
1 

 

Original Research Article 1 

 2 

Mhd Flow past a Semi-Infinite Plate with 3 

Temperature Dependent Viscosity and Thermal 4 

Conductivity 5 

 6 

ABSTRACT 7 

This paper attempts to effectively model the effects of variable viscosity and thermal conductivity on 8 
the unsteady hydromagnetic boundary layer flow past a semi-infinite plate when the oncoming free-9 
stream is perturbed by an arbitrary function of time and applied magnetic field is far from and parallel 10 
to the plate. The two dimensional boundary layer equations are separated into those representing 11 
steady and unsteady parts of the flow. For, steady flow equation and unsteady flow equation, viscosity 12 
and thermal conductivity are considered as inverse linear functions of temperature. The basic steady 13 
flow governing partial differential equations are transformed into ordinary differential equations by 14 
means of similarity transformation which are solved numerically using shooting method and the 15 
resulting approximate solution have been used in the subsequent study of the unsteady flow. The 16 
unsteady flow equations are subject to the Laplace Transformation technique. In this case, solution for 17 
large time is obtained assuming velocity, temperature and Magnetic field as asymptotic expansion. 18 
The relevant flow and heat transfer characteristics that is the skin-friction coefficient, the plate 19 
temperature and the tangential magnetic field at the plate are derived and discussed numerically. 20 

 21 
Key Words:    MHD, variable viscosity, variable thermal conductivity. 22 

1. INTRODUCTON: 23 

The problem of the boundary layer flow of a Newtonian fluid past a semi-infinite flat plate was first 24 
considered by Blasius [1] who reduced the boundary layer equations to ordinary non-linear differential 25 
equations by a suitable similarity transformation. The boundary layer flow problem past a semi-infinite 26 
plate was studied by Falkner and Skan [4]. Lighthill [9] had initiated the study of unsteady two 27 
dimensional boundary layer equations when the external flow fluctuates about a steady mean. 28 
 29 
The study of hydromagnetic flow has stimulated considerable interest due to its important applications 30 
in cosmic-fluid dynamics, meteorology and solar physics and in the motion of the earth’s core. Carrier 31 
and Greenspan [2] had studied the unsteady hydromagnetic boundary layer equations by using 32 
Osseen technique, when a semi-infinite plate moves impulsively in its own plane.  Das [3] studied the 33 
unsteady hydomagnetic boundary layer flow past a semi infinite flat plate when the oncoming free-34 
stream is perturbed by an arbitrary function of time and the applied magnetic field is parallel to the 35 
plate far away from it. Meksyn [10] considered the problem of flow of viscous electrically conducting 36 
fluid past a semi-infinite plate in the presence of an aligned magnetic field. Ingham [7] investigated the 37 
solution of the motion of a viscous electrically conducting fluid past a semi-infinite flat plate, which is 38 
started impulsively from rest with a constant velocity parallel to itself, in the presence of an applied 39 
magnetic field which is parallel to the plate at infinity.  40 
 41 
Most of the existing analytical studies for this problem are based on the constant physical properties 42 
of the ambient fluid. However, it is known that these properties may change with temperature [5]. To 43 
accurately predict the flow and heat transfer rates it is necessary to take into account this variation of 44 
viscosity and thermal conductivity. A number of authors analysed  the influence of variable thermo-45 
physical properties on the flow structure and heat transfer. Mukhopadhyay [11] studied the effects of 46 
variable viscosity on the MHD boundary layer flow over a heated stretching surface. Sarma

 
and 47 

Hazarika [15] studied on the effects of variable viscosity and thermal conductivity on heat and mass 48 
transfer flow along a vertical plate in the presence of a magnetic field. Salem [14] investigated variable 49 
viscosity and thermal conductivity effects on MHD flow and heat transfer in viscoelastic fluid over a 50 
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stretching sheet. Seddeek et al. [16] studied the effects of variable viscosity and thermal conductivity 51 
on an unsteady two-dimensional laminar flow of a viscous incompressible conducting fluid past a 52 
semi-infinite vertical porous moving plate taking into account the effect of a magnetic field in the 53 
presence of variable suction. Odda and Farhan [12] have considered the effects of variable viscosity 54 
and variable thermal conductivity on heat transfer from a stretching sheet. The fluid viscosity and the 55 
thermal conductivity are assumed to vary as inverse linear functions of temperature. Pantokratoras 56 
[13] presented a theoretical study of the effects of variable fluid properties on the classical Blasius and 57 
Sakiadis flow. It is found that the variation of fluid properties and especially viscosity have a strong 58 
influence on the results.  59 
 60 
The aim of this study is to investigate the effects of variable viscosity and thermal conductivity on the 61 
unsteady hydromagnetic boundary layer flow past a semi-infinite plate when the oncoming free-62 
stream is perturbed by an arbitrary function of time and applied magnetic field is far from and parallel 63 
to the plate. The two dimensional boundary layer equations are separated into those representing 64 
steady and unsteady parts of the flow. For, steady flow equation and unsteady flow equation, viscosity 65 
and thermal conductivity are considered as inverse linear functions of temperature. The basic steady 66 
flow governing partial differential equations are transformed into ordinary differential equations by 67 
means of similarity transformation which are solved numerically using shooting method and the  68 
resulting approximate solution have been used in the subsequent study of the unsteady flow. The 69 
unsteady flow equations are subject to the Laplace Transformation technique. In this case, solution for 70 
large time is obtained assuming velocity, temperature and Magnetic field as asymptotic expansion. 71 
The relevant flow and heat transfer characteristics that is the skin-friction coefficient, the plate 72 
temperature and the tangential magnetic field at the plate are derived and discussed numerically. 73 
 74 
 75 
2. FORMULATION OF THE PROBLEM: 76 

Consider the unsteady flow of an incompressible electrically conducting fluid past a semi-infinite plate 77 
due to a steady magnetic field and an unsteady free-stream velocity both being parallel to the plate. 78 
The fluid properties are assumed to be isotropic and constant except for the fluid viscosity and 79 
thermal conductivity.  80 
 81 
Let x  and  y be the distances measured along and perpendicular to the plate, (u,v)  and (H1, H2) be 82 
the  corresponding velocity and magnetic field components, U and H are the velocity and magnetic 83 
field at large distances from the plate and parallel to the plate. Both are assumed to be uniform. 84 
  85 
The corresponding equations for the unsteady flow by making the usual boundary layer 86 
approximations 87 
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where  ρ∞  is the density of the fluid at infinity,  µ is the viscosity of the fluid, k is the thermal 94 

conductivity, Ez is the z-component of electric field strength, 

eσµ
η

1
1 = is the magnetic diffusivity. 95 

 96 

Also it is assumed that both the viscous Reynold number 

∞ϑ
=

xU
Ra

0     and the magnetic Reynold 97 

number  
0

1

0 U   ,
η

xU
Rm = being typical u velocity, are large compared with unity where  

∞

∞
∞ =

ρ

µ
ϑ ,  98 

∞µ  being the viscosity of the fluid at infinity.  99 

 100 
The normal component of the magnetic field is assumed to vanish at the wall while the parallel 101 
component approaches its given value at the edge of the boundary layer. Again since the fluid is 102 
finitely conducting and the plate is non-conducting there should be no surface current sheet and 103 
hence the tangential component of the magnetic field is continuous across the interface. The condition 104 

is expressed by the equation   01 =
∂

∂

y

H  at  y =0.   105 

 106 
Hence the boundary conditions are 107 
 108 

          u = 0 = v,  01 =
∂

∂

y

H ,  H2 = 0,  T = Tw  at  y = 0                        109 

          u→ U(t),   H1= H,    T → T∞   as   y→ ∞                                                           (2.6) 110 
 111 
 112 
The fluid viscosity is assumed to be inverse linear function of temperature (Lai&Kulaki [8]) as follows  113 
   114 
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 117 
a and  Tr   are constants and their values depend  on the reference state and thermal property of the 118 
fluid.  In general a > 0 for liquids and a < 0 for gases.  γ is  a constant based on thermal property of 119 
the fluid.  For γ →0, µ = µ∞ (constant).  120 
 121 
Also the variation of thermal conductivity is considered as follows (Hazarika, and Lahkar[6])  122 
 123 
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Where c and  Tk  are constants and their values depend on the reference state and thermal property 126 
of the fluid. ξ is a constant based on thermal property of the fluid . c>0 for liquids and  c<0 for gases. 127 
 128 
Following Lighthill [9], we have    129 

              u = uo(x, y) + ε u1 (x, y, t) 130 

                v = vo(x, y) + ε v1 (x, y, t) 131 

                U (t) =Uo +ε U1 (t) 132 

               H1 = Hxo (x, y) + ε Hx1 (x, y, t)                                                                  (2.7)          133 
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                H2 = Hyo (x, y) + ε Hy1 (x, y, t) 134 

                H = Ho 135 

                T = To (x, y) + ε T1 (x, y, t) 136 

 137 

where the o subscript quantities denote the steady motion, and 1 subscript quantities denote the 138 
unsteady motion ,  ε being a small reference parameter. 139 
 140 
Substituting (2.7) in equations (2.1) - (2.5) and equating coefficient of 0(ε), equations for the steady 141 
state,  142 
 143 
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 149 
The corresponding boundary conditions are  150 
 151 
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The equations for unsteady state 156 
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 166 
The corresponding boundary conditions are  167 
 168 
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where     )(tU M

 is an arbitrary function of time. 172 

 3. STEADY STATE SOLUTION: 173 
 174 
Equations (2.8)-(2.12) together with boundary conditions (2.13) are the magnetohydrodynamic 175 
boundary layer equations for a steady flow of an electrically conducting fluid past a semi-infinite non-176 
conducting plate. Using the non-dimensional transformations 177 
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in equations (2.8)- (2.12), the equation of continuity for velocity and magnetic field are satisfied 186 
automatically. The equation of momentum, the magnetic induction equation and the heat transfer 187 
equation become 188 
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 195 
with the boundary conditions   196 
 197 
                   100 0 ===′′==′ θ  ,gg   ,ff  at   η=0 198 

                   011 0 ==′=′ θ  ,g  ,f  as   η→∞                                               (3.5) 199 
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The physical quantities of interest are the local Skin-friction coefficient Cf , surface magnetic field  Hxo  205 
and the local Nusselt number Nu. 206 
 207 
The Skin Friction Coefficient at the plate is given by 208 
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 is the tangential shear stress. 214 
 215 
The tangential component of the magnetic field at the plate is given by 216 
 217 
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 4. Unsteady State Solution: 226 
 227 

Substituting 0,1 >= c  ctt and multiplying equations(2.14)-(2.18) by 1ste− and integrating with 228 

respect to t1 from 0 to ∞ (i.e. applying Laplace transformation) (Das [3]) we have,  229 
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              (4.5)                                                                                                                                                                                    234 

where  ∫
∞

−=
0

111
1 dteuu

st ,    Rl  (s) > 0,   etc. 235 

Also we assumed that  236 

                           t  eU   ,eu
stst ∞→→→ −−

111   as00 11 , 237 

                     u1=0,   U1=0 at    t1=0, 238 

                    01
1 →−st
eH x   as  ∞→1t , 239 

1xH = 0 at 01 =t , 240 

01
1 →−st
eT  as  ∞→1t , 241 

                 and  
1T =0       at    01 =t . 242 

The transformed boundary conditions are  243 
 244 

         0,0,0,0 1
1

1
11 =

∂

∂
==

∂

∂
==

y

T
   H   

y

H
   vu y

x     at   y=0 245 

            TT   H    sUU)sUu xM ∞→==→ 11011 ,0,)(( as ∞→y                      (4.6) 246 
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 247 
         )(sUM

 being the transformation of )(tU M
. 248 

 249 
 250 
4.1 Solution for Large Time:  251 
 252 
 In the s-plane large time will correspond to small values of s. The assumption )()( 01 tUUtU M=

 
in 253 

the boundary conditions (2.19) implies that the main stream has been perturbed only in magnitude but 254 

not in direction. To solve equations (4.1)-(4.5) we expand   
11111 ,,,, T  H   H  v   u yx
  in series of 255 

ascending powers of s  as follows (Das [3]), 256 

 ( ) ( )ηFxssUUu n
n

nn
M ′= ∑

∞

=0
01

  257 

( ) ( ) ( )















+−′ϑ= ∑

∞

=

−

∞ ηFnηFηxssUUv nn
n

n
n

M
2

1

2

1

0

2

1

01
 258 

( ) ( )ηGxssUHH n
n

nn
Mx ′= ∑

∞

=0
01

                                                          (4.1.1) 259 

( ) ( ) ( )















+−′

ϑ
= ∑

∞
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−
∞ ηGnηGηxssU

U
HH nn

n

n
n

My
2

1

2

1

0

2

1

0
01

 260 

( ) ( ) ( )ηψxssUTTTT n

n

nn
Mw ∑

∞

=
∞∞ −+=

0

01
 261 

Substituting for u0, v0 , Hx0 , Hy0 , T0  from (5.3.1) and for  T H H v u yx 11111 ,,,,  from (4.1.1) in 262 

equations (4.1)-(4.5), the equations of continuity for velocity and magnetic field are satisfied 263 
automatically and from the remaining three equations after comparing the coefficients of   s

n
  we have, 264 

for  n=0 265 
 266 

( ) 00000
00

00
0

00

0 =′′+′′−′′+′′+
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

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θ
H

rr

r2                              (4.1.2)      267 

 
00000 FgGfFgGfG

Pm

′′−′′−′′+′′=′′′
2                                                           (4.1.3) 268 
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             (4.1.4)                                                                                                      269 

The boundary conditions are  270 

           0=η  ; 
00 0 FF ==′  ,   

00 0 GG ==′′   ,  00 =′ψ  271 

           ∞→η ; 
0F ′=1, 00 =′G ,   0=0ψ                                                     (4.1.5) 272 

For n=1, 273 
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            (4.1.8) 276 

 277 
The boundary conditions are  278 

                   0=η ;   
11 0 FF ==′ ,   11 0 GG ==′′ ,  01 =′ψ   279 

                   ∞→η ; 11 =′F ,  01 =′G ,   01 =ψ                                           (4.1.9) 280 

 281 
Followind Das[3],  let  282 
 283 
                            ( ) ( )sUsyxuu M,,21 =                                               (4.1.10) 284 

           So that       ( )ηFxsUu
n

n
nn∑ ′=

∞

=0
02                                                         (4.1.11) 285 

 286 
Inverting  (4.1.10)     287 

                        ( ) ( )∫ −=
1

0
211

t

M dy,,xutUu τττ                                    (4.1.12) 288 

 289 
And inverting (4.1.11) term by term  290 
 291 

                       ( )
n

n

n
n

dt

td
)η(FUu

1

1

0
02

∂
∑ ′=
∞

=

     where  ( )1t∂  is the delta function. 292 

 293 
Therefore from (4.1.12)    294 

                            
( ) ( ) ( )

( )
n
M

n
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dt
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d
dt

td
tUFxUu

10

0

1

0 1

1
1

0

01

∑

∫∑

∞

=

∞

=

′=

∂
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                        (4.1.13) 295 

 296 

similarly           ( )
n
M

n

n
n

n
x

dt

Ud
ηGxHH

10
01 ∑ ′=

∞

=

                                       (4.1.14) 297 
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and               ( ) ( )
n
M

n

n

n
n

w
dt

Ud
xTTTT

10

01 ηψ∑
∞

=
∞∞ −+=                                          (4.1.15) 298 

 299 
The equations (4.1.13), (4.1.14) and (4.1.15) give the unsteady part of velocity field,   magnetic field 300 
and temperature field for large time. 301 
 302 
The unsteady part of the Skin-friction C1f ,  the surface magnetic field at the plate  Hx1  and the plate 303 

temperature T1 are given by 304 

 305 

                      

( ) ( )
n

M
n

n
n

n
a

r

r

f

dt

Ud
FxR

Uρ
C w

τ
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2
1
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2
0
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0
1

2

2

0
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′′∑
−

=

=
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−

∞
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θ

                          (4.1.16) 306 

where 307 

                     

( )
n

M
n

n
n

n

y
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dt
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U

y

u
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0
0

0

1
1

0′′∑=



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

∂

∂
=

∞

=∞
∞

=
∞

µ
µ

µτ

       308 

is the shear stress at the wall. 309 

               ( )
n
M

n

n

n

n
x

dt

Ud
GxHH

10

01 0′= ∑
∞

=

                                            (4.1.17) 310 

    and      ( ) ( )
n

M
n

n

n
n

w
dt

Ud
xTTTT

10

01 0∑
∞

=
∞∞ −+= ψ                                      (4.1.18) 311 

Results and Discussions: 312 
 313 
The transformed dimensionless coupled non-linear equations (3.2)-(3.4) together with boundary 314 
conditions (3.5) for steady state and equations (4.1.2)- (4.1.5) and (4.1.6)- (4.1.9) for unsteady state 315 
are solved using shooting method for various combination of parameters viz. viscosity variation 316 
parameter θr, thermal conductivity variation parameter θk,  magnetic pressure number  RH,  magnetic 317 
Prandtl number Pm  for Eckert number Ec=0.01, electric field parameter Re=-1 and Reynolds number 318 
Ra=2 for fluid with Prandtl number Pr=0.7. The corresponding non-dimensional skin-friction coefficient 319 
f''(0), the magnetic field at the plate g'(0) and  the heat transfer rate at the surface θ'(0) for steady 320 
state and the unsteady part of the Skin-friction Fn''(0), the surface magnetic field at the plate  Gn'(0) 321 
and the plate temperature  Ψn(0) for  n=0 and n=1 are evaluated and tabulated.  322 
Table1. contains numerical result for the skin-friction parameter f''(0), Fo''(0), F1''(0)  at the plate for 323 
Pr=0.7,  θk=-10,  Re=-1,  Ec=0.01,  RH=0.5,  Pm =0.5,  Ra=2 for different values of θr varying from -10 to 324 
-1. The result show that f''(0), Fo''(0), increases but F1''(0)  decreases when θr increases. This effects 325 
on g'(0) and θ'(0) are  less significant. The numerical values for the heat transfer rate at the surface 326 
θ'(0) for steady state are shown in Table 2. It is clear from this Table that the heat transfer rate at the 327 
surface for steady state decreases with the increasing values of thermal conductivity variation 328 
parameter θk. Same is the case with the unsteady part of plate temperature Ψo(0) and Ψ1(0). These 329 
effects on Fo''(0), Go'(0) are not significant. It is seen from Table 3, Table 4 and Table 5 that the 330 
surface magnetic field g'(0), Go'(0), G1'(0) increases as magnetic Prandtl number Pm decreases. Ψ1(0) 331 
decrease and Fo''(0), F1''(0) increases with the increasing values of Pm. This is because as Pm 332 
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decreases, the magnetic diffusivity 

eσµ
η

1
1 = becomes larger resulting in greater horizontal component 333 

g'(0) of the magnetic field near the wall. Again f''(0)   increases as Pm  decreases because the 334 
conductivity σ is reduced and the boundary layer velocity begins to lose control over the magnetic 335 
lines of force. Consequently the induced normal component of the magnetic field decreases and along 336 

with it the ponder motive force (the HJe ×µ  force, J  being current) which resist the fluid motion 337 

parallel to the plate is reduced. This tends to increase the skin-friction.  338 

 339 

Conclusion: 340 
 341 
Under the assumption of temperature dependent viscosity and thermal conductivity the unsteady 342 
hydromagnetic boundary layer flow past a semi-infinite plate when the oncoming free-stream is 343 
perturbed by an arbitrary function of time is studied. The result pertaining to the present study indicate 344 
that the temperature dependent fluid viscosity and thermal conductivity play an important role in skin 345 
friction factor, surface magnetic field and plate temperature. The effects of magnetic parameters on 346 
the flow field are apparent. 347 
 348 
 349 
Table 1. Values of Skin-friction f''(0) , Fo''(0) and F1''(0) for different values of θr and for Pr=0.7,  θk=-10,  350 

Re=-1,  Ec=0.01,  RH=0.5,  Pm=0.5,  Ra=2. 351 
θr f''(0) Fo''(0) F1''(0) 

-10 0.729577 0.464715 -0.44653 

-8 0.737904 0.469192 -0.4545 

-6 0.751394 0.476366 -0.46771 

-4 0.777012 0.489708 -0.49384 

-3 0.800973 0.501831 -0.51963 

-1 0.949221 0.522924 -0.71849 
 352 
 353 
 354 

Table 2. Values of the heat transfer θ'(0), Ψ0(0) and Ψ1(0) for different values of  θk and for Pr=0.7, 355 
θr=-10, Re=-1, Ec=0.01, RH=0.5, Pm=0.5, Ra=2. 356 

θk θ'(0) Ψo(0) Ψ1(0)  

-10 -0.71101 -0.07142 0.04392  

-8 -0.7189 -0.07694 0.043204  

-6 -0.73179 -0.0856 0.041991  

-4 -0.75666 -0.10117 0.039509  

-2 -0.82493 -0.13758 0.031887  

-1 -0.94015 -0.18386 0.017105  

 357 

 358 

 359 

 360 

 361 
 362 

 363 
 364 

Table 3.  Values of Skin-friction f''(0) and the magnetic field at the plate g'(0) for different values of Pm, 365 
and for  θr=-10, θk=-10, Re=-1, Ec=0.01, RH=0.2, Pr=0.7, Ra=2. 366 

 367 
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 368 

 369 

 370 

 371 

 372 

 373 

Table 4. Values of Skin-friction Fo''(0), the magnetic field at the plate Go'(0) and plate temperature 374 
Ψo(0) for different values of Pm. for θk=-10,  θr=-10,  Re=-1,  Ec=0.01,  RH=0.5,  Pr=0.7,  Ra=2 375 

 376 
 377 

Pm Fo''(0) Go'(0) Ψo(0) 

0.01 0.441083 0.994712 -0.07068 

0.04 0.443116 0.979174 -0.07075 

0.07 0.44505 0.96411 -0.07082 

0.1 0.446891 0.9495 -0.07088 

0.3 0.457152 0.862442 -0.07121 

0.5 0.464715 0.790322 -0.07142 

1 0.486049 0.498313 -0.07167 

2 0.489234 0.412218 -0.07152 

 378 
 379 

Table 5. Values of Skin-friction F1''(0), the magnetic field at the plate G1'(0) and plate temperature 380 
Ψ1(0) for different values of Pm. for θk=-10, θr=-10, Re=-1,  Ec=0.01,RH =0.5,  Ra=2, Pr =0.7 381 

 382 

Pm F1''(0) G1'(0) Ψ1(0) 

0.01 -0.57628 -0.00888 0.054951 

0.04 -0.56516 -0.03497 0.05399 

0.07 -0.55457 -0.06022 0.053076 

0.1 -0.54446 -0.08468 0.052206 

0.3 -0.48797 -0.22976 0.047388 

0.5 -0.44653 -0.34888 0.04392 

1 -0.385 -0.5674 0.038997 

2 -0.34826 -0.81341 0.036681 
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