Application of Adomian Decomposition Method on Linear
and Nonlinear System of PDEs

Abstract

In this paper, Aboodh transform which is based on the Adomian decomposition method
(AADM) is introduced for the approximate solution of the linear and nonlinear systems of partial
differential equations. This methods is very powerful and efficient techniques for solving
different kinds of linear and nonlinear System of PDEs. The result reveals that the proposed
method is very efficient, simple and can be applied to linear and nonlinear problems.
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1 Introduction:

Systems of partial differential equations (PDEs) [1-4] arise in many scientific models such as the
propagation of shallow water waves and in examining the chemical reaction —diffusion model of
Brusselator .the general ideas and the essential features of these systems are of wide [5-6]
applicability. In the recent years, many authors have devoted their attention to study solutions of
nonlinear system of partial differential equations using various methods. Among these attempts
are the homotopy perturbation method, variational iteration method [7-8], Laplace
decomposition method method [9], differential transform method [15], Homotopy Perturbation
Method[13-14], projected differential transform method , and Adomian decomposition method
[10-12] . the Adomian decomposition approach has been applied to obtain formal solutions to a
wide class of both deterministic and stochastic PDEs. the decomposition method has emerged as
an alternative method for solving a wide range of problems whose mathematical models involve
algebraic, differential, integral, integro- differential, higher-order ordinary differential equations
,partial differential equations (PDEs) and systems .

Recently ,Khalid Aboodh, has introduced a new integral transform, named the Aboodh
transform[16-20],and it has further applied to the solution of ordinary and partial
differential equations.. In this article, we use Aboodh Adomian Decomposition Method
together to solve Nonlinear System of PDEs .

2. Aboodh transform :

A new transform called the Aboodh transform defined for function of exponential order we
consider functions in the set A, defined by:

A={f(t):IM, k., k, > 0,|f(t)| < Me™"Y (1)

For a given function in the set M must be finite number,k,, k, may be finite or infinite. Aboodh
transform which is defined by the integral equation
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3. Aboodh—Adomian decomposition method:

In this section, we present a Aboodh-Adomian decomposition method for solving of partial
differential equations written in an operator form

{LtU +R,(U,V) + N, (U, V) = G, ©
LV + R, (U, V) + Ny(U,V) = G,

With the initial conditions

U(x, O) = fl(x) ’ V(x, O) = fZ (.X') (7)

where L; is considered a first-order partial differential operator, Ry , R, and N; , N,are linear
and nonlinear operators, respectively. and G, , G,are source terms. The method consists of first
applying the Aboodh transform to both sides of equations in system (6) :
{{A[LtU] +A[R,(U, V)] + A[N, (U, V)] = A[G4] )
A[L: V] + A[R, (U, V)] + A[N,(U, V)] = A[G]
Using the differentiation property of Aboodh transform and above initial conditions (7) , we
have:

E{UCx, 0} = &2 + 2 (A[6,] - AR, (U, V)] = AN, (U, )]

e 1 €))
Operating with the Aboodh inverse on both sides of Eq.(9) gives:
UG t) = Ai(x) + A7 S (A[G1] — ARy (U, V)] — AN, (U, V)] o

V(xt) = fo(x) + A7 [ (A[G2] — A[R, (U, V)] — A[No (U, V)])

The Adomain decomposition method defines the solutions U(x,t) and V (x, t) by an infinite
series

U(x,t) = Xyzo Un(x, t) o V() = Laze Wl ) (1D

Where the components U, (x,t) and V,,(x,t) are usually determined recurrently. The nonlinear
operators N;, N, can be decomposed into an infinite series of polynomials given by

Ny =Yo0d4n . Ny=X7 04, (12)
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Where A,, and A,, are the so called Adomain polynomials of Uy, U, U, , ... U, and
Vo, V1, V5, ...V, respectively. They are determined by the following relations:

An aan [Nl(ﬂ ul)] , An = rhrre [NZ(,P l)] n=0,12,.. (13)
Substituting (9) and (10) into (8), g1ves

Tio Un = 1) + A7 [ (A[G1] = ALRy (850 Un, Zitno V)] — ANy (Zizo An))) |
iV = f2(0) + A7 [3 (A[G] = A[Ry(Ziizg Un, Bito V)] — AIN2 (T An)))]

Applying the linearity of the Aboodh transform, we define the recursive relations are given by:
11
Up=fi(x) +A7! [; (A[Gl])]
—1]1 ) o) )
Unsr = —A7 [ (AR (850 Un, Bito Vi)l + AN, (T 4,)])

(14)

(15)

and ,
Vo = fo(x) + A1 [5 (A[G,))]

1 (16)
Viar = —A71 |2 (AR, (Tio Un, Ziio V)] + AIN: (520 A))) |

4 .Applications

In this section, we use the AADM to solve homogeneous and inhomogeneous linear system of
partial differential equations and homogeneous and inhomogeneous nonlinear system of partial
differential equations.

Example 3.1

Consider the homogeneous linear system of PDEs:

{Ut—Vx+(U+V)=O (17)
Vi—=Uy,+U+V)=0
With the initial conditions
U(x,0) = sinhx,V(x,0) = coshx (18)
Taking the Aboodh transform on both sides of Eq. (17) then, by using the differentiation
property of Aboodh transform and initial conditions (18) gives
E(UCx D} = 55 + 2 (Al — (U + 1D
coshx (19)
E{V(x,t)} = +- (A[U - U+
Operating with the Aboodh inverse on both sides of Eq.(19) gives:
U(x,t) = sinhx + A~1 [l (A[V, — (U + V)])]
(20)
V(x,t) = coshx + A1 [l (A[U, — (U + V)])]
The AADM defines the solutions U(x, t), V(x, t) by the series
U=2Yn=oUn s V=0 2D
and the terms U, and V, by an infinite series
Uy = Xn=o Unx o Ve=20so an (22)



Substituting series in (21) and (22) into both sides of Eq. (20) yields
. . _ 1 0 %) %)
Zn:O Un =sinhx + A ! [; (A[Zn=0 an - (Zn=0 Un + Zn:O Vn)])]

(o] -1 1 [e'e] [e'e] [e'e] (23)
S o Vo = coshx + A7 5 (A[Z50 Un, — (T Un + Zieco )]
Now we define the following recursively formula:
Uy = sinh x
{VO = coshx (24)
and ,

— 41/t _

Uner = A7 [5 (A[Vay, — (W +V)])) o 03

Uner = A7 |2 (4[Un,, = Un + W)
U =A"1 % (A[Vox — Uy + VO)]): = A1 % (A[sinh x — (sinh x + cosh x)])] = —tcoshx

1 ] 1
vy =A"1 [; (A[on — Uy + VO)]) = A1 ;(A[coshx — (sinh x + cosh x)])] = —t sinhx

U, =A"1 % (A[le — (U + Vl)]): =A"1 % (A[—t coshx — (—t sinhx — t cosh x)])] =
¢ sinh x
2

v = A7 [L(A[Uy, = (U1 +V)])| = 47 [J (Al=t sinhx = (=t coshx — ¢ sinh 1)) =

tZ
3 cosh x

Proceeding in a similar manner, we have:
_1[1 t3
Us = A7 [2(A[Vs, = WU, + V3)])| = =5 coshx
1 t3 .
Vs = A2 (AU, — U, + V)])| = = sinhx
And so on for other components. Using (11), the series solutions are therefore given by

. t2 4 3  ¢5
U=smhx(1+— +—= ...)—coshx(t+— +— )
21 4l 31 5l

2 14 3 5 (26)
V= coshx(l +% +i ) - sinhx(t +§ +é )
In series form , we can find the exact solutions
U=sinh(x—-t) , V =cosh(x—1t).
Example 3.2
Consider the inhomogeneous linear system of PDE:s:
Ug—Ve—(U—-V)==-2
{Vt U~ (U=V) =2 @D
With the initial conditions
Ux,0)=1+e* , V(x,0)=-1+¢* (28)

Taking the Aboodh transform on both sides of Eq. (27) then, by using the differentiation
property of Aboodh transform and initial conditions (28) gives



1+e”*

EU( D} = -+ (A2 +V + U =)D
iret 1 (29)
E(V(x, 1)} = 5 + 2 (A[-2-Uy + (U = V)])
Operating with the Aboodh inverse on both sides of Eq.(29) gives:
Ulx,t) =1+e* — 2t + A1 [1 (A[V, + (U — V)])]
(30)
V(x,t) = —1+e* — 2t + A1 [1 (A[=U, + (U — V)])]
The LADM defines the solutions U(x, t), V(x, t) by the series
U =2Yn=oUn . V=W €1y
and the terms U, and V, by an infinite series
Uy = Xn=o Unx . V=25 V;*Lx (32)
Substituting series in (31) and (32) into both sides of Eq. (30) yields
co - 1 oo oo oo
N oUn =1+ =2t + A7 S (A[Z50 Vo + (Tiiio Un — Zio Vi) .
oo - 1 co co co
S oVo=—1+e* =2t + A7 [L(A[= B Un, + (B0 Un — Zio Vi)
Now we define the following recursively formula:
UO == 1 + ex - zt
{VO =—14+e*-2t (34)
and ,
Upss = A2 (A + (U, — V)
n+1 [v( [ Ny n n ])] n> 0 (35)

Unsr = A2 [5 (A= Un, + Un = W)))]
1 1
U =A" [; (A[Vo, + (Uy — VO)])] =A"! [; (Ale* +1+e* =2t — (-1 +e*— 2t))])]
=t(e* +2)
41 !
V,=A"1 [; (A[-Uo, + (Uy — VO)])] =A"! [; (A[—e*+1+e*—2t—(-1+e*— Zt))])]
=t(—e*+2)
Proceeding in a similar manner, we have:
Uy = 47 [E (v, + (U3 —V)])] = £ e
V= At [H(A[-Uy, + (U~ ]| = £ e
Uy = 471 [ (4], + (U, — )])] = & e

_1[1 t3
Vo= AT S (A[-Uyp, + U, - W)])| = - €
And so on for other components. Using (11), the series solutions are therefore given by

2 3
U=1+e*(1+t+s +5 +-)
t2 3
V=—1+€x(1—t+a - +)



In series form , we can find the exact solutions
U=1+e*tt |, V=-1+e"t,
Example 3.2
Consider the inhomogeneous nonlinear system of PDEs:
Uu:+Vvu,+U =1
{Vt UV, -V =1
With the initial conditions
Ulx,0)=e* , V(x0)=e* (38)

(37)

Taking the Aboodh transform on both sides of Eq. (37) then, by using the differentiation
property of Aboodh transform and initial conditions (38) gives

E(UG D} = 5 + 2 (A[L - VU, — U]) .
E(V(x 0} = S+ 2 (A[1 + UV, + VD)

Operating with the Aboodh inverse on both sides of Eq.(39) gives:

Ux,t) = e* +t— A" [l (A[VU, + U])]
v (40)
Vir,t) =e*+t+A" [; (A[UV, + V])]

We represent U(x,t),V(x,t) by the infinite series (11) then ,inserting these series into both
sides of Eq.(40) yields
o0 -1 |1 o o
Yn—oUpn=¢e*+t—A ! [; (AXn=0An + Xn=o Un])]

SioVo=e X+t + A7 (4]0 An + 2o Vi)

Where 4,, and 4,, are the so-called Adomian polynomials by (12) that represent the nonlinear
terms VU, and UV,, respectively. We have a few terms of the Adomian polynomials for
VU,and UV,, which are given by

Ay =VoUy,

Ay =V Uy, + VoUy,

Ay, = VU, + WUy, + VU,

Az =V3Uy, + VLUy, + ViU, + Vo Us,

(41)

And,
Ay = UOVOx
A = UiV, + Ugly,
A, = UVo, + UiV, + UV,
Az = UsVy, + Uy, + U Vo, + UgVs,

Now we define the following recursively formula:
{ UO =t+ ex

Vo=t+e™ 42



and ,
Uner = =A™ [2(ALZi0 An + Ziiso Un)) |
Unar = A7 [2(A[E50 A + 2o V]

t? t2
U =—-t———te*——e”*
2! 2!

,n=0 (43)

t2 —x t* _
Vi=—t——+te*——e™*
2! 2!

t2

— 2,%x
U2—2!+te +

Similarly, we can find other components. Using (11), the series solutions are therefore given by

U =ex(1—t+§2—§+---)

2 43 (44)

Vee(14+t+s +5 +-)
In series form , we can find the exact solutions
U= ext V= e xHt,

S. Conclusion
In this paper, Aboodh transform which is based on the Adomian decomposition method
(AADM) is introduced for the approximate solution of the linear and nonlinear systems of partial
differential equations. This methods is very powerful and efficient techniques for solving
different kinds of linear and nonlinear System of PDEs.. The method presents a useful way to
develop an analytic treatment for these systems. The result reveals that the proposed method is
very efficient, simple and can be applied to linear and nonlinear problems.
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