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Existence and stability of equilibrium points under
combined effects of oblateness and triaxiality in the
restricted problem of four bodies

Abstract

The restricted four-body problem consists of an infinitesimal body which is moving under the

Newtonian gravitational attraction of three finite bodies m,,m,,m,.The three bodies

(primaries) lie always at the vertices of an equilateral triangle, while each moves in circle
about the centre of mass of the system fixed at the origin of the coordinate system. The fourth
body does not affect the motion of the three bodies. We consider that the dominant primary

body m,and smaller primary m,are respectively triaxial and oblate spheroidal bodies. We

investigate the existence and locations of the equilibrium points and we study their linear
stability for the case of two equal masses. It is found that the non-sphericity of the bodies
plays an important role on the existence and evolution of the equilibrium points and they

influence in a very definitive way their position, as well as, their stability.

Keywords: Restricted four-body problem; triaxiality; oblateness; equilibrium points;
stability.

1 Introduction

In celestial mechanics, one amidst various inspiring subject is the restricted three-body
problem (R3BP). The R3BP consists of two massive bodies (primaries) moving in orbits
(circular or elliptic) around their common barycenter and a third body of negligible mass
being influenced, but not influencing them. The solution to this type of problem which has
been developed over the centuries [1-5] form the basis of the study of the dynamics of
celestial bodies, from the computation of the ephemerides to the recent advances in flight

dynamics. Restricted four-body problem (R4BP) is a modification of the R3BP and a natural

generalization of it. It describes the motion of a body of infinitesimal mass under the
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Newtonian gravitational attraction of three finite bodies, called primaries, whose trajectory
are the solution of the three Newtonian body problems. In recent years, several modifications
of this classical problem have been introduced in order to make it more relevant and
applicable to certain systems of Dynamical Astronomy. In the present paper, we will
consider the combination of two such modifications in which the variation of the triaxial

factor and the oblateness of the primaries are considered.

The formulation of the classical R3BP considered all the bodies to be strictly spherical. But in
actual sense, most celestial bodies are not perfect spheres. Some have the shape of an oblate
spheroid while some are triaxial in nature. For example, the Earth, Jupiter, Saturn and stars
(Archerner, Antares and Altair) have the shape of an oblate spheroid while the Moon and
several Post Asymptotic Giant Branch stars (Post AGB), Haumea (a scalene dwarf planet),
are triaxial in shape. The lack of sphericity of the planets causes large perturbations from a
two-body orbit. This inspires many scientists, among others, [6-10] and references therein, to

include the shapes of the bodies in their study of R3BP.

In the same vein, the classical R4BP may be generalized to include different types of effects
such as radiation pressure force, triaxiality and oblateness of the bodies, Poynting-Robertson

drag, Coriolis and centrifugal forces, etc.

In the general problem of three bodies there is a particular solution in which the bodies lie at
the vertices of an equilateral triangle, each moving in a Keplerian orbit. This is well known,
and was first studied by [1]. He found a solution where the three bodies remain at constant
distances from each other while they revolved around their common center of mass. There
has been recently an increased interest for this model (Lagrangian configuration) because of
some observational evidence; as it is known the Sun, Jupiter and the Trojan asteroids formed

such a configuration in our Solar system.
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In this paper, we study the R4BP in which the primaries are in the Lagrange equilateral
triangle configuration (see Section 2). In the framework of this model, many works have been
done in the last years. For example, [11] studied the equilateral R4BP in the case where the
three primaries have equal masses. [12] investigated the number of the equilibrium points of
the problem for any value of the masses, and studied numerically their linear stability varying
the values of the masses. Besides, they showed the regions of the basins of attraction for the
equilibrium points for some values of the mass parameters. In [13], the authors studied the
periodic orbits of the problem for the case of two equal masses approximately at Routh’s
critical value. Recently, [14] have examined the equilibrium points in the photogravitational
R4BP for the case of two equal masses. Also, the linear stability of each equilibrium point
was examined. [15] also studied the periodic solutions in the photogravitational case of the
problem; [16] studied the stability regions of the equilibrium points of the problem by taking
into account the oblateness of the two small primaries. They established eight equilibrium
points, two collinear and six non-collinear points and further observed that the stability
regions of the equilibrium points expanded due to the presence of oblateness coefficients and
various values of Jacobi constant C. In the last year, [17] investigated the out-of-plane
equilibrium points in the photogravitational R4BP; however, they considered all the primary
bodies as radiation sources with two of the bodies having the same radiation and mass value.
More recently, [18] extended the work of [17] by considering the shape of the smaller

primaries as oblate spheroids.

This model has been used for practical applications by some researchers in the last years. For
example, [19] investigated the stability of the problem and tested the results in a real Sun-
Jupiter- (624) Hektor-spacecraft system; [20] studied periodic solutions of the problem in the

Sun-Jupiter-Trojan Asteroid-spacecraft system.
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This paper has attempted to analyze the motion of an infinitesimal mass in the gravitational
field of the three primaries in the presence of small perturbations. Here, the dominant primary
is modeled as a triaxial rigid body and the smaller one as an oblate spheroid. As to our
knowledge there is not any similar work by other researchers in the international bibliography
concerning the effects of the shapes (oblateness and triaxiality) of the primaries as applied to

this problem.

The structure of the paper is as follows: Section 2 presents the equations of motion and the
Jacobi integral of the system. Section 3 determines the equilibrium points, while Section 4
investigates their linear stability. Section 5 discusses the obtained results and conclusion of

the paper.

2 Equations of motion

Let m,,m,andm,be the masses of three bodies, called hereafter the primaries, with
m, >>m, =m, moving in circular periodic orbits around their center of mass fixed at the

origin of the coordinates. These masses always lie at the vertices of equilateral triangle with
the dominant body m, being on the negative x-axis at the origin of time. A massless particle is
moving under the Newtonian gravitational attraction of the primaries and does not affect the
motion of the three bodies. The motion of the system is referred to axes rotating with uniform
angular velocity. The mutual distances of the three primaries remain unchanged with respect
to time. This system is also dimensionless, i.e., the units of measure of length, mass and time
are taken so that the sum of the masses, the distance between the primaries and the angular
velocity is unity, which sets the gravitational constant G = 1. The factors characterizing the

triaxiality of the dominant primary (m, ) and the oblateness coefficient of the smaller primary

(m,) are also taken into account.



97 We present the equations of motion of the problem following [8,12] in the usual

98 dimensionless rectangular rotating coordinate system as:

99 X-2ny=Q , 1)
100 y+2ni=Q , 2)
101  where,

oty (=2 p w2200, -0;) 3(1-2u)0,-0,)y" | A,

102 Q= - ! 2,
2 r r, o n 2K 2K 2r,
103 (3)
104 with
105 R = (x+Br) +y7,
106 rz=\/(x—£<1—2u>)2+(y+1)2,
2 2
107 r3=\/(x—§(1—2ﬂ))2+(y—%)2,

108  and the mean motion nis given by
) 3 3
109 n =1+=-Q20,-0,)+—A, 4)
2 2
110 Here Q is the force gravitational potential, dots denote time derivatives, r,(i =1,2,3) are the
111  distances between the fourth particle and the primaries, A,and o, (i =1,2) are the oblateness
112 and triaxiality factors respectively. Then 0< A, <<1and0 < o,, <<1. Therefore, we take

m m 1 .
113 O<u= - = - <—, where u is called the mass parameter of the
mo+m,+m, m +m,+m

114  problem.

115  The equations of motion admits the first integral (C is the Jacobian constant),
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WP +y2=2Q-C (5)
2.1 Linear stability of the Lagrange configuration

The linear stability of the Lagrange central configuration is given by the inequality,

m,m, +m,m, +m,m;, 1
—, (6)

(m, +m, +m;,)’ 27

which was first studied by [21] in his thesis and later by [22] in the case of homogeneous
potentials. Then wusing the idea of [14,23], if someone replaces the masses
m,=(1-0,)1-A,)m,, i=1273, then we believe that it will be produced the necessary

condition for the stability of the Lagrange central configuration, in the present problem, i.e.,

am,bm, +bm,cm, + am,cm, < 1 7

(am, +bm, +cm, )’ 27

where we have abbreviated
a=(1-0)1-A4)), b=(1-0,)(1-A,) and c=(1-0,)(1-A4,)
Now, if we takeo, =0, =0,=A, =A, = A, =0, we obtain inequality (6) of the linear

stability of the Lagrange configuration [21].

In our present case where the dominant primary body m, is a triaxial rigid body and the

second smaller primary body m, is an oblate spheroid, the problem admits inequality of the

form

(1-o0,)bmm, +bm,m, +(1- 0o, )mm, <i )
((1-0,)m, +bm, +m,)’ 27



133 In present work, we will consider sets of (m,, A,,0,,0,) which satisfy the condition (8). So,
134  we assume that we have a dominant primary body with mass m, = 0.97 and two small equal

135  primaries with massesm, =m, = £ =0.015.

136 3 Location and existence of equilibrium points

137  The equilibrium points represent stationary solutions of the R4BP. These solutions are the
138  singularities of the manifold of the components of the velocity and the coordinates and are

139  found by setting x =y =X =y =0 in the equations of motion. That is, they are the solutions

140  of the equations Q= Q ;= 0, which are

3 3
(=2 iy MO 7RO MO UTRD) 306, - o) - 2

141
7'13 1’23 "‘33 21’15
3
uy | R D) 156, - 0 -2+ By
- + - =0 9)
2r2 2rl
143 and
G+ Yy uy-H :
=2y HOTHITY) 300 —0)a-2p)y  301-2u)0,—0,)| 2y 5y
144 ny- 3 - 3 - 3 - 5 - 5 1 | T
n r, r 2 2 n n
1
3A2ﬂ(y+5)
145 —5:0 (10)
2r2

146  The solutions are categorized as follows:

147 3.1 Collinear equilibria

148  The collinear points are the solutions of (9) and (10) for x when y = 0. If y = 0, (10) is not

149  fulfilled (since A; # 0). Thus, the solutions of (9) will not correspond to equilibrium points on
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the x-axis, called collinear equilibrium points. In the present problem, collinear equilibrium

points do not exist under the combine effects of triaxiality and oblateness of the dominant and
small primaries, respectively. We mention here that in the case where A, =0, these points do

exist and this may be directly seen from (10). So in this problem there are cases where

collinear equilibria do not exist.

3.2 Non-collinear equilibrium points
The solutions of (9) and (10) for x and y with y # 0 give the location of the non-collinear

points of the present problem. That is,

V3 J3
(1= 21)(x +~3p) _ﬂ(x—7(1—2ﬂ)) _ﬂ(x—7(1—2ﬂ)) )

floy)=n’x-

3 3
n r )

V3
300, - o)1= 2 +3w) T U 156, - 01 204 By

=0
2r15 2r25 7 r17

11

+l) _1
a=2uy MO HOT) 306 —oa-20y
3

3 3 5
n r r 2n

glx,y)=n’y-

=0 (12)

1
A _
2 > ! 2r25

h n

In Fig. 1, we illustrate the eight non-collinear equilibrium points L;, i =1,...,8 of the problem
for £=0015, o, =2.284x10"",0, =1.141x10"%and A, = 0.01, which are found by

solving numerically (11) and (12). We opted to name them in the same way as in the work of

[14]. One can easily see eight points of intersection of the curves, which corresponds to eight



169  equilibrium positions of the infinitesimal body m. The positions of the primary bodies m, are
170  denoted by large black points while the positions of the equilibrium points L, are denoted by

171  small black dots.

IR R
L A4,=0.01 !
[ 0=2.284x10712 _
10} 0,=1.141x1072 1
05 ]
= 0.0
L, ]
=05 1
_1.0 - ..
_l-s i M - P | | |:
-15  -10 -05 0.0 0.5 1.0 1.5

172

173 Fig.1. The positions of the equilibrium points L;, i =1,...,8 of the problem for x# = 0.015,
174  0,=2284%x10",0, =1.141x107"? and A, = 0.01. The mass distribution is m, =0.97 and
175 m, =my; = £ =0.015. With large black points and small dots, we indicate the primary

176  bodies and equilibrium points of the problem correspondingly.

177

178 In order to investigate the effect of the triaxiality of the dominant primary body m, and
179  oblateness of the smaller body m, on the positions of the equilibrium points, we give the
180 numerical positions of the points for varying triaxiality of the dominant primary and

181  oblateness of the smaller one. In Tables 1—3, the positions of the equilibrium points of the

182  problem are presented for fixed values of triaxiality and increasing values of oblateness



183  parameter. Fig. 2.1 and 2.2 show the evolution of the equilibrium points in (x,A,) and (y, A,
184 ) plane, respectively, as A, varies for fixed values of triaxiality factoro,(i=1,2). The
185  numbers 1—3 correspond to the value (0,,0,) = (2.284x107%,1.141x107™%) , (0.025,
186  0.015), (0.085, 0.065), respectively. An investigation of this shows that as the oblateness
187  factor varies for fixed values of triaxial factor, the positions of the equilibrium points are
188  significantly affected.
189
190 Table 1 Numerical computations of Non-collinear points for ¢ = 0.015,
191 0, =2.284x10",0, =1.141x10™" and 0 < A,<<I

0,=2.284x107"

0,=1.141x107"

A,

L,

L,

Ly

L,

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10

(0.978020, 0.0064824)
(0.972963, 0.0123870)
(0.967950, 0.0178113)
(0.962986, 0.0228293)
(0.958074, 0.0274987)
(0.953219, 0.0318658)
(0.948422, 0.0359683)
(0.943683, 0.0398372)
(0.939004, 0.0434985)
(0.934384, 0.0469745)

(-1.00496, -0.000198)
(-1.00014,- 0.000393)
(-0.99541, -0.000585)
(-0.99076, -0.000773)
(-0.98621, -0.000958)
(-0.98174, -0.001141)
(-0.97735, -0.001320)
(-0.97304, -0.001497)
(-0.96880, -0.001671)
(-0.96464, -0.001842)

(0.699266, 0.417790)
(0.698351, 0.417212)
(0.697428, 0.416628)
(0.696499, 0.416038)
(0.695563, 0.415442)
(0.694621, 0.414840)
(0.693672, 0.414232)
(0.692717, 0.413618)
(0.691756, 0.412998)
(0.690789, 0.412372)

(0.682226,-0.407977)
(0.671051,-0.401531)
(0.662572,-0.396652)
(0.655613,-0.392656)
(0.649646,-0.389236)
(0.644386,-0.386227)
(0.639659,-0.383527)
(0.635349,-0.381070)
(0.631377,-0.378810)
(0.627685, -0.376711)

192

Table 1 (Continued)

LS

L

L7

Ly

(0.994278, 0.590801)
(0.992323, 0.589620)
(0.990429, 0.588477)
(0.988593, 0.587369)
(0.986813, 0.586296)
(0.985087, 0.585256)
(0.983411, 0.584248)
(0.981784, 0.583269)
(0.980204, 0.582319)
(0.978668, 0.581396)

(1.01251, -0.601645)
(1.02259, -0.607642)
(1.03003, -0.612078)
(1.03595, -0.615613)
(1.04087, -0.618550)
(1.04506, -0.621060)
(1.04871, -0.623247)
(1.05194, -0.625182)
(1.05482, -0.626913)
(1.05742, -0.628475)

(0.201145, 0.965276)
(0.202502, 0.959968)
(0.203843, 0.954752)
(0.205168, 0.949627)
(0.206476, 0.944589)
(0.207769, 0.939636)
(0.209047, 0.934764)
(0.210310, 0.929972)
(0.211559, 0.925256)
(0.212794, 0.920615)

(0.193931,-0.966915)
(0.188364,-0.963163)
(0.183048,-0.959431)
(0.177963,-0.955724)
(0.173092,-0.952043)
(0.168419,-0.948392)
(0.163932,-0.944773)
(0.159617,-0.941186)
(0.155463,-0.937634)
(0.151462, -0.934118)

10



193
194

Table 2 Numerical computations of Non-collinear points for x=0.015,
o0, =0.025,0, =0.015 and 0 <A, <<1

0,=0.025

0,=0.015

A,

L

L,

L

3

L,

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10

(0.977607, 0.0068880)
(0.972963, 0.0131368)
(0.968350, 0.0188596)
(0.963774, 0.0241411)
(0.959242, 0.0290467)
(0.954755, 0.0336282)
(0.950317, 0.0379272)
(0.945929, 0.0419779)
(0.941591, 0.0458089)
(0.937305, 0.0494441)

(-1.00576, -0.000079)
(-1.00132,- 0.000156)
(-0.99696, -0.000232)
(-0.99269, -0.000306)
(-0.98849, -0.000378)
(-0.98436, -0.000450)
(-0.98031, -0.000520)
(-0.97632, -0.000588)
(-0.97241, -0.000656)
(-0.96856, -0.000722)

(0.705040, 0.414677)
(0.704256, 0.414027)
(0.703467, 0.413369)
(0.702674, 0.412703)
(0.701877, 0.412029)
(0.701077, 0.411346)
(0.700273, 0.410654)
(0.699466, 0.409955)
(0.698657, 0.409246)
(0.697844, 0.408529)

(0.688095,-0.404665)
(0.677183,-0.398085)
(0.668948,-0.393108)
(0.662214,-0.389029)
(0.656457,-0.385535)
(0.651394,-0.382457)
(0.646854,-0.379693)
(0.642724,-0.377175)
(0.638925,-0.374855)
(0.635399, -0.372699)

195

196

Table 2 (Continued)

Ly

Ly

L,

Ly

(0.991173, 0.585944)
(0.989334, 0.584926)
(0.987550, 0.583938)
(0.985819, 0.582979)
(0.984139, 0.582047)
(0.982507, 0.581142)
(0.980922, 0.580261)
(0.979382, 0.579405)
(0.977884, 0.578572)
(0.976426, 0.577761)

(1.00976, -0.597093)
(1.02000, -0.603323)
(1.02753, -0.607926)
(1.03351, -0.611595)
(1.03848, -0.614649)
(1.04272, -0.617262)
(1.04641, -0.619544)
(1.04967, -0.621565)
(1.05259, -0.623376)
(1.05522, -0.625015)

(0.130471, 0.964410)
(0.131161, 0.959719)
(0.131838, 0.955112)
(0.132502, 0.950588)
(0.133153, 0.946142)
(0.133791, 0.941773)
(0.134418, 0.937479)
(0.135032, 0.933258)
(0.135635, 0.929106)
(0.136226, 0.925023)

(0.126167,-0.965073)
(0.122698,-0.961015)
(0.119352,-0.957015)
(0.116123,-0.953072)
(0.113005,-0.949185)
(0.109991,-0.945353)
(0.107076,-0.941575)
(0.104256,-0.937850)
(0.101526,-0.934177)
(0.098881, -0.930556)

197

198

199

200

201

202

11



203
204

Table 3 Numerical computations of Non-collinear points for 4= 0.015,
o0, =0.085,0, =0.065 and 0 <A, <<1

0,=0.085

0,=0.065

A,

L

L,

L

3

L,

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10

(0.976961, 0.0073252)
(0.972969, 0.0139393)
(0.968991, 0.0199748)
(0.965034, 0.0255291)
(0.961104, 0.0306764)
(0.957207, 0.0354745)
(0.953344, 0.0399697)
(0.949518, 0.0441997)
(0.945730, 0.0481956)
(0.941982,0.0519833)

(-1.00702, -0.000048)
(-1.00319,- 0.000096)
(-0.99942, -0.000143)
(-0.99572, -0.000189)
(-0.99208, -0.000234)
(-0.98850, -0.000278)
(-0.98498, -0.000322)
(-0.98151, -0.000364)
(-0.97810, -0.000406)
(-0.97474, -0.000448)

(0.713264, 0.415278)
(0.712627, 0.414649)
(0.711989, 0.414012)
(0.711349, 0.413368)
(0.710707, 0.412715)
(0.710063, 0.412054)
(0.709417, 0.411385)
(0.708771, 0.410708)
(0.708122, 0.410022)
(0.707473, 0.409328)

(0.696153,-0.405055)
(0.685487,-0.398495)
(0.677514,-0.393568)
(0.671031,-0.389547)
(0.665513,-0.366112)
(0.660677,-0.383093)
(0.656353,-0.380385)
(0.652430,-0.377922)
(0.648828,-0.375655)
(0.645493, -0.373551)

205

206

Table 3 (Continued)

Ly

Ly

L,

Ly

(0.984905, 0.580134)
(0.983289, 0.579302)
(0.981718, 0.578491)
(0.980189, 0.577701)
(0.978701, 0.576930)
(0.977253, 0.576179)
(0.975843, 0.575447)
(0.974470, 0.574732)
(0.973131, 0.574034)
(0.971827, 0.573354)

(1.00405, -0.591669)
(1.01455, -0.598130)
(1.02224, -0.602887)
(1.02834, -0.606677)
(1.03340, -0.609836)
(1.03773, -0.612543)
(1.04149, -0.614911)
(1.04483, -0.617013)
(1.04782, -0.618902)
(1.05052, -0.620613)

(0.102717, 0.957580)
(0.103052, 0.953583)
(0.103377, 0.949653)
(0.103695, 0.945788)
(0.104004, 0.941987)
(0.104305, 0.938248)
(0.104598, 0.934568)
(0.104884, 0.930948)
(0.105162, 0.927384)
(0.105433, 0.923875)

(0.099857,-0.957944)
(0.097417,-0.954296)
(0.095050,-0.950702)
(0.092753,-0.947161)
(0.090522,-0.943670)
(0.088356,-0.940230)
(0.086251,-0.936839)
(0.084204,-0.933496)
(0.082214,-0.930199)
(0.080278, -0.926948)

207

208

209

210

211

12
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Fig.2.1 Frames (a) to (h). The positions of the equilibrium points L,,i =1,...,8 in the (x,A,)
plane as the oblateness factor varies for fixed values of triaxial factor: (1)
0, =2.284x107"7,0, =1.141x107", 2) o0, =0.025,0, =0.015and 3)
o, =0.085,0, =0.065.The mass distribution is m, =0.97and m, =m, = 4 =0.015.
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Fig.2.2 Frames (a) to (h). The positions of the equilibrium points L,,i =1,....8 in the (y,A,)
plane as the oblateness factor varies for fixed values of triaxial factor: (1)
0, =2284x107"7,0, =1.141x107"7, ) o0, =0.025,0, =0.015and 3)
o, =0.085,0, =0.065.The mass distribution is m, =0.97and m, =m, = 4 =0.015.

4 Linear stability of non-collinear equilibrium points

In order to study their stability we transfer the origin at an equilibrium points L,,i =1,---,8:
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Y=Y, t1,

13)

and we expand the equations of motion (1) and (2) into first-order terms with respect to &and

n obtaining the linearized system:

X=AX, x=(Enén' (14)

where x is the state vector of the fourth particle with respect to the equilibrium points and

the bold typeface A denotes the time-independent coefficient matrix and has the form

0 0 1 0
0 0 o0 1
A= | Q% Q% o0 2n| (15)

Q) Q) -2 0

with

xx 3 3 3
To Iy T3 To Iy 2

Qt =p2 T2 M UL By -0, —0'2)]+23—’L§{2(x0 - */5(1—2;1))2 —Az}r

3 2
3(xy =~ (1=240) L1520, -0 )-20x, +30)° | 15(0, = 0,)1- 2y, { 17, +\/§u)2}r

o 2, 2 o o
NE)
15A2/,l(x0 - 7 (1= 2/1)2
: (16)
21y,

o —pp U0 M M o5 )0y, ] X0 m 020 3K {Az 20y, +l)2}
- ho I Fyo 2ry, e 2r; 2

1,
15A,u(y, + 2> _105(0, —0,)(A-2)y,"

1
3 _72
MO0 =) 1sa-2py,’
27’270 21’1%

: 7
I3 2y

(70, -60,) +

7)
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(18)

where the superscript Oindicates that these derivatives are evaluated at the equilibrium point

(X5 Y9)-

with

Ho = \/(xo + \/gﬂ)z + Y()Z’

Iy = \/(xo _g(l_ 2#))2 +(y, +%)2,

3 . 1,
ﬁo:\/(xo_g(l_zﬂ)) +(Y0—5) )

The characteristic equation of the matrix A is given by

A+al +b=0 (19)
with:
a=4n-Q" - Q"
b=0QLQ1 - (Q))’
The stability of the non-collinear equilibrium points under the joint effects of triaxiality of the
first primary and oblateness of the second primary are determined by the roots of the

characteristic equation (19). Stability occurs when all roots of the characteristic equation for
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Aare purely imaginary. Therefore, for stability the following three conditions must be

fulfilled simultaneously:

(4n* — Q% — Q%) >0,
(Q°%:Q%y — (Q°%)%) > 0, (20)

(4n* — Q% - Q%) = 4 (Q°Q°y — (Q°%)) >0

The eigenvalues of (19) determine the stability or instability of the equilibrium points.
Studying the stability of the non-collinear equilibrium points of the problem as the oblateness
and triaxial factors varies for the numerical examples given in Table 1, 2 and 3, we found that

point L, is unstable since for L, the characteristic equation has four eigenvalues of the form
/11,2,3’4 =*a*ib while points L,,L,,L,,L;,L; are unstable since for L,,i=2,---,6, the
characteristic equation has two real eigenvalues A, , =+a and two imaginary eigenvalues
Ay, =*ib. However, points L,and Ljare affected from the involved parameters as one

found that for values near the gravitational case (Table 1), the equilibrium points are stable,

since it has pure imaginary roots of the form A, =+ai, A,, =%ib ; while unstable for the

specific numerical example given in Table 2 and 3 since it has four eigenvalues of the form

Aisss =tatib.

5 Discussion and conclusion

In this contribution, we have studied the restricted four-body problem when the primary
bodies m;, m; and m; are always at the vertices of an equilateral triangle (Lagrange
equilateral triangle configuration) in the special case of two primaries with equal masses. The

fourth particle in this system has negligible mass m with respect to the primaries, and its

motion is perturbed by a triaxial rigid body (o,,i =1,2) and oblateness coefficient A, from
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the primaries m; and my, respectively. We studied the existence, location and stability of the
equilibrium points as the involved parameters varies. It has been found that, collinear

equilibrium points do not exist and there are eight non-collinear points, named L,,i =1,....8.

In Tables 1—3 we present these positions as the parameters varies. These are shown
graphically in Fig. 2.1 and 2.2. It is observed that there is a visible left (right) shift in the
positions of the equilibrium points due to the involved parameters. Finally, the linear stability
investigation has been achieved by determining the roots of the characteristic equation. It is
noticed that the non-sphericity of the bodies does not affect the nature of the stability of the

equilibrium points L.,i=1,...,6 since they remain unstable for the specific numerical

examples given here, while the stability of the points L; and L, are seen to be affected for

large deviations of its value from the gravitational case. It is remarkable to note that,
equations of motion are unlike those obtained by [14,16] and references therein. Also, when
these terms are neglected in the present problem, we get the same terms as in the classical

restricted four-body problem (Lagrangian configuration).
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