Original Research
Article

Global stability and traveling waves of an epidemic model

with diffusion and latent period

Abstract

In this paper, we investigate the global stability and the existence
of traveling waves for a delayed diffusive epidemic model. The disease
transmission process is modeled by a specific nonlinear function that
covers many common types of incidence rates. In addition, the global
stability of the disease-free equilibrium and the endemic equilibrium
is established by using the direct Lyapunov method. By constructing
a pair of upper and lower solutions and applying the Schauder fixed
point theorem, the existence of traveling wave solution which connects
the two steady states is obtained and characterized by two parameters
that are the basic reproduction number and the minimal wave speed.
Furthermore, the models and main results presented in [2, 4, 6, 7] are
extended and generalized.

Keywords: Global stability, traveling wave, nonlinear incidence rate, Schauder
fixed point theorem.

1 Introduction

In epidemiological models, the study of global stability of equilibria determines
the dynamical behavior of disease at long-term. However, the traveling wave
solutions describe the transition from a disease-free equilibrium to an endemic
equilibrium. In addition, the existence of traveling waves indicates that the
disease can spread and invade successfully. Therefore, the existence of traveling
waves for fast diseases models have been investigated by many authors (see,
for example, [1, 2, 3, 4]). But in reality, various diseases occur in more than
one year and there is a renewal of the susceptible individuals [5]. For this
reason, Yang et al. [6] studied the existence of traveling waves of a delayed
diffusive SIR epidemic model with saturated incidence rate in the case when
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the diffusion coefficients are equals. In 2015, Li et al. [7] improved the work of
[6] by determinig the existence of traveling waves for all diffusion coefficients.
To extend and generalize the above models, we propose the following system

85(“;’ D GsAS+ A — pS(@,t) — F(S(@, ), Iz, ) (2, 1),
afa”i’t) =di AT+ f(S(x,t —7), I(w,t — ) (2t —7) — (n+d + 1) (x,1), (1)
% =drAR+rI(x,t) — pR(z,t),

where S(z,t), I(z,t), and R(x,t) represent the densities of susceptible, infected
and removed individuals at position z and time ¢, respectively. The positive
constants dg, d; and dr denote the corresponding diffusion coefficients. A
is the recruitment rate of susceptible population, p is the natural death rate
of the population, d is the death rate due to disease, 7 is the latent period
of the disease, and r is the recovery rate of the infective population. The
disease transmission process is modeled by Hattaf’s incidence rate [8] of the
form f(S,I) = 1+a1.5'+ﬁasgl+a351’ where aq, ag, ag > 0 are constants and § > 0
is the infection coefficient. We recall that this incidence rate includes the
common types such as the bilinear incidence (or mass action incidence) when
a1 = ap = ag = 0, the saturated incidence rate when oy = a3 = 0 or
as = ag = 0, the Beddington-DeAngelis functional response introduced in
[9, 10] when a3 = 0, and Crowley-Martin functional response presented in
[11, 12, 13] when a3 = ajae.

On the other hand, the delayed diffusive SIR epidemic model presented by
Li et al. [7] is a special case of system (1), it suffices to take o = a3 = 0. In
addition, we obtain the model proposed by Yang et al. in [6] when dg = d; =
dr and oy = a3 = 0.

Observing that the first two equations in system (1) do not depend on the
function R, and so the third equation can be omitted without loss of generality.
System (1) can be rewritten as

(2)

{ 05t _ 4o AS + A — uS(m,t) — F(S(a,t), Iz, ) (,8),

8151; t) =drAI+ f(S(z,t — 1), I(z,t — 7)) [(z,t —7) — (u+d+71)(z,1),

with homogeneous Neumann boundary conditions

oS 0l
5 = 0, on 99 x (0,+00), (3)
and initial conditions
S(I‘,e) = ¢1($,9>, I(x,@) = ¢2(I‘,9), T e Qa NS [_Tv 0]7 (4)

0
where €2 is a bounded domain in IR" with smooth boundary 0 and p denotes

the outward normal derivative on 0f2. From biological point of view, the



Neumann boundary conditions mean that the individuals do not move across
the boundary 0f).

This paper is structured as follows. In the next section, we establish the
global stability of equilibria for problem (2)-(4). In section 3, we investigate
the existence of traveling waves by using the technique of lower and upper
solutions and applying the Schauder fixed point theorem. In section 4, the
nonexistence of traveling waves is considered. The paper ends with a discussion
and conclusion in section 5.

2 Global stability of steady states

Firstly, we discuss the existence of equilibria, which are the steady states of
the following reaction system

85;—? = A (1)~ F(S(0), IO (1) -

P (), 1= 7)1~ 7) — (ot d (),
which is a special case of the model proposed by Hattaf el al. [14]. Based on
the results given in [14], we deduce that the basic reproduction number of (5)
as follows

BA

(p+aaN)(p+d+r)

In addition, if Ry < 1, the system (5) has a unique disease-free equilibrium
E f(%, 0) corresponding to the extinction of disease. When Ry > 1, the disease-
free equilibrium is still present and the system (5) has a unique endemic
2 A
equilibrium of the form E*(S* I*) with S* = (a+a1h) ,
A 5 B—a1a+0z2,u—oz3/\+\/g
I* = i, a=p+d+rand d = (8—ara+aspu—azA)?+4dazu(a+aA).
a

Secondly, we establish the global stability of steady states by constructing
suitable Lyapunov functionals for (2)-(4). These Lyapunov functionals are
obtained from the corresponding system (5) by applying the method of Hattaf
and Yousfi presented in [15]. Therefore, we construct the Lyapunov functional
for system (2)-(4) at E; as follows

Ry =

W, = /Q Vi(S(, 1), I(z, £))da, (6)

S(t) f(S
f(X,0)

Va(t) = S(t) — So —/S

0

dX+[ / f(s (0)1(0)do, (7)
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when Sy = —. Calculating the time derivative of W; along the solution of

system (2)-(4),

% _ /Q {,uSo(l - Sﬁo)(l - J;((?’g))) + af(ﬁg é; flo = 1) }dx

 dsSo [ VS P
1+04150 Q S2

S f(So,0) dsSo | VS |?
/Q{ So(l—S—)(l— f(S,O))+aI<RO_1)}dx_1+a150/9 o dx

(S —Sp)? dsSo / | VS [?
= — =" I\ Ry—1) pdx — dx.
/g;{ MS(l-'-OélS()) Ta 0 * 1+04150 S2 .
Since Ry < 1, we have dW1 < 0. Thus, the disease-free equilibrium Fy is stable,

and 2 = 0 if and only 1f S =5y and I(Ry — 1) = 0. We discuss two cases:
o If Ry < 1, then I = 0.

==

we have

~—

dx

IN

o If Ry =1. From S = S and the first equation of (2), we have

oS 050
ot ot
Then, f(So, I)I = 0. Since 5> 0 and Sy > 0, then I = 0.

From the above discussion, we deduce that the largest compact invariant set
in {(S, I)|2 = 0} is just the singleton E;. From LaSalle invariance principle
[16], we conclude that E is globally asymptotically stable.

Similarly, we construct a Lyapunov functional W for system (2)-(4) at E*
from the Lyapunov functional V5 defined by Hattaf et al. in [14] in the case
when Ry > 1. Consequently, we obtain the following result.

Theorem 2.1.

(i) If Ry < 1, the disease-free equilibrium E; of system (2)-(4) is globally
asymptotically stable for all diffusion coefficients.

(ii) If Ry > 1, the endemic equilibrium E* of system (2)-(4) is globally
asymptotically stable for all diffusion coefficients.

Now, we consider system (1) with homogeneous Neumann boundary con-

ditions aS oI OR
5252520, on 92 x (0, 4+00), (8)

and initial conditions
S(z,0) = ¢1(x,0), I(z,0) = ¢o(x,0), R(z,0) = ¢3(z,0), v €Q, 6€[-1,0].
9)

From the above theorem, we get the following corollary.
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Corollary 2.1.

(i) If Ry < 1, the disease-free equilibrium Qs(A/p,0,0) of system (1) with
(8)-(9) is globally asymptotically stable for all diffusion coefficients.

*

I
(i) If Ry > 1, the endemic equilibrium Q*(S*,I*, R*) with R* = T,u of

system (1) with (8)-(9) is globally asymptotically stable for all diffusion
coefficients.

3 Existence of traveling waves

In this section, we investigate the existence of traveling wave solution con-
necting the disease-free equilibrium and the endemic equilibrium. For this, we
consider the following model

08@.t)  _ 4 OS@.) L\ e gy~ F(S(at), I, ) (t),
arte 1 5ty (10)
81‘)7 =ds 2 +f( (:E,t—T),I(:l?,t—T))I(IL’,t—T) - (,LL+d—|—7')I(LE,t)7

~ ~ ~ A

Let S(z.1) = “S(v/dnt), Tat) = “lav/dnt+7), D= 3, 554
A dr H

_ A A A2
o = &, Oy = el and ag = azz . Hence, we rewrite the system (10) in

the following form

31(81Zt t) *I(x x) (11)
8157 = o2 +f( (z, )7I(x7t_7-))l(xvt_7-)_(M+d+r)l(x7t)v

{85(910,15) :Dazg( )+,u wS(z,t) — f(S(:c,t),I(:c,t—T))I(:c,t—T),

S
1 + S + ol + asST
free equilibrium E f(l 0). Besides, if Ry > 1, the system (11) has also a unique
endemic equilibrium E*(%S * RT).
The traveling wave solution of (11) connecting E ¢+ and E* is a special
solution of the form

(S(z,t),I(z,1)) = (¢(z + ct),v(z +ct)), {=x+ct,

with the boundary conditions (¢, 1) (—oco) = (1,0) and (¢, ¥)(+o0) = (KS*, £1*).
Here ¢,1 € C*(IR,IR) and ¢ > 0 is a constant corresponding to the wave speed.
On substituting ¢(z + ct) and ¥ (z + ct) into (11) and denoting = + ct by &, we
obtain the following wave equation

c¢'(€) = D" (&) + 1 — pd(€) = F(B(E), (€ = e7))ib(€ — e7),
(&) =" (€) + F(@(€),h(€ — er)(€ — e7) = (+d+r)¥(E),

where f(S,1) =

The system (11) has always a disease-

(12)
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for all ¢ € IR, together with the boundary conditions
(¢,¢)(—00) = (1,0) and (¢, ) (+00) = (§S*, §I7). (13)
Linearizing the second equation of (12) at E ¢, we get the following character-
istic equation
AN ) = A —cA+ %6_)‘07— —(u+d+r).
It is not hard to prove the following result.

Lemma 3.1. Assume that Ry > 1. Then there exist ¢* > 0 and \* > 0 such

. e OA(N*, ")
that A(X*,¢*) =0 and R

(1) If0 < c < ¢*, then A(\ ¢) >0, for all A > 0;

= 0. Moreover, we have

(i) Ifc > c*, then A(X, ¢) = 0 has two positive real roots Ai(c) and Ao(c) such
that 0 < Ai(c) < A* < Ao(c) and

Throughout this section, we always assume that Ry > 1 and ¢ > ¢*. In
addition, we always denote \;(c) by \;, i = 1,2.
Now, we define two continuous functions as follows

() = 1,
E(f) = min {6)\16, ﬁ(RO — 1)}

Lemma 3.2. The function (¢,v) is an upper solution of system (12).
Proof. Clearly, the function ¢(¢) satisfies the following inequality

B (&) > DP (&) + j— pd(&) — F(B(E), P& — er)B(E —er). (1)

It remains to prove that the function () satisfies

D (€) >V () + FBE), B — er)BE —er) — (u+d+1)B(E),  (15)

1 1"‘0&1

for all =—1 (Ro— 1)
watese i Lu (100,

If £ < &, then (&) = M€ and
T (€)= P (6) + FBE)B(E — er)BE — e7) — (u+ d+7)P(E)

< MMt — e\ — (u+d +r)eME 4 el
= eMEA (N ©).
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Since A(Ay, ¢) = 0, we deduce (15).
— l1+a
If £ > &, then §(¢) = - 5213(30 —1) and

F@(E), (€ —er))P(E —cT) — (u+d+1)P(€) = 0.

Hence, the inequality (15) holds because ¥(£) is a constant when ¢ > &;. This
completes the proof. |

Lemma 3.3. Let 0 € (0, A1) be sufficiently small. Then the function ¢(&) =
max{l — %e”ﬁ, 0} satisfies the following inequality

¢ (€) < D" (€) + pu — pg(€) — F(9(€), V(& — er))b(E —er),  (16)
for all & # & = %lna.

Proof. If § > &, then ¢({) = 0 and the inequality (16) holds.
If £ < &, then ¢(§) =1 — Le* and

D" (€) — ¢ (€) — ug(€) + i — F(G(E), Y(E — c7))P(€ — e7)
> D¢’ (€) — ¢ (€) — ug(€) + 1 — BP(E)P(E — e7)

v

D

|-

"(€) — c8'(€) — g (€) + p — Po(E)eME)
= —Doe + ce™ + et — Beri(e=en)(1 — Leot)
> —Doe% + ce’t + ge"f _ BeMiteen)

> 605(_D0- +e— Ee—cr)qe()q—a)f)

Al —o

> ¢%¢(—Do + ¢ — e Mg T ).

A—o
Since lirgl+ o T = 0, we deduce for o > 0 sufficiently small that
g—

—Do +c— Be_”’\lak%:u > 0.
Hence, the inequality (16) holds m

Lemma 3.4. Let M > 1 sufficiently large and 0 < n < min{o, A;, Ao — A1 }.
Then the function (§) = max{eM¢(1 — Me™),0} satisfies the following in-
equality

' (€) < U (&) + F(S(€), (€ — er))(€ —er) — (p+d+r)w(E),  (17)
for all £ # &3 = %mﬁ
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Proof. If { > &3, then ¢({) = 0 and the inequality (17) holds.
If £ < &, then ¢(&) = eM8(1 — Me™). We put M; = ') and we take
G5+ 105 |y

M > max{ AT

1
—e% because &3 < &o.

Then ¢(§) =1 — S
On the other hand,
N - B()(& — c)
f(f(é)?%(f - CT))%(& - CT) - 1+ a19(£) + aZ%(f — CT) + aBQ(f)%(f _ CT)

B B (€ — er) - Bre’ (€ —er)
1+ g(€) + ap(€ —cr) + asdp(Ov(E —cr) 1+ arg(€) + aap(€ — cr) + asp(E)Y (€ — cr)

B BY(& = e7)  Bg(g —er)
T T+ a1p(€) + azy(€ —cr) + aig(g)g(g ) 1+a
Bup(€ - cr) poe Bl —er)
1+a1 1+ ag(€) + @€ —cr) + asp(§)v(€ — cr)

P& —er) 1 (G2 +G3)Bu(E —cT) =1 .
ST a1 a0 + aabE — o) T @ ©vE —en) | T+ an — g E—en)

N Bﬂ({ —c7) B(&z —+ &3)%2(f —er) - gée(aﬂl)g

14+ 14+ o
- Eﬁ(f —c7) B B(@2 + 63)62A15 B B‘le(wrh)&
1+ a1 1+an o '
Therefore
V(€)= (&) + F(9(6), (€ = er)w(€ = er) = (p+ d + 1)1 (€)
. , By(e — B(ds +a -1
> % (€) - Cﬂ (€) + 5%1(i &107) _ 5(?14-&?3) e2ME 6;6(a+>\1)5 —(u+d+ r)g(f)

= —A(Al —+ n, C)Me()‘1+77)$ _ Mez)\lf o gle(o-ﬁ-)\l)ﬁ
1+ Qq o

B(d + ) gl) S

> (- A+ - x5
a2+~a3_|_10-~ A= ~ 2

(1+a1 /)6’We have —A()\1+77,C)M—M—é>0.
1+041 g

Since M
ince M > “A T .0)

Thus, the inequality (17) holds. m
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Now, we will apply the Schauder fixed point theorem to show the existence of
solutions of (12).

We choose p > max{pu+d +r, 1+ §/2} and we denote

Hi(¢,0)(€) = pd(&) + 1t — po(€) — F(&(€), (& — er))w(€ — o),

Hy (¢, 9)(§) = pib(&) + f(0(€), ¥(§ — e7))Y(§ —e7) = (u+ d +r)i().

By the choice of p, it is not hard to show that H; is monotone increasing in ¢
and monotone decreasing in ¥, and Hy is monotone increasing in ¢ and .
We define the set as follows

- {w) & C(R, RY)/(6,v) < (604) < <M>}.

Then T is nonempty, closed and convex in C(IR, IR?).
Next, we construct an operator F : I' — C(IR,IR?) defined by

where
3 +oo
Fl(gb, @/))(f) = m{/_ eMi(E—2) + /£ 6)‘12(5_9”)}H1(¢, @Z))($>d$,
3 +oo
Fy(6,0)(€) = ﬁ{ / ey /£ e”“f‘x)}HQ(as,w(x)da:,

with
c—+/c2+4Dp c++/c?+4Dp
A = 5D ; Az = 5D ;
c— A/ +4p c+ /2 +4p
Ag1 = 5 , Az = 5

Lemma 3.5. The operator F' maps I into I.

Proof. From the monotonicity of H; with respect to ¢ and 1, we get for all
£ € R,
Fi(6,9)(€) < F1(6,9)(€) < Fi(,¥)(6). (18)

From (16), we obtain

A ; ¢ A11(§—x) l >\12(5—9ﬂ)}
RO 2 ol [ e o

"

X [pd(x) + c¢ (v) — Do’ (x)]d,
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for all € # &.

If £ > &, we have

1

&2
R@D© 2 g [ lbste) + ed (0) - DY (s

! ¢ ) , "
T Dlw— ) /£ ‘ p8() + co (x) — D¢ ()]dx
1

+o00
 BemT o) + g @) - Do (@)

B €>\11($—§2)?l(£2_)

EE U e

> 6(E).
Similarly, we show that Fy(¢,v)(&) > ¢(£) when { < &. Hence, from the
continuity of Fy(¢,)(§) and ¢(€), we get

Fi(¢,9)(§) > 6(¢), V¢ € R. (19)
Since H,(o, Y) < pd, we have
Fi(6,9)(§) <1, V€€ R. (20)
From (18)-(20), we get
0(€) < Fa(4,9)(€) < 0(), V€€ R. (21)
From the monotonicity of Hy with respect to ¢ and ¢, we get for all £ € R,
Fy(0,9)(€) < Fa(o, ¥)(€) < Falg, ¥)(€). (22)

By (15), we obtain

- ; ¢ A21(§—x) l >\22(§—$)}
B3.9)E) < (&2_&1){/_; +/5 ’

X [p0(e) + b (z) = P (2))da,
for all € # &;.
If £ < &, we have

Fy(0,0)(§) <

&1 / —
X 7/ er22(6-7) [pE(Z) +c () — ¢ (z)]dx
§
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If £ > &, we have

Db 1 ¢ A21(§—x) I A22(§—w) wa
Fy (o, 4)(§) < m{ /_ooe ‘i‘/5 e }(pw(aﬁ))dw
= ().
Hence, from the continuity of F5(¢,)(&) and ¢(€), we get
Fy(9,9)(€) <(€), VEeR. (23)

From (17), we obtain

; ¢ er21(6-7) o e 22(6-2)
a@yMJZ(&Tﬁm{[m +l }
X lpb(e) + v (2) = ¥ (@)]de,

for all £ # &;.

Similarly, we prove that

From (22)-(24), we obtain

Y(€) < Fa(0,9)(€) < ¥(€), V€€ R. (25)

By (21) and (25), we conclude that F' maps I" to I'. u

Let w > 0 is a constant satisfying v < min{—MX;;, —A21 } and define

B.(R,R?) = {<¢>, )€€ sup o)l < o, sup (WO~} < oo}
£e &e

with norm

(&, )] = max{ sup |p(&)]e™"!, sup |¢(§)|e—ulfl}'
¢elR celR

Obviously, B, (IR, R?) is a Banach space with the norm |.|,.

Lemma 3.6. The operator F' is continuous with respect to the norm |.|, in
B, (IR, IR?).
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Proof. Let ©; = (¢1,11) € I and Oy = (o, 1) € I'. We have
‘f(asl(f), P1(€ — er))r (& — 1) — F($2(€), (€ — 7))o (€ — c7)

<‘ B1(€) (W1(€ — c7) — Y2 (€ — c1))
Tl Fap1(§) + azpi(§ —cr) +azd1(§)Pi(€ — 7)) (1 4+ @r¢2(§) + azpa(§ — ) 4+ Azda(§)92(§ — 1))

N Bis(€ — c7)(¢1(8) — $2(€))
(T + a1¢1(8) + a1 (§ — er) + asd1 (€)1 (€ — em)) (1 + ar1d2(§) + Qatp2(§ — cT) + Qsd2(§)Y2(§ — 7))

N Baiatn (§ — cr)iha(€ — ) (41(E) — ¢2(6))
(1 +a1¢1(§) + azyp1(§ — ) + asd1(§)1(€ — er)) (1 + a1¢2(§) + a2p2(€ — e7) + asp2(§)Y2(§ — c7))

N Ba11(€)d2(&) (1(€ — er) — (€ — c7))
(1 +a1¢1(8) + azyp1(§ — ) + asd1(§)1(€ — er)) (1 + a1¢2(§) + a2tp2(€ — e7) + Asp2(§)Y2(§ — c7))

< a%\dh(é) — $2(&)| + B(L + &) |wr (€ — e7) — a(E — c7)].

Hence,

‘F1 ¢1,¢1)(§) — Fu( 2,% )‘

gmu_h{/ v [T e o o) - o)l

—+oco
)\11 £ ZB 6)\12(5_m) x) — €T dx
5 AH_AH { . f o) - anto)
B(1 too
+ a1) { / e (€—2) / e’\12(5_m)}|w1(x — 1) — o(x — c7)|dx.

)\12 - )\11
We have
3 +o0 § +oo
{ / PuE) | / em(a—m}e—maeuxdx S{ / P | / em(z—m}eus—ﬂdip
o ¢ —00
1 p
S —
>\12 — U )\11 +u
Then

6_““5‘

©)]
°
>+/

| Fi(1,11)(€) — Fi(¢a,100)
(§—x)

13
p—i A (§—z
< D(AIZ—All){/_Ooe
3 £ €
11(§—=
+Da2(>\12—>\11){/_006

13 o0
+ ?A(i:axlfl) {/_ooem(s—r) +/§ ehz(s—m)}e—useuw—wwl (z — c1) — oz — cr)|e‘“|m‘”‘dx.

eAlz(ﬁ—w)}e—UIﬁleuw|¢1(x) _ ¢2(x)|e‘“‘””‘dx
+oo
6A12($—:c)}6—u56ulfcl|¢1(x) — ¢o(x) el dy

+
g
J’_
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Thus,

(A1 — Ag+2u)(p—p+ aﬁ; + B(1 + @ )ewr)
D(>\12 - )\11)(>\12 — U)(>\11 _|_ u)

|F1_F2|u§ |@1_®2|u

Therefore, F} : I' — I' is continuous with respect to the norm |.|,. Using
the same technique, we show that F, : I' — I' is continuous with respect to

the norm |.|,. Consequently, F' is continuous with respect to the norm |.|, in
B,(R,IR?*). =

Lemma 3.7. The operator F' is compact with respect to the norm |.|, in
B.(IR, IR?).

Proof. Let (¢,¢) € I'. We have

3 +o0
_F1(¢ 1/})(5)‘ < M/ eAll(ﬁ—w)dx+ M/ eM2(E=7) 1

dg DAz — M) J_o D(M2 — A1) Je
_ 2pt+w)
D()\12 - )\11)
1+ Oél

Since Hy(¢,1)(&) < (p+ 5) (Ro — 1), we have

ay + ag

(p+ B)(1+a1)(Ro — 1)y (=)
(A22 — A1) (a2 + aig)

+

(p+B)(1+ &I)ERO —~1)>\22 /Jrooe/\zz(é—:c)dx
(A22 — Aa1) (a2 + a3) ¢

2(p+ B)(1+ @) (Ry — 1)
(A2 — Ao1) (a2 +a3)

For each n € N, we define an operator F™ by

F(¢a¢)(€)> 6 S [_n’n]>
F"(¢,4)(§) = F(o,¥)(—n), &€ (—o0,—n),
F(¢,¢)(n), &€ (n,+00).

Clearly, F™ is uniformly bounded and equicontinuous for (¢,v) € T". From
Arzela-Ascoli theorem, we deduce that F™ : I' — I' is compact with respect to
the super norm in C'(IR,IR?). Thus, F" : I' — I is compact with respect to
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the norm |.|, in B, (IR, IR?).
On the other hand, {F™}{> is a compact series and

[F™(6,0)(€) —F (6, 9)()|u = sup[F™(,4)(€) = F(,1)(€) |

cclR

= sup |F™(¢,1)(&) — F(¢,)(&)|e "

56(_007_71} U[n7+oo)

1
< swp [l =——=(Ro— 1€
€€(—o00,—n] U[n,+o0) Qg + a3

<1+ &12%%3(]%0 —1]e ™ =0 as n — +oo.
Hence, {F"}4> converge to F' in I with respect to the norm [.|,. By Propo-
sition 2.1 in [17], we conclude that F': I" — I' is also compact with respect to
the norm |.|,. This completes the proof. ]

Theorem 3.1. Assume that Ry > 1. For every ¢ > c¢*, system (11) admits
a traveling wave solution (gb(a? + ct), Y(z + ct)) with speed ¢ connecting the

disease-free equilibrium Ef(l,()) and the endemic equilibrium E*(%S*, %]*)
Moreover, we have 5lim Y(€)e ™M =1,
——00

Proof. From Lemmas 3.6 and 3.7, we deduce that the operator F' satisfies the
conditions of Schauder’s fixed point theorem. Hence F' admits a fixed point
(p,1) € T. Tt is easy to verify that this fixed point is a solution of (12). It
remains to show that the fixed point (¢, ) satisfies the boundary conditions
(13).
1
We have (¢,9) € ', then 1 — —¢”® < ¢(£) < 1 and 0 < ¥ < eME. So,
o
¢(—00) =1, Y(—00) = 0.
Now, we will show that (¢, )(+00) = (%S*, %I*).
Clearly, (S(x,t),1(x,t)) = (¢(z + ct), ¥(x + ct)) is solution of (11).
From Theorem 2.1 (ii), we deduce that the system (11) is globally asymptoti-

cally stable when Ry > 1. Hence ¢(+00) = %S* and ¢(400) = %I*.

We have ¢ € T', then 1—Me™ < 9(€)e¢ < 1. Hence, glim P(€)e ™M = 1.
——00

This completes the proof. =
From the above theorem, we get the following result.

Corollary 3.8. Assume that Ry > 1. For every ¢ > ¢*, system (1) admits
a traveling wave solution connecting the disease-free equilibrium Q¢(A/p,0,0)
and the endemic equilibrium Q*(S*, I*, R*).
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Proof. It remains to show that R(—oc) = 0 and R(400) = R*.
The wave equation of R() is given by

cR (&) = drR' (&) + 11(£) — pR(E).

Let 1 < 0 < ny such that dgn? — cn — = 0. Then

€ +o0
_ " 1(6—2) 2(6—)
R(&) A (/_OO e I(z)dzx + /5 e’ I(x)dx).

From L’Hopital rule, we obtain

3 +oo
/ e M (z)dx / e P (x)dx
3

,
R =— [ =0
(+OO> dR(ﬂ2 - 7]1)5—1>Too e~mé + e~ 28 )
r ( I I* ) rI* .
= +— | = = R".
dr(n2 —m) \ m 2 o
Using the same technique, we get R(—o0) = 0. |

4 Nonexistence of traveling waves

In this section, we focus on the nonexistence of nontrivial traveling wave solu-
tions of our model.

Theorem 4.1. If Ry > 1 and ¢ € (0,¢*), or Ry < 1, then system (12) has no
nontrivial positive solution satisfying the boundary conditions (13).

Proof. By contradiction, we assume that there exists a positive solution (¢, )
of problem (12)-(13).

First, we consider the case of Ry > 1 and ¢ € (0, ¢*).

From Lemma 3.1, there exists a ¢ > 0 sufficiently small such that the equation

B

A — TN+ —
1+C¥1

(1—28)e™ — (u+d+7r)=0,

has no real solution for ¢ € (0, %)

We have ¢(—o0) = 1, then there exists M. > 0 such that 1 —e < ¢(§) < 1, for
any £ < —M..
Hence, for £ < — M., we have

B —e)y(§ —c7)
1+ a1 + (g + az)y(€ — c7)
Bl —e)p(€ —cT)
[1+ay + (g + az)Y(§ — cr)]htt

(&) =€)+

— (p+d+r)p(E)
> 9" (€) +

— (u+d+r)(E), Yh > 0.
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Then, , )
ap (§) =4 (&) + g(W(€ — 7)) = (n+ d+1)Y(E),
where _
B . B(1 —€)v
g(u) = e (u7&12+i§l&1f(R0—1)) 1+ a; + (g + az)v)i+t

So, the positive function u(x,t) = (£ + ct) satisfies

ot -

Ou(w, t) > 822(3; ) +g(u(z,t —71)) — (n+d+r)u(z,t),z € R, t >0,
u(z,s) =v(x+es)>0,xeR,se€[—70].

Hence, u(x,t) is an upper solution of the following initial value problem

{ ow(z,t) 0?w(w,t)

5 = gt t=7)) = (ntdtrw(zt), v R, t>0,
w(z,s) =vx+es)>0, xR, se|-T,0].

From the theory of asymptotic spreading [18], we have

c+c :

liminfw(z,t) > 0, |z| <

t—+o00
It follows, from the comparison principal [19], that

o L ct+c
liminf u(x,t) > liminfw(z,t) > 0, |z| <
t——+4o00 t——+4o00

' (26)
For —z = “tt, we have x + ¢t — —o0 as t — +oo. Then

. c+c”
tl}inoou(x,t) =0, —z = 5 t,

which contradicts (26). Therefore, system (12) has no nontrivial positive solu-
tion satisfying (13) when Ry > 1 and ¢ € (0, ¢*).

Secondly, for any speed ¢ > 0, we consider the case of Ry < 1. The wave
equation of () is given by

' (€) = 0" (6) + F(6(). (€ — e)u(€ = e7) — (p+d + 1) (€).
Let Ay < 0 < Ay, such that A2 — eA — (u+d +7) = 0. Then, we have

3 / ~
0O = oy ([ St vt - enota - enyas

+0206_)‘/22(5_m)~ x),Y(xr —c7))Y(x — cT)dx
+/6 1 Flko) vtz = oo >d)
i@;gﬂl‘ﬁ%W&wwww—mwww—mm
+ [ (e ), u(e - erte - - cr)dx).

— 00
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Integrating the two sides, we have

+oo 1 +oo

. Y(€)d§ = m~ . f(o(x), ¥(x —e7))(x — eT)dE

B e
1+a1 (u+d+r) )

—RO/ P(€)de

D(E)dE.

w<£ —cT)dg

This is a contradiction. Consequently, there is no nontrivial traveling wave
when Ry > 1and c€ (0,¢"),or Ry <1. =
From Theorem 4.1, we get easily the following result.

Corollary 4.1. If Ry > 1 and ¢ € (0,c¢*), or Ry < 1, system (1) has no non-
trivial positive traveling wave solution connecting the disease-free equilibrium
Qr(A/p,0,0) and the endemic equilibrium Q*(S*, I*, R*).

5 Discussion and conclusion

In this work, we have proposed and analyzed a delayed diffusive epidemic
model with Hattaf’s incidence rate that includes the traditional bilinear inci-
dence rate, the saturated incidence rate, the Beddington-DeAngelis functional
response and the Crowley-Martin functional response. Our model has two
steady states that are the disease-free equilibrium )y and the endemic equi-
librium @Q*. We have proved that if the basic reproduction number Ry < 1,
Q7 is globally asymptotically stable and the model admits no traveling wave
solutions. Biologically speaking, the disease extinct and can not spread when
Ry < 1. However, if Ry > 1, Q* is globally asymptotically stable and the exis-
tence of traveling waves depend to another parameter, ¢*, namely the minimal
wave speed of propagation of the disease. More precisely, we have shown that
if Ry > 1 and for every speed ¢ > ¢*, the model has a traveling wave solution
connecting the two steady states, and if Ry > 1 and ¢ < ¢*, the model has
no traveling wave solutions. Biologically, this result means that the disease
persists in the population if Ry > 1 and can spread for a speed greater than
¢* but cannot be spread for any speed smaller than c*.
On the other hand, we remark that

de*(t) B BAc* <0
dr (4 aN)eXeT + BAT ’
der(7) u

pr— 0.
3 N+ e T A BAT
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Then the minimal wave speed ¢* is a decreasing function on 7 and is an in-
creasing function on the f. Hence, we conclude that the latent period slows
the spreading disease, while the infection rate increase the spreading disease.
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