ + ,    (1) 39 



 40 
for all , ,x y z L∈ . ■ 41 
 42 
In connection with this theorem 1, C. Park, in [8], gives the following definition.  43 
 44 
Definition 2 ([8]). The quasi 2-norm of theorem 1 is called (2, )p − norm and the quasi 2- normed space 45 

L  is called (2, )p − normed space. 46 
 47 

2 THE QUASI 2-NORM OF ( ), 0 1pL pµ < <   48 

 49 

In this part, we will introduce the quasi 2-norm of the space ( ), 0 1pL pµ < < . For that purpose, we 50 
will use the following two well known inequalities. 51 
 52 
Lemma 1. If (0,1)p ∈  and , 0a b ≥ , then 53 

 54 

( ) p p pa b a b+ ≤ + ,     (2)  55 
 56 
and equality holds if and only if 0a =  or 0b = . ■  57 
 58 
Lemma 2. If 1q >  and , 0c d > , then  59 

 60 
12 ( )q q q qc d c d− + ≤ + ,     (3) 61 

 62 
and equality holds if and only if c d= . ■  63 
 64 

Theorem 1. Let ( , )Y M  be a measurable space, µ  be a positive measure on M  and let ( )pX L µ= , 65 

(0,1)p ∈  be the space  66 
 67 

{ | : , | | }p

Y

X f f Y f dµ= → < +∞∫R . 68 

 69 

Then the function || , ||: ( ) ( )p pL Lµ µ⋅ ⋅ × → R , defined by  70 
 71 

1( ) ( )
|| , || { | | ( )}

( ) ( )
pp

Y Y

f x f y
f g d

g x g y
µ µ

×
= ×∫ ,    (4) 72 

 73 

where µ µ×  is the direct product of the measure µ , is the quasi 2-norm of the space ( )pX L µ= .  74 
 75 
Proof. a) Because of the inequality (2), we have 76 

 77 
( ) ( )

| | | ( ) ( ) ( ) ( ) |
( ) ( )

(| ( ) ( ) | | ( ) ( ) |)

| ( ) ( ) | | ( ) ( ) | ,

p p

p

p p

f x f y
f x g y g x f y

g x g y

f x g y g x f y

f x g y g x f y

= −

≤ +

≤ +

 78 



 79 

for all , ( )pf g L µ∈  and for each ( , )x y Y Y∈ × . Now, using (4), the properties of the absolute value 80 

and the properties of integrating on a direct product of the measurable spaces ( , , )Y Y M M µ µ× × × , 81 
we obtain  82 
 83 

1

1

1

1

1

( ) ( )
|| , || { | | ( )}

( ) ( )

{ (| ( ) ( ) | | ( ) ( ) | ) ( )}

{ | ( ) | | ( ) | ( ) | ( ) | | ( ) | ( )}

{ | ( ) | | ( ) | | ( ) | | ( ) | }

2 { | ( ) |

p

p

p

p

p

p

Y Y

p p

Y Y

p p p p

Y Y Y Y

p p p p

Y Y Y Y

p

Y

f x f y
f g d

g x g y

f x g y g x f y d

f x g y d g x f y d

f x d g y d g x d f y d

f x d

µ µ

µ µ

µ µ µ µ

µ µ µ µ

µ

×

×

× ×

= ×

≤ + ×

= × + ×

= +

=

∫

∫

∫ ∫

∫ ∫ ∫ ∫

1 1

} { | ( ) | } ,p pp

Y

g y dµ < +∞∫ ∫

 84 

 85 

which means that the function || , ||: ( ) ( )p pL Lµ µ⋅ ⋅ × → R  is well defined. 86 
 87 

b) Let , ( )pf g L µ∈ . From the definition (4) directly follows that || , || 0f g ≥ . Let || , || 0f g = , for 88 

some , ( )pf g L µ∈ , 0, 0f g≠ ≠  in respect of the measure µ , i.e. 89 
 90 

1( ) ( )
{ | | ( )} 0

( ) ( )
pp

Y Y

f x f y
d

g x g y
µ µ

×
× =∫ . 91 

Then  92 
( ) ( )

0
( ) ( )

f x f y

g x g y
=  93 

 94 
almost everywhere in respect to the measureµ µ× , which means that ( ) ( ) ( ) ( ) 0f x g y g x f y− =  95 
almost everywhere in respect of the measure µ µ× . Therefore,  96 
 97 

, {( , ) | ( ) ( ) ( ) ( ) 0}f gW x y f x g y g x f y= − ≠  98 

 99 
is a set with measure 0, i.e. ,( )( ) 0f gWµ µ× = . The assumption 0,f ≠  0g ≠  in respect of the 100 

measure µ , implies that 101 
 102 

{ | , ( ) 0}fU x x Y f x= ∈ ≠  and { | , ( ) 0}gU x x Y g x= ∈ ≠  103 

 104 
are sets with positive measure i.e. ( ) 0fUµ >  и ( ) 0gUµ > .  105 

 106 
We will prove that  107 
 108 

( ) 0f gU Uµ ∩ > , ( \ ) 0f gU Uµ =  and ( \ ) 0g fU Uµ = . 109 



 110 
Let us suppose that ( ) 0f gU Uµ ∩ = . Then, without loss of generality, we can assume that 111 

f gU U∩ = ∅  in respect of the measure µ . For every ( , ) f gx y U U∈ ×  we have that 112 

( ) 0, ( ) 0, ( ) 0f x g y g x≠ ≠ =  and ( ) 0f y = , so  113 
 114 

( ) ( ) ( ) ( ) ( ) ( ) 0f x g y g x f y f x g y− = ≠ . 115 
 116 
Therefore ,( , ) f gx y W∈ , i.e. ,f g f gU U W× ⊆ . Using the properties of the measure µ µ× , i.e. from 117 

its definition we get that  118 
 119 

,( )( ) ( )( )

( ) ( ) 0

f g f g

f g

W U U

U U

µ µ µ µ
µ µ

× ≥ × ×

= >
, 120 

 121 
which contradicts ,( )( ) 0f gWµ µ× = . So, we conclude that ( ) 0f gU Uµ ∩ > .  122 

 123 
Let us now suppose that ( \ ) 0f gU Uµ > . If ( , ) ( \ ) ( )f g f gx y U U U U∈ × ∩ , then ,fx U∈ ,gx U∉  124 

fy U∈  and gy U∈ , so ( ) 0, ( ) 0, ( ) 0f x g x f y≠ = ≠  and ( ) 0g y ≠ , which implies that  125 

 126 
( ) ( ) ( ) ( ) ( ) ( ) 0f x g y g x f y f x g y− = ≠ . 127 

 128 
Therefore ,( \ ) ( )f g f g f gU U U U W× ∩ ⊆ . Using this and the fact that( ) 0f gU Uµ ∩ > , we get that  129 

 130 

,( )( ) ( )[( \ ) ( )]

( \ ) ( ) 0,

f g f g f g

f g f g

W U U U U

U U U U

µ µ µ µ
µ µ

× ≥ × × ∩

= ∩ >
 131 

 132 
which, again, contradicts ,( )( ) 0f gWµ µ× = . We conclude that( \ ) 0f gU Uµ = . Analogously, it can 133 

be proved that ( \ ) 0g fU Uµ = . 134 

 135 
The equalities 136 
 137 

( \ ) ( )f f g f gU U U U U= ∪ ∩ , ( \ ) ( )g g f f gU U U U U= ∪ ∩ ,  138 

( \ ) 0f gU Uµ =  and ( \ ) 0g fU Uµ = ,  139 

 140 
imply that f gU U U= = , in respect of the measureµ . 141 

 142 
Clearly, ( ) 0Uµ > . For each x U∈ , we define the set 143 
 144 

{ | , ( ) ( ) ( ) ( ) 0}xU y y U f x g y f y g x= ∈ − ≠ . 145 

We will prove that there exists 0x U∈  such that 
0

( ) 0xUµ = . Let us suppose the contrary, i.e. that 146 

( ) 0xUµ > , for each x U∈ . 0f g= =  almost everywhere on \Y U  in respect to the measureµ , 147 

implies that 0f g= =  almost everywhere on \ xY U  in respect to the measureµ , and  148 
 149 



| ( ) ( ) ( ) ( ) | 0pf x g y g x f y− >  on xU . 150 
 151 
Then  152 

( ) | ( ) ( ) ( ) ( ) |

| ( ) ( ) ( ) ( ) | 0,
x

p
y

Y

p
y

U

h x f x g y g x f y d

f x g y g x f y d

µ

µ

= −

= − >

∫

∫
 153 

 154 
which implies that  155 
 156 

( ) ( )
| | ( ) ( ) ( ) 0

( ) ( )
p

Y Y Y U

f x f y
d h x d h x d

g x g y
µ µ µ µ

×
× = = >∫ ∫ ∫ , 157 

 158 
which contradicts the assumption || , || 0f g = . Therefore, there must exist 0x U∈  such that  159 
 160 

0 0( ) ( ) ( ) ( ) 0f x g y g x f y− = , 161 
 162 

almost everywhere on .U Since 0 0( ) 0, ( ) 0f x g x≠ ≠  we get that 0

0

( )
( )

( ) ( )
g x
f x

g y f y= , for each y U∈ , 163 

which together with the fact 0, 0f g≡ ≡  on \Y U , gives that 0

0

( )
( )

( ) ( )
g x
f x

g y f y=  на Y , i.e. 164 

( ) ( )g y f yα= , where 0

0

( )
( )

g x
f x

α = . So, we proved the condition i) from the definition 1.  165 

 166 

c) For all , ( )pf g L µ∈ , it follows that  167 
 168 
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 170 
i.e. the condition ii) from the definition 1 is true.  171 
 172 

d) Let , ( )pf g L µ∈  and α ∈ R . Then  173 
 174 
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1
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 175 

 176 
i.e. the condition iii) from the definition 1 holds.  177 

e) Using the inequality (2), and then the inequality (3), with 1
p

q = , we get that, for all 178 

, , ( )pf g h L µ∈ , it follows that  179 
 180 



1

1

1

( ) ( ) ( ) ( )
|| , || { | | ( )}

( ) ( )

( ) ( ) ( ) ( )
{ (| | | |) ( )}

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
{ (| | | | ) ( )}

( ) ( ) ( ) ( )

( ) ( ) (
{ | | ( ) |

( ) ( )

p

p

p

p

Y Y

p

Y Y

p p

Y Y

p

Y Y

f x g x f y g y
f g h d

h x h y

f x f y g x g y
d

h x h y h x h y

f x f y g x g y
d

h x h y h x h y

f x f y g x
d

h x h y

µ µ

µ µ

µ µ

µ µ

×

×

×

×

+ +
+ = ×

≤ + ×

≤ + ×

= × +

∫

∫

∫

∫
1

1 1 1

1

1

1

) ( )
| ( )}

( ) ( )

( ) ( ) ( ) ( )
2 {( | | ( )) ( | | ( )) }

( ) ( ) ( ) ( )

2 (|| , || || , ||),

p

p p p

p

p

Y Y

p p

Y Y Y Y

g y
d

h x h y

f x f y g x g y
d d

h x h y h x h y

f h g h

µ µ

µ µ µ µ

×

−

× ×
−

×

≤ × + ×

= +

∫

∫ ∫

 181 

 182 

which means that, for 
1 1

2 1pK
−

= > , the condition iv) from the definition 1 holds. ■   183 
 184 
In [8], C. Park defines Cauchy sequence, convergent sequence and complete quasi 2-normed space i.e. 185 
he gives the following definition.  186 
 187 
Definition 3. Let L  be a quasi 2-normed space.  188 
 189 

a) The sequence 1{ }n nx ∞
=  in L  is a Cauchy if  190 

lim || , || 0m n
n

x x z
→∞

− = , for each z L∈ . 191 

b) The sequence 1{ }n nx ∞
=  in L  is convergent if there exists x L∈  such that  192 

lim || , || 0m
n

x x z
→∞

− = , for each z L∈ . 193 

The vector x L∈  is called the boundary of the sequence 1{ }n nx ∞
= .  194 

c) A quasi 2-normed space L  in which every Cauchy sequence is convergent is called a quasi 2-195 
complete (a quasi 2-Banach) space.  196 
 197 

Problem. Whether the quasi 2-normed space ( )pL µ , 0 1p< <  with the quasi norm, introduced by 198 
(4), is complete?  199 
 200 

3. TWO INEQUALITIES IN ( ), 0 1pL pµ < <  AS QUASI 2-NORMED SPACE 201 

 202 
For the quasi 2-normed spaces in [5], it is proven the following Lemma.  203 
 204 
Lemma 3. If L  is quasi 2-normed space with modul of concavity 1K ≥ , then, for each 1n >  and for 205 
all 1 2, , ,..., nz x x x L∈ , it follows that  206 
 207 

21 [log ( 1)]

1 1
|| , || || , ||

n n
n

i i
i i

x z K x z+ −

= =
≤∑ ∑ . ■   (5)  208 

 209 
From Lemma 3 and the proof of Theorem 1, directly follows the consequence.  210 
 211 



Corollary 1. Let ( ), 0 1pL pµ < <  be a quasi 2-normed space in which the quasi 2-norm is given by 212 

(4). Then for all 1 2, ,..., , ( )p
nf f f g L µ∈ , 2n ≥ , it follows that  213 

 214 
1

2(1 [log ( 1)])( 1)

1 1
|| , || 2 || , ||p

n nn
i i

i i
f g f g

+ − −

= =
≤∑ ∑ .    (6)  215 

 216 

Proof. It is enough to take 
1 1

2 1pK
−

= >  in the inequality (5). ■ 217 
 218 
In the following theorem, we will prove stricter inequality then the inequality (6). For that purpose, 219 
we will use the following well known inequality. 220 
 221 
Lemma 4. Let [1, )t ∈ ∞ . Then for all 1 2, ,..., [0, )na a a ∈ ∞ , it follows that  222 

 223 
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t t t
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i i
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= =
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 225 

Theorem 2. Let ( ), 0 1pL pµ < <  be a quasi 2-normed space in which the quasi 2-norm is given by 226 

(4). Then for all 1 2, ,..., , ( )p
nf f f g L µ∈ , it follows that  227 

 228 
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 230 

Proof. Since 1 1
p

t = > , the inequality (4), the properties of the integral, Lemma 1 and Lemma 4 imply 231 

that  232 
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 235 
Clearly, the inequality (7) is stricter than the inequality (6), since for each 2n ≥ , it holds 236 

21 [log ( 1)]2 nn + −≤ , and the equality holds for 2 , 1,2,3,...kn k= = .  237 
 238 



To prove that 
1 1
pn

−
 is the best possible constant, it is enough to take that E  and F  are measurable 239 

sets such that ( ) , ( )E Fµ α µ β= < ∞ = < ∞ , 1Fg = and iE E=  and 1
ii Ef = , for 1,2,...,i n= . Then  240 

 241 
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 244 
4. CONCLUSION 245 
 246 

In this paper, it’s introduced the quasi 2-norm of the space ( ),pL µ  0 1p< <  and there are proven 247 
several inequalities relating the quasi 2-norm of this space. Also is given the following open problem:  248 

Whether the quasi 2-normed space ( )pL µ , 0 1p< <  with the quasi norm, introduced by (4), is 249 
complete?  250 
 251 
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