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Mhd Flow past a Semi-Infinite Plate with
Temperature Dependent Viscosity and Thermal
Conductivity

ABSTRACT

This paper attempts to effectively model the effects of variable viscosity and thermal conductivity on
the unsteady hydromagnetic boundary layer flow past a semi-infinite plate when the oncoming free-
stream is perturbed by an arbitrary function of time and applied magnetic field is far from and parallel
to the plate. The two dimensional boundary layer equations are separated into those representing
steady and unsteady parts of the flow. For, steady flow equation and unsteady flow equation, viscosity
and thermal conductivity are considered as inverse linear functions of temperature. The basic steady
flow governing partial differential equations are transformed into ordinary differential equations by
means of similarity transformation which are solved numerically using shooting method and the
resulting approximate solution have been used in the subsequent study of the unsteady flow. The
unsteady flow equations are subject to the Laplace Transformation technique. In this case, solution for
large time is obtained assuming velocity, temperature and Magnetic field as asymptotic expansion.
The relevant flow and heat transfer characteristics that is the skin-friction coefficient, the plate
temperature and the tangential magnetic field at the plate are derived and discussed numerically.
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1. INTRODUCTON:

The problem of the boundary layer flow of a Newtonian fluid past a semi-infinite flat plate was first
considered by Blasius [1] who reduced the boundary layer equations to ordinary non-linear differential
equations by a suitable similarity transformation. The boundary layer flow problem past a semi-infinite
plate was studied by Falkner and Skan [4]. Lighthill [9] had initiated the study of unsteady two
dimensional boundary layer equations when the external flow fluctuates about a steady mean.

The study of hydromagnetic flow has stimulated considerable interest due to its important applications
in cosmic-fluid dynamics, meteorology and solar physics and in the motion of the earth’s core. Carrier
and Greenspan [2] had studied the unsteady hydromagnetic boundary layer equations by using
Osseen technique, when a semi-infinite plate moves impulsively in its own plane. Das [3] studied the
unsteady hydomagnetic boundary layer flow past a semi infinite flat plate when the oncoming free-
stream is perturbed by an arbitrary function of time and the applied magnetic field is parallel to the
plate far away from it. Meksyn [10] considered the problem of flow of viscous electrically conducting
fluid past a semi-infinite plate in the presence of an aligned magnetic field. Ingham [7] investigated the
solution of the motion of a viscous electrically conducting fluid past a semi-infinite flat plate, which is
started impulsively from rest with a constant velocity parallel to itself, in the presence of an applied
magnetic field which is parallel to the plate at infinity.

Most of the existing analytical studies for this problem are based on the constant physical properties
of the ambient fluid. However, it is known that these properties may change with temperature [5]. To
accurately predict the flow and heat transfer rates it is necessary to take into account this variation of
viscosity and thermal conductivity. A number of authors analysed the influence of variable thermo-
physical properties on the flow structure and heat transfer. Mukhopadhyay [11] studied the effects of
variable viscosity on the MHD boundary layer flow over a heated stretching surface. Sarma and
Hazarika [15] studied on the effects of variable viscosity and thermal conductivity on heat and mass
transfer flow along a vertical plate in the presence of a magnetic field. Salem [14] investigated variable
viscosity and thermal conductivity effects on MHD flow and heat transfer in viscoelastic fluid over a
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stretching sheet. Seddeek et al. [16] studied the effects of variable viscosity and thermal conductivity
on an unsteady two-dimensional laminar flow of a viscous incompressible conducting fluid past a
semi-infinite vertical porous moving plate taking into account the effect of a magnetic field in the
presence of variable suction. Odda and Farhan [12] have considered the effects of variable viscosity
and variable thermal conductivity on heat transfer from a stretching sheet. The fluid viscosity and the
thermal conductivity are assumed to vary as inverse linear functions of temperature. Pantokratoras
[13] presented a theoretical study of the effects of variable fluid properties on the classical Blasius and
Sakiadis flow. It is found that the variation of fluid properties and especially viscosity have a strong
influence on the results.

The aim of this study is to investigate the effects of variable viscosity and thermal conductivity on the
unsteady hydromagnetic boundary layer flow past a semi-infinite plate when the oncoming free-
stream is perturbed by an arbitrary function of time and applied magnetic field is far from and parallel
to the plate. The two dimensional boundary layer equations are separated into those representing
steady and unsteady parts of the flow. For, steady flow equation and unsteady flow equation, viscosity
and thermal conductivity are considered as inverse linear functions of temperature. The basic steady
flow governing partial differential equations are transformed into ordinary differential equations by
means of similarity transformation which are solved numerically using shooting method and the
resulting approximate solution have been used in the subsequent study of the unsteady flow. The
unsteady flow equations are subject to the Laplace Transformation technique. In this case, solution for
large time is obtained assuming velocity, temperature and Magnetic field as asymptotic expansion.
The relevant flow and heat transfer characteristics that is the skin-friction coefficient, the plate
temperature and the tangential magnetic field at the plate are derived and discussed numerically.

2. FORMULATION OF THE PROBLEM:

Consider the unsteady flow of an incompressible electrically conducting fluid past a semi-infinite plate
due to a steady magnetic field and an unsteady free-stream velocity both being parallel to the plate.
The fluid properties are assumed to be isotropic and constant except for the fluid viscosity and
thermal conductivity.

Let x and y be the distances measured along and perpendicular to the plate, (u,v) and (H;, H.) be
the corresponding velocity and magnetic field components, U and H are the velocity and magnetic
field at large distances from the plate and parallel to the plate. Both are assumed to be uniform.

The corresponding equations for the unsteady flow by making the usual boundary layer
approximations

ou  ou  du oU oU 1a(au]p oH
—tU—FV—=—t U —F+—— | U— |- = H —
ot ox dy ot dx p, oy dy p.  Ox 2.1)
+ He H18H1+H28H1
.. 0x dy
2
ai+uaH‘+vaHl—Hla—u— Za—uznlalf‘ (2.2)
ot ox dy ox dy dy
2_”+Z_V:o 2.3)
X y
a;zl+%=0 (2.4)
X y
or 9T _ T _ 1 a( E)T]
—tuU—+tv—= —| k— |+
ot dx dy p_cpdyl 9y (2.5)
o0H, oH
P.cp |:(Ez +He(”Hz _VHz){ sz _aylj:|
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where p.. is the density of the fluid at infinity, u is the viscosity of the fluid, k is the thermal

conductivity, E;, is the z-component of electric field strength, n= L is the magnetic diffusivity.
Olt,

Also it is assumed that both the viscous Reynold number R = Uyx and the magnetic Reynold
.=
)

oo

number R = Ugyx U, being typical u velocity, are large compared with unity where ¢4 = "L‘”,
m ’
m Pe

M being the viscosity of the fluid at infinity.

The normal component of the magnetic field is assumed to vanish at the wall while the parallel
component approaches its given value at the edge of the boundary layer. Again since the fluid is
finitely conducting and the plate is non-conducting there should be no surface current sheet and
hence the tangential component of the magnetic field is continuous across the interface. The condition

is expressed by the equation 9H, =0 at y=0.

dy

Hence the boundary conditions are

w=0=v, 991 _ o H,=0, T=T, at y=0
0

y
u— U(t), H=H, T—T, as y— » } (2.6)

The fluid viscosity is assumed to be inverse linear function of temperature (Lai&Kulaki [8]) as follows

Lo Y vpr-t))=ar-1) (2.7)
Ty

(=)

a="L 1 =1, -1
Heo ¥

aand T, are constants and their values depend on the reference state and thermal property of the
fluid. In general a > 0 for liquids and a < O for gases. y is a constant based on thermal property of
the fluid. For y —0, u = . (constant).

Also the variation of thermal conductivity is considered as follows (Hazarika, and Lahkar[6])

%:ki[ng(T—Tm):c(T—Tk)] (2.8)
1
¢ =é,Tk =T, “F

Where c and T, are constants and their values depend on the reference state and thermal property
of the fluid. € is a constant based on thermal property of the fluid . ¢>0 for liquids and c¢<0 for gases.

Following Lighthill [9], we have
u=uyx,y)+eu (x,y,1) N\
v=vo(x, y) +Ev (X, ¥, 0)
U@ =U,+e U, (1)

H1=Hx0(x7 y)+8Hxl (x7y7 l) > (27)
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134 H, = H,, (x, y) + € Hy (x,,1)
135 H=H,
136 T=Ty(x,y)+eT, (x,y,1)
137

138  where the o subscript quantities denote the steady motion, and 1 subscript quantities denote the
139 unsteady motion, ¢ being a small reference parameter.

140
141  Substituting (2.7) in equations (2.1) - (2.5) and equating coefficient of 0(¢), equations for the steady
142 state,
143
ou, ou, 1 o0 ou oH oH
144 04y 0~ 7|, 0 +& H X0 +H X0 (28)
uoax Voay pooay[luayj _ Yoo yan
145 aH)Co aH.Xo —-H %_H aMo — aZH.Xo (29)
u, ax +vo ay Xo ax yo ax Th ayz
146 dug , o -0 (2.10)
ox  dy
147 My My o (2.11)
ox dy
of, of, 1 9 [ E)Toj
u, +v, = —| k
148 dx " dy pcpay( oy (2.12)
oH
+ {EZ +lue(uoHyo_v0HX0) - _alfixa
p.cC, ox dy
149
150  The corresponding boundary conditions are
151
oH
152 uy =0, vozo,T’mzo, H,, =0,T,=T,, at y=0
153
154 u,=Uy, Hyy=Hy, Ty >T,, asy—ow» (2.13)
155
156  The equations for unsteady state
157
TR S TR 7S OaulzaUula(ﬂ%J
158 ot ox ox dy dy Ot  pe dy\ Ody (2.14)
He 0H x| 0H x, 0H x| OH xo
+elH +H +H +H
oo { Xo o xl1 o yo dy yl dy
159
aHxl +u0 BHxl +u1 aon +VO BHxl +V1 aon _onaﬂ
160 ot ox dx dy dy ox (2.15)
au aul au _ 82u1
_HxlTxO_Hyox_Hyl ayo =m 8y2
161 9w, 9v. _ (2.16)
dx  dy

162
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oHy Oy _ (2.17)

ox dy

%+u %+M aT"+v aT"+v LA kai +
o %ax  lax ! dy 9y PocCp Oy 9y

ox dy

My _aHxl}+ (2.18)
1

{Ez + Ue (uoHyo _Vono )}{

Pl p oH 3K
:ue{(uoHyl+u1Hy0)—(VOHx1+v1Hx0)]{ Yo _XO}

ox dy
The corresponding boundary conditions are

ul =0=v1,
dy y

M _o am,, =0, g aty=0
s y] s a
w=U)=UgUpy(t), Hy—0,T| > T, as y—®o (2.19)

where U, (¢) is an arbitrary function of time.

3. STEADY STATE SOLUTION:

Equations (2.8)-(2.12) together with boundary conditions (2.13) are the magnetohydrodynamic
boundary layer equations for a steady flow of an electrically conducting fluid past a semi-infinite non-
conducting plate. Using the non-dimensional transformations

_ | Ug A
= l9°oxy
, 1 (DU ,
ug =Uqo (). Vo =5 TO(Uf -f) > (3.1)
_ V4 1 ﬁm ’
HXO_HOg (77)’ Hyo :EHQ on(ﬂg _g)

Ty =Tw + (Tow —Too )90 (’7)
in equations (2.8)- (2.12), the equation of continuity for velocity and magnetic field are satisfied

automatically. The equation of momentum, the magnetic induction equation and the heat transfer
equation become

6(’)][” + Oro —

V4 6 ” ”
7= o (ff"~Rygg”)=0 (3.2)
60 - ero 2ero
2 ” ” ”
=g"=gf"~ fg (3:3)
Pm

r

1 6 1 E.R 1
—| 6] ———=2 +—fO+—<"H IR R, +~(fs'—gf”
P [ (\ 90—91«)] 2f R, { eV a 2(.fg gf )} (3.4)

X{%(g —ﬂg'—772g”)— Rag”} =0
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with the boundary conditions
f/:O:f’ g”ZO:g, eozlat }7:0
f’zly g’zly 002035 ’7_)00 (35)
Where P, zﬁ;-o is the Prandtl number, P, zﬂﬁis the magnetic Prandtl number, R. = yeH(? is the
K G " puUd
magnetic pressure number, R, = £, is the electric field parameter, .= Ug is the
luerHO ¢ Cp(TOW_TOO)
T -Tx  jsthe viscosity variation parameter, ¢, :M is the thermal

Eckert number, g 0=
" TOW _Too TOW - T°°

conductivity variation parameter.

The physical quantities of interest are the local Skin-friction coefficient C;, surface magnetic field H,,

and the local Nusselt number Nu.

The Skin Friction Coefficient at the plate is given by

Cp=0 =2 00 (k)2 10 6o

where

is the tangential shear stress.
The tangential component of the magnetic field at the plate is given by
H xo(0)=H,g'(0) (3.7)

The Nusselt number at the plate is given by

Nu=— 2w
k. (T,,-T.) (3.8)

Sk, )56°0)

o

where =k
dw [ dy

J is the heat flux at the wall.
y=0

4. Unsteady State Solution:

Substituting t; = ct, ¢ > 0and multiplying equations(2.14)-(2.18) by e—5%; and integrating with
respect to £ from 0 to « (i.e. applying Laplace transformation) (Das [3]) we have,
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csp +tug— iU —+vg—+v,—=csU; + ——| g—
ox ox dy y Lo, Oy dy
O0H, — 0H,, | “.D
H x E)xl +H ;CO
s He B -
dy ay |
csH o, +u aﬁ’“ u, 8P7x0 +v aﬁxl +V, Bﬁxo -
X1 " ox ox 0 dy 1 dy 42)
ou, - o, di, — Ju 0’H
H. —_H o _ g g o Zfo_ X1
X0 ax X1 ax y0 ay vyl ay lul ayQ
ou;  Iv,
il WA Y (4.3)
ox dy
H N H,q -0 (4.4)
& ¥
CS]TI‘FMOai‘f‘ﬁla& Voai‘f‘Vla&: 1 i kai
ox ox dy dy  PeCp dy\ 0y
_ . - _
yl 1
{E. + 1o H yo = voH o )}{ % _ayx} (4.5)

+ e {(’/‘Oﬁyl +uH )— (voH 1 +viH o )}

Pl
X{aHyO _ aHxO}

ox dy

where ﬁlzTule‘“ldzl, RI (s) >0, etc.
0

Also we assumed that

e =0, Uje™ -0 as t, oo
=0, U=0at #=0,

H, e —0 as | — oo,
H, =0at =0,

Te™" —0as | —>oo,

and 7,=0 at [ =0.

The transformed boundary conditions are

_ y _ . y
u, —>U, §)=UUy(s), H,;=0, T, >T, asy—>oo (4.6)
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U, (s) being the transformation of U, (#).

4.1 Solution for Large Time:

In the s-plane large time will correspond to small values of s. The assumption U, (1) =U,U,, () in

the boundary conditions (2.19) implies that the main stream has been perturbed only in magnitude but

not in direction. To solve equations (4.1)-(4.5) we expand 7 3 H . Hy. T, in series of
ascending powers of s as follows (Das [3]),

i, =UoU,y, (s) Zs"x"F;(n) \

n=0

=TT @ 5 Lt L)

Hy= Byl () £57G,0) Y

xl =

1
Voo ® 51, 1
= o004 () 555" 2| LG 0=( ]G, )

Ty =T+ (o T )0t () 352, ()

Substituting for uo, vo , Hx , Hyo , Tp from (5.3.1) and for “1’V1’Hx1’H T1 from (4.1.1) in

i
equations (4.1)-(4.5), the equations of continuity for velocity and magnetic field are satisfied
automatically and from the remaining three equations after comparing the coefficients of s” we have,
for n=0

201 Fy - %ofo +Fof +Fof =Ry (§G5 +8"Gy) =0 (412)
eo_aro eo_ero

-Gy = G+ 8F5~ Gy =& Fy (4.9
1 , 6w E.R
i o SR AR PV

r 0~ %k0 (4.1.4)

” 4 1 4 4 7 4 r ’ r
e +4RaGo}—5{Gof ~Gof "+ Fog’ ~ M s+ —)-ar,87}1=0
The boundary conditions are
n=0; Fj=0=F,, G;=0=G, , y,=0

For n=1,
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26,0 F_ 6o Fy’
0o-0,0 ' 6-6,

J + fF/-2fF +

(4.1.6)
3fF, —2F;+2+ Ry (2G{g"— ¢G/-3¢"G,)=0
1 ” ’ 1 I, ’r 7’ ”
—G =Gy +=0BfG+2 - fG
p G 0 2(f 1 +2/%1 - fG) 4.17)
1 ” ’ ’ »”
- 5(38 F +2g'F/~ gF)
2( ., 6 J , , .
Vi |¥3R6+ [y =21V -2y,
Pr( 6 — 6o
i 1 ’ /7 ” ” ]
{Rw/Ra +§(fg —fg)}{6G1 +17°G, +4RaG1} (4.1.8)
E.Ry
_Zc'H =0
AR 1 o [P vng )
- (fG{ =31G, +3F ¢'~ Fg) i
2 _4Rag |
The boundary conditions are
71:0; Fl’:():Fl’ G{,ZOZGla '//1/:0
n—>o) F=1, G{=0, yw, =0 (4.1.9)
Followind Das[3], let
=iy (o, y,5)0 y (s) (4.1.10)
Sothat i, =Uy Xs"x"F;(n) (4.1.11)
n=0
Inverting (4.1.10)
t
1
= [Uy (= 7y (x, 3. 7)d7 (4.1.12)
0
And inverting (4.1.11) term by term
y =U 5y F,;(n)&'(fl) where 9(z,) is the delta function.
n=0 tl
Therefore from (4.1.12)
, d"o(t)
up=U X"Fy ) [Uy (1 —7)—dr
' OEO { M at" (4.1.13)
o nprd"U
—Ug Y ")
n=0 dy
0o n
similarly H,=Hy >x"G, (ﬂ)d Uy (4.1.14)

n=0 dtln
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d d"U
and I =T, +(Tw0_Too)zxn‘//n(77) nM (4.1.15)
n=0 dtl

The equations (4.1.13), (4.1.14) and (4.1.15) give the unsteady part of velocity field, magnetic field
and temperature field for large time.

The unsteady part of the Skin-friction Cjr, the surface magnetic field at the plate H,; and the plate
temperature T are given by

le — 1w
2
pooUO
(4.1.16)
o RV yrond"U
=2 _(R)) b Yx"F(0)—HX
ero_l n=0 dtln
where
alxll
Tiw = Hoo >
Y Jy=0
Uy = nd"U
= foUg | 2= T x"F(0)=——M
ﬂooxn:O dtl
is the shear stress at the wall.
oo n
Hy =Hy Y x"G,(0) 2™ (4.1.17)
n=0 dtln
[%s) n
and T, :Tw+(Tw0—Too)Zx"wn(0)d Unm (4.1.18)
n=0 dt?

Results and Discussions:

The transformed dimensionless coupled non-linear equations (3.2)-(3.4) together with boundary
conditions (3.5) for steady state and equations (4.1.2)- (4.1.5) and (4.1.6)- (4.1.9) for unsteady state
are solved using shooting method for various combination of parameters viz. viscosity variation
parameter 6,, thermal conductivity variation parameter 6,, magnetic pressure number Ry, magnetic
Prandtl number P,, for Eckert number E.=0.01, electric field parameter R.=-1 and Reynolds number
R.=2 for fluid with Prandtl number P=0.7. The corresponding non-dimensional skin-friction coefficient
f"(0), the magnetic field at the plate g(0) and the heat transfer rate at the surface 6'0) for steady
state and the unsteady part of the Skin-friction F,"(0), the surface magnetic field at the plate G,'(0)
and the plate temperature W¥,(0) for n=0 and n=1 are evaluated and tabulated.

Table1. contains numerical result for the skin-friction parameter f(0), F,"(0), F;"(0) at the plate for
P=0.7, 6,=-10, R.=-1, E=0.01, R.=0.5, P, =0.5, R.=2 for different values of 6, varying from -10 to
-1. The result show that (0), F,"(0), increases but F;"(0) decreases when 6, increases. This effects
on g'0) and 6'0) are less significant. The numerical values for the heat transfer rate at the surface
0'(0) for steady state are shown in Table 2. It is clear from this Table that the heat transfer rate at the
surface for steady state decreases with the increasing values of thermal conductivity variation
parameter 6. Same is the case with the unsteady part of plate temperature ¥,(0) and ¥,(0). These
effects on F,"(0), G,'(0) are not significant. It is seen from Table 3, Table 4 and Table 5 that the
surface magnetic field g'0), G,'(0), G;'(0) increases as magnetic Prandtl number P, decreases. ¥,(0)
decrease and F,"(0), F;"(0) increases with the increasing values of P, This is because as P,
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decreases, the magnetic diffusivity 7 _ 1 becomes larger resulting in greater horizontal component
=
O,
g'(0) of the magnetic field near the wall. Again f(0) increases as P, decreases because the
conductivity o is reduced and the boundary layer velocity begins to lose control over the magnetic
lines of force. Consequently the induced normal component of the magnetic field decreases and along

with it the ponder motive force (the u,JxH force, J being current) which resist the fluid motion
parallel to the plate is reduced. This tends to increase the skin-friction.

Conclusion:

Under the assumption of temperature dependent viscosity and thermal conductivity the unsteady
hydromagnetic boundary layer flow past a semi-infinite plate when the oncoming free-stream is
perturbed by an arbitrary function of time is studied. The result pertaining to the present study indicate
that the temperature dependent fluid viscosity and thermal conductivity play an important role in skin
friction factor, surface magnetic field and plate temperature. The effects of magnetic parameters on
the flow field are apparent.

Table 1. Values of Skin-friction f(0) , F,"(0) and F"(0) for different values of 6,and for P=0.7, 6,=-10,
R.=-1, E=0.01, R=0.5, P,=0.5, R,=2.

6, f(0) Fo"(0) F+"(0)

-10 0.729577 0.464715 -0.44653
-8 0.737904 0.469192 -0.4545
-6 0.751394 0.476366 -0.46771
-4 0.777012 0.489708 -0.49384
-3 0.800973 0.501831 -0.51963
-1 0.949221 0.522924 -0.71849

Table 2. Values of the heat transfer 60), ¥,(0) and ¥,(0) for different values of 6, and for P=0.7,
6=-10, R.=-1, E=0.01, R=0.5, P,=0.5, R;=2.

O, 010) ¥o(0) ¥1(0)

-10 -0.71101 -0.07142 0.04392
-8 -0.7189 -0.07694 0.043204
-6 -0.73179 -0.0856 0.041991
-4 -0.75666 -0.10117 0.039509
-2 -0.82493 -0.13758 0.031887
-1 -0.94015 -0.18386 0.017105

Table 3. Values of Skin-friction f(0) and the magnetic field at the plate g/(0) for different values of Py,
and for 6,=-10, 6,=-10, R.=-1, E;=0.01, Ry=0.2, P=0.7, R;=2.
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P, f'(0) 91(0)
0.2 0.41396 0.899385
0.4 0.4115 0.821799
0.6 0.409834 0.760043
0.8 0.408662 0.709682
1 0.407814 0.66781
2 0.405813 0.532778
3 0.405148 0.459104
4 0.404857 0.412324

Table 4. Values of Skin-friction F,"(0), the magnetic field at the plate G,'(0) and plate temperature
Y, (0) for different values of P, for ,=-10, 6,=-10, R=-1, E=0.01, R,=0.5, P=0.7, R,=2

P, F,"(0) G,'(0) #(0)
0.01 0.441083 0.994712 -0.07068
0.04 0.443116 0.979174 -0.07075
0.07 0.44505 0.96411 -0.07082

0.1 0.446891 0.9495 -0.07088

0.3 0.457152 0.862442 -0.07121

0.5 0.464715 0.790322 -0.07142

1 0.486049 0.498313 -0.07167
2 0.489234 0.412218 -0.07152

Table 5. Values of Skin-friction F;"(0), the magnetic field at the plate G;'(0) and plate temperature
W, (0) for different values of Py, for 6,=-10, 6,=-10, Re=-1, E=0.01,R4=0.5, R.,=2, P,=0.7

Pr F1"(0) G'(0) #1(0)
0.01 -0.57628 -0.00888 0.054951
0.04 -0.56516 -0.03497 0.05399
0.07 -0.55457 -0.06022 0.053076

0.1 -0.54446 -0.08468 0.052206

0.3 -0.48797 -0.22976 0.047388

0.5 -0.44653 -0.34888 0.04392

1 -0.385 -0.5674 0.038997

2 -0.34826 -0.81341 0.036681
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