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QE-Bayesian and E-Bayesian Estimation
of the Frechet Model

ABSTRACT

This paper is suggested a novely modification to the E-Bayesian method of estimation to yield a new
technique namely QE-Bayesian estimation. The proposed approach based on replacing the quasi-
likelihood function instead of the likelihood function in the E-Bayesian technique. This study is
concerned to evaluate the performance of the QE-Bayesian method versus the original E-Bayesian
approach in estimating scale parameter of the Frechet distribution. The QE-Bayes and E-Bayes
estimates are obtained under symmetric loss function [squared error loss (SELF))] and three different
asymmetric loss functions [entropy loss function (ELF), weighted balanced loss function (WBLF) and
minimum expected loss function (MELF)]. The properties of the QE-Bayesian and E-Bayesian
estimates are studied. Comparisons among all estimators are performed in terms of absolute
bias(ABias) and mean square error (MSE) via Monte Carlo simulation. Numerical results showed that
QE-Bayes estimates are more efficient as compared with the E-Bayes estimates.

Keywords: E-Bayesian estimates; Frechet distribution; loss functions; Monte Carlo Simulation; QE-
Bayes estimates.

1. INTRODUCTION

The Frechet distribution has many applications in modeling extreme events such as,wind speeds,
stock exchange and flood etc. Historically it was first introduced by Maurice Frechet [1]. Several
authors have studied the Frechet distribution; for examples, Mubarak [2] obtained the maximum
likelihood and least squares estimates for Frechet distribution based on progressive type-1l censoring.
Abbas and Yincai [3] compared the maximum likelihood, probability weighted moments and Bayes
estimates for the scale parameter of Frechet distribution in complete samples. Nasir and Aslam [4]
estimated the shape parameter of Frechet distribution via Bayesian scheme based on different prior
distribution and various loss functions. The probability density function(pdf) of the Frechet distribution
is
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Where S and o are the scale and shape parameter respectively.

The quasi-likelihood function was proposed by Wedderbum [5] as a novely extension of the maximum
likelihood estimation. This method is required a predetrimined assumption about mean and variance

of the underlying distribution. Given an observation x with mean u and variance V (&), the quasi-
likelihood function can be defined to be

0Q(x;p) _x —p
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Or equivalent by

(@)
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Where u=E(x),V (u)=V (x). The variance assumption is generalized to V (x)equals wV (u),
where the variance function V (.) is assumed to be known and the parameter ¥ may be known or

unknown. The quasi-Bayesian estimation approach used the natural exponential of quasi-likelihood
function instead of the ordinary likelihood function.



The E-Bayesian is a new criteria of estimation was first introduced by Han [6]. This method depends
on obtaining the expectation of Bayes estimates with respect to the distributions of hyper parameters.
Many authors applied the E-Bayes technique such as, Han [7] estimated the reliability parameter of
the exponential distribution by using the E-Bayes and hierarchical Bayes methods based on type-I
censored and by considering the quadratic loss function. Yin and Liu [8] applied the E-Bayesian and
hierarchical Bayesian estimation techniques in estimating the unknown reliability parameter of
geometric distribution based on scaled squared loss function in complete samples. Wei et al [9]
obtained the minimum risk equivariant and E-Bayes estimates for the Burr-XIl distribution under
entropy loss function in complete samples. Jaheen and Okasha [10] estimated the parameter and
reliability function of Burr-XIl model via Bayes and E-Bayes techniques based on squared error and
LINEX loss functions on type-Il censoring. Cai et al [11] used the E-Bayesian criteria for forecasting of
security investment. Okasha [12] obtained the maximum likelihood, Bayesian and E-Bayesian
estimates for the parameter, reliability and hazard functions corresponding to the Weibull distribution
based on type-Il censored data. Azimi et al [13] derived the Bayes and E-Bayes estimates for
parameter and reliability function of the generalized half Logistic model based on progressively type-
Il censoring and by using symmetric and asymmetric loss functions. Javadkani et al [14] constructed
the Bayes, empirical Bayes and E-Bayes shemes in estimating shape parameter and reliability
function of the two parameter bathtub-shaped lifetime distribution under progressively first-failure-
censoring and by using the minimum expected and LINEX loss functions. Liu et al [15] obtained the
E-Bayes and hierarchical estimates for the Rayleigh distribution based on g-symmetric entropy loss
function in complete samples. Reyad and Othman [16] derived the Bayesian and E-Bayesian
estimates for the shape parameter of the Gumbell type-Il distribution under type-Il censoring and by
considering squared error, LINEX, Degroot, quadratic and minimum expected loss functions. Reyad
and Othman [17] studied the Bayes and E-Bayes estimators for the Kumaraswamy distribution under
type-Il censored data and by using different symmetric and asymmetric loss functions. Reyad et al
[18] compared the Bayes, E-bayes, hierarchical Bayes and empirical Bayes estimates of shape
parameter and hazard function assioatedto to the Gompertz model under type-Il censoring and by
using squared error, quadratic entropy and LINEX loss functions.

The main object of this paper is to compare the QE-Bayes and E-Bayes methods in estimating scale
parameter corresponding to the Frechet distribution. The resulting estimates are obtained based on
symmetric and different asymmetric loss functions. The properties of the QE-Bayes and E-Bayes
estimates are investigated. All outcomes obtained in this article showed that the proposed method is
more efficient and easy to use.

The plan of this paper is organized as follow. In Section 2, the different loss functions will be used in
this study are viewed, the quasi-posterior and posterior distributions are obtained. The QE-Bayesian
estimates for § are derived under SELF, WBLF, ELF and MELF in Section 3. In Section 4, the E-

Bayesian estimates for fare obtained under SELF, WBLF, ELF and MELF. In Section 5, the

properties of the QE-Bayes and E-Bayes estimates are investigated. In Section 6, a Monte Carlo
simulation is used to assess the performance of the resulting estimates. Finally, some concluding
remarks are presented in Section 7.

2. The LOSS FUNCTIONS, QUASI-POSTERIOR AND POSTERIOR DISTRIBUTIONS

This section contains the different loss functions will be used in this study and derived the quasi-
posterior and posterior distributions corresponding to the Frechet distribution.

2.1. The Loss Functions
We will used the following loss functions:
1. The Squared Error Loss Function (SELF)

The squared error loss function (SELF) can be defined to be
L(B.B)=B-p7 (4)

Where 3 is an estimator of 3. The Bayes estimator of 3 relative to the SELF denoted by ﬁABS can be
obtained as



B =E(Blx) (5)
Provided that the expectation E (5|x) exisits and finite.

2. The Weighted Balanced Loss Function (WBLF)

The weighted balanced loss function (WBLF) can be used as Nasir and Aslam (2015) to be

» (p-B)
L,(5.0)=| — (6)
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Where g is an estimator of .The Bayes estimator of Brelative to WBLF denoted by ,lAi’BW can be
obtained as

> _EWBD)
Pon = E(B|x)
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Provided that the expectations E (5’

x),E (B|x)exisits and finite.

3. The Entropy Loss Function (ELF)

Day et al [19] have discussed the entropy loss function (ELF) of the form
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Where gis an estimator of 3. The Bayes estimator of Srelative to ELF denoted by ﬁ’BE can be
obtained as

B =[EB 0] (9)
Provided that the expectation E (5 |£) exisits and finite.

4. The Minimum Expected Loss Function (MELF)

Tummala and Sathe [20] defined the minimum expected loss function (MELF) as follows:

uwﬁh@%ﬁ (10)

Where £ is an estimator of 3. The Bayes estimator of B based on MELF denoted by ,3BM can be
obtained as

»  EB')
Pou = E(B7|x)

Provided that the expectations E (87 |x),E (87 |x) exisits and finite.

(11)

2.2. The Quasi-Posterior Distribution

The mean and variance of the Frechet distribution given in (1) is given by
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Thus for a random sample of size n, the quasi-likelihood function can be obtained for the Frechet
distribution by using (2) and (3) in (1) to be

n
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Which gives
Sk,
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We can obtain the quasi-likelihood function in terms of & and g by using (12) in (15) to be
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The natural exponential of the quasi-likelihood function given in (16) is obtained to be

Sy,
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1 (17)
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Assuming « is known, then the quasi-likelihood function become
exp[Q(x;,B)] o< ,6”"e7 (18)
Where
>
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We can use the power density function as a prior distribution of g with rate parameter « and its pdf
given by

g(Blay=a p, B>0,a>0 (20)

The quasi-posterior distribution of § can be obtained by Combining (18) and (20) to be

h(Blx)= wexP[Q(x;ﬁ)]g(ﬁla) S ﬁ“””‘e’%, £>0,a>0 (21)
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2.3. The Posterior Distribution

The likelihood function can be obtained for the Frechet distribution given in (1) to be
n . 1 a+l (ﬁ)a i

L(xi,a,ﬁ)zna,b’ — | eV o« f"% (22)
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Where



n l *
H = - 23
ZL } (23)
The posterior distribution of § can be derived by Combining (20) and (22) to be
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3. The QE-BAYESIAN ESTIMATION

In this section, we have derived the QE-Bayes estimates for scale parameter of the Frechet
distribution based on squared error (SELF), entropy (ELF), weighted balanced (WBLF) and
minimum expected (MELF) loss functions.

According to Han [21], the hyper parameter a must be choosen to guarantee that g(ﬂ|a) given in
(20) is a decreasing function of B . The derivative of g (,[J’|a) with respect to g is

dg (Bla) _

4B @-pp- (25)

Note that « >0 and 0< <1 then a>1 result in

d
g;ﬂ|a) <0, and therefore g(fa)is a decreasing

function of #. Consequently, it is convention to choose the hyper parameter a under the restriction
l<a<c,where cis a given upper bound and a positive constant. Then, we can use the following
hyper prior distributions of « introduced by Han [22]

ﬂ](a):L, l<a<c (26)
c—1

7, (a) = 22a , l<a<c (27)
c -1

T, (a)= 2c-a) l<a<c (28)
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Reyad et al [23] defined the QE-Bayes estimatator of § denoted as [?QEB to be

B = | Bu@7(@da (29)

where Qis domain of a ,,[3’QB (a)is the quasi-Bayes estimation of g with the hyper parameter a and

7(a)is the hyper prior distribution associated to the hyper parameter 4 over Q.

3.1. The QE-Bayesian Estimation under Squared Error Loss Function (SELF)

Theorem 1. Assuming SELF in (4), the quasi-posterior distribution in (21) and the hyper prior
distributions of a in (26), (27) and (28), we have two deductions:

(i) The quasi-Bayesian estimate Z?QBS of § based on SELF is

. D
= (30)

(i) The QE-Bayesian estimates [;’QEBW ﬁQEmand 3QE3“0f S based on x,(a),x,(a) and 7, (a) respectively
relative to SELF are the following:



And

- 20\ n—-c-—1 c—1
ﬂgmaz(c_lj_l_( c—1 jln(l+n—c—lj:| (33)

Proof. (i) We can obtain the quasi-Bayesian estimate ,3QBS by using (5) in (21) to be

b 0[] o

D
n—a-—1

where E,, stands for the expectation corresponding to quasi-posterior distribution.
1

(i) The QE-Bayesian estimate [?QEBSI based on 7,(a) can be obtained by using (26) and (30) in (29)
to be

R o D 1 D c—1
— da = In| 1+
IBQEBSI Jl(n—a—IJC—l (C_lj { n—c—l:}

Similarly, the QE-Bayesian estimates BQEB“,BQEBS} based on x,(a),7,(a) can be obtained by using (27),
(30) in (29) and (28), (30) in (29) respectively to be

. c D 2a 2D n—1 c—1
— da = In| 1+ -1
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And
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3.2. The QE-Bayesian Estimation under Weighted Balanced Loss Function (WBLF)

Theorem 2. Assuming WBLF in (6), the quasi-posterior distribution in (21) and the hyper prior
distributions of a in (26), (27) and (28), we have two deductions:

i) The quasi-Bayesian estimate [Q’QBW of # based on WBLF is

. D
i — 34)

(i) The QE-Bayesian estimates f3,,,, By, and f,.,,, of B based onz (a),7,(a) and z,(a)
respectively relative to WBLF are the following:

A D c-3

ﬁQEBWl:[:jln{l-Fn—c—z:}’ (35)
5 2D n-2 c—1
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Proof. (i) We can obtain the quasi-Bayesian estimate ,3Q3w by using (7) in (21) as follows:

D?
(n—a-H)(n-a-2)

B (B)=[ 9 e g

Then, we have

R _Ehl(ﬂz‘x)_Dz/(n—a—l)(n—a—Z): D
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(i) The QE-Bayesian estimate BQEBWI based on r,(a) can be obtained by using (26) and (34) in
(29) to be

P ¢ D 1 D c-3
= da = In{1+
'BQEBWI J.I(n—a—ch—l “ (C—IJ [ n—c—Z}

Similarly, the QE-Bayesian ,ngwz’ﬁgwwz based on 7,(a),7,(a) can be obtained by using (27), (34)
in (29) and (28), (34) in (29) respectively to be

{2 (2 2o
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And
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3.3. The QE-Bayesian Estimation under Entropy Loss Function (ELF)

Theorem 3. Assuming ELF in (8), the quasi-posterior distribution in (21) and the hyper prior
distributions of a in (26), (27) and (28), we have two deductions:

i) The quasi-Bayesian estimate [?QBE of B based on ELF is

By =2 (38)

n—a

(i) The QE-Bayesian estimates ,5’@.8“, Bgm.z and Bgm.3 of # based on 7, (a),x,(a) and z, (a) respectively
relative to ELF are the following:

B, =(%jm{1+ Z:j (39)
ﬂAw“=(62f1j|:[criljln(l+z:ij—l: (40)
And
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Proof. (i) We can obtain the quasi-Bayesian estimate BQBE by using (9) in (21) as follows:
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Then, we have
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(i) The QE-Bayesian estimate BQEBEI based on r,(a) can be obtained by using (26) and (38) in
(29) to be

~ o D 1 D c—1
Brone: =J da = In|1+
i\n—-a)c-1 c—1 n-—c

Similarly, the QE-Bayesian ﬁwm,,@w“ based on r,(a), 7, (a) respectively can be obtained by using
(27), (38) in (29) and (28), (38) in (29) respectively to be

Brwe =J‘lc(n[ja)czza_lda :(SZJKLJID[HZ:E)_I}

And
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3.4. The QE-Bayesian Estimation under Minimum Expected Loss Function (MELF)

Theorem 4. Assuming MELF in (10), the quasi-posterior distribution in (21) and the hyper prior
distributions of « in (26), (27) and (28), we have two deductions:

i) The quasi-Bayesian estimate BQBM of f based on MELF is

A D
ﬁQBM T n—a+l (42)

(i) The QE-Bayesian estimates BQEBMI, BQEBm and ﬁgmm based onz,(a),7,(a) and r,(a)respectively
relative to MELF are the following:

IéQEBMIZ[L]ln{I-F c_l }’ (43)
c—1 n—c+1
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Proof. (i) We can obtain the quasi-Bayesian estimate BQBM by using (11) in (21) as follows:

n-a
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Then, we have
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(ii) The QE-Bayesian estimate BQEBMI based on r,(a) can be obtained by using (26) and (42) in (29)
to be

R o D 1 D c—1
— da = In| 1+
ﬂQEBMl J‘l(n—[l-l-ljc‘—l (C—lj |: n—C+1}




Similarly, the QE-Bayesian ngm’ﬁwm of B based onr,(a),7,(a) respectively can be obtained by
using (27), (42) in (29) and (28), (42) in (29) respectively to be

- ¢ D 2a 2D n+l1 c—1
o= = da = In| 1+ -1
ﬂleb’M- .[(n—a+1jc'—l (c+1j|:(c—lJ [ n—c+1j :|

And
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4. The E-BAYESIAN ESTIMATION

In this section, we have obtained the E-Bayes estimates for scale parameter of the Frechet
distribution based on squared error (SELF), entropy (ELF), weighted balanced (WBLF) and minimum
expected (MELF) loss functions.

4.1. The E-Bayesian Estimation under Squared Error Loss Function (SELF)

Theorem 5. Assuming SELF in (4), the posterior distribution in (24) and the hyper prior distributions of
ain (26), (27) and (28), we have two deductions:

(i) The Bayesian estimate /'S’BS of f# based on SELF is

A a+a
By =~
aH (46)

(i) The E-Bayesian estimates /3)5351,,35352 and /'?Emof S based onr, (a),7,(a) and x,(a)respectively
relative to SELF are the following:

5 2na+c+1

- 47
ﬂEHSI ZaH k4 ( )
ﬁm: _ 3nalc+D)+2(c’ +c+1) (48)

3aH (c +1)
And
A :3na(c—1)+c(c +1)-2 49
Bas: 3aH (c -1) (49)

Proof. (i) We can obtain the Bayesian estimate /'?BS by using (5) in (24) to be

a
ni—

:an :E/l2 (ﬁ‘X )ZJ‘:IB H aa ﬁ"";"efﬁu dﬁ:na;a
I'n+—) a
a

where E,, stands for the expectation corresponding to posterior distribution.
2

(i) The E-Bayesian estimate ,Bm based on r,(a) can be obtained by using (26) and (46) to be

,3 _J"‘ na+a 1da_2n0(+c+1
b aH )e-1 20H

Similarly, the E-Bayesian estimates BEBSZ,BEBH of B based on 7,(a),7,(a) can be obtained by using
(27), (46) and (28), (46) respectively to be

A “(na+a) 2a 3nalc +1)+2(c’ +c +1)
ﬂEBSZ :I 2 da =
aH Jci—1 3aH (c +1)
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And

ﬁmz :J"'[n(x+a] 2(c _a,)da _ 3na(c—1)+c(c+1)-2
3 aH ) (c-1) 3aH (c 1)

4.2. The E-Bayesian Estimation under Weighted Balanced Loss Function (WBLF)

Theorem 6. Assuming WBLF in (6), the posterior distribution in (24) and the hyper prior distributions
of ain (26), (27) and (28), we have two deductions:

(i) The Bayesian estimate BHW of S based on WBLF is

s (n+1)+a
IBBW = ai
aH (50)

(i) The E-Bayesian estimates [?EBWI,BEBWZand BEBW of B based onr,(a),x,(a) and x,(a)respectively
relative to WBLF are the following:

A 2(n+1)+c +1
e 51

ﬂEBWl ZaH ? ( )

ﬂAEsz _ 3a(n +D(c+1D)+2(c” +c+1) (52)
3aH (c +1)

And

lgmv - 3a(n+1)(c—-1D+c(c+1)-2 (53)
3aH (c —1)

Proof. (i) We can obtain the Bayesian estimate BBW by using (7) in (24) as follows:

= H"« PPLE (na+a)(na+a+o)
B, (B1X)=[ | =B e ap =
I'(n+—
( a)

Then, we have

- E, (ﬂz‘X)_(n()c+a)(noz+a+05)/052H2 _a(n+D+a

BW -

- E), (ﬂ‘X) (na+a)/aH aH

(i) The E-Bayesian estimate ﬁm,l based on 7,(a) can be obtained by using (26) and (50) to be

ﬁ' _J‘" an+)+a) 1 da_Za(n+1)+c+1
e aH c-1 20H

Similarly, the E-Bayesian /')\’sz,ﬁm,} of f based on 7,(a),7,(a) can be obtained by using (27), (50)
and (28), (50) respectively to be

,3 —J"[a’(n+l)+aj 2a da_3a(n+1)(c+1)+2(cz+c+1)
EBW 2 . c7 _

aH -1 3aH (c +1)
And
3 :J“(a(n+l)+a]2(c—a)da:3a(n+1)(c—1)+c(c+1)—2
s aH (c-1) 3aH (c - 1)

4.3. The E-Bayesian Estimation under Entropy Loss Function (ELF)

Theorem 7. Assuming ELF in (8), the posterior distribution in (24) and the hyper prior distributions of
2in (26), (27) and (28), we have two deductions:
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i) The Bayesian estimate ,5’85 of S based on ELF is

,3 _ an-1+a

BE aH (54)

(i) The E-Bayesian estimates ﬁEBEl,BEm and [;’Em of B based onr, (a),7,(a) and z,(a) respectively
relative to ELF are the following:

N 2a(n—1)+c +1
— 55

ﬂEBEI 2aH ’ ( )

lgﬂm _ 3a(n —D(c+1D)+2(c” +c+1) (56)
3aH (c +1)

And

,35353 _ 3a(n—D(c -1 +c(c+1)-2 (57)
3aH (c —1)

Proof. (i) We can obtain the Bayesian estimate ,BBE by using (9) in (24) as follows:

nas
H « ﬁn#’;—le‘_lm dﬁ_ aH

_a(n -1 +a

£, (6" |x ):J:ﬂ" i+
n+—
a

Then, we have

5 . o adH | am-D+a
ﬂ“_[E’z(ﬂ ‘X)} _{a(n—l)ﬂz} © aH

(i) The E-Bayesian estimate 3EBE1 based on r,(a) can be obtained by using (26) and (54) to be

ﬁ' _J“ an-1)+a lda_Za(n—1)+c+1
e aH c—-1 20H

Similarly, the E-Bayesian estimates ,B’EB“,,B’Emofﬁ based on z,(a),7,(a) can be obtained by using
(27), (54) and (28), (54) respectively to be

- ‘(a(n—l)+a] 2a 3a(n =D +1)+2(c” +c +1)
ﬂEBEz :J. 3 da =
aH c -1 3aH (c +1)

And

. ‘((Z(n—l)+a]2(c—a) 3a(n - -D+cc+1)-2
ﬂEBE] :J. 2 da=
aH (c -1 3aH (c —1)

4.4. The E-Bayesian Estimation under Minimum Expected Loss Function (MELF)

Theorem 8. Assuming MELF in (10), the posterior distribution in (24) and the hyper prior distributions
of ain (26), (27) and (28), we have two deductions:

i) The Bayesian estimate BBM of S based on MELF is

_ an-2)+a

IBBM (,‘(H (58)

(i) The E-Bayesian estimates ,3EBM1,,BEBM2 and ,l?ﬂm of g based onr,(a),7,(a)and x,(a)respectively
relative to MELF are the following:

11



A _2a(n-2)+c +1’ (59)

ﬂEBM] - 2aH
b= 3a(n —2)c +1)+2(c* +c +1) (60)
3aH (c +1)
And
5 _3a(n-2)-D+cc+)-2 61
Ben: 3aH (c -1) (61)

Proof. (i) We can obtain the Bayesian estimate ,BBM by using (11) in (24) as follows:

a
ni—

o H" ™« e H?
E 21y ) = -2 e |4 B =
h, (ﬂ ‘ ) .[) B F(n+£)ﬂ ¢ P (na+a—-a) (na+a-2x)
o
Then, we have
. :Eh2 (ﬂq‘x): oH /(na+a—a) _a(n-2)+a
" E, (B*x) @H/na+a-a)na+a-2a) aH

(i) The E-Bayesian estimate ,[?EBMI based on z,(a) can be obtained by using (26) and (58) to be

A ‘fan-2)+a) 1 2a(n —2)+c +1
= St/ el P F i S
P -‘- [ aH jc—l “ 2aH

Similarly, the E-Bayesian [;'EBMZ,BEBM of S based onz,(a),7,(a) can be obtained by using (27), (58)
and (28), (58) respectively to be

F; _J'"(a(n—2)+aj 2a da_3a(n—2)(c+1)+2(c2+c+1)
E 2 aH -1 3aH (c +1)

And

i _J"(O((n—2)+a]2(c—a)da:3a(n—2)(c—l)+c(c+1)—2
B3 aH -1 3aH (c -1)

5. PROPERTIES OF THE QE-BAYESIAN AND E- BAYESIAN ESTIMATES
In this section, we have studied the properties of the QE-Bayesian and the E-Bayesian estimates
5.1. The Relations between the QE-Bayesian Estimates

In this subsection, we shall derive the relations among the QE-Bayesian estimates.

5.1.1. Relations among BQEBS,. i =123)

Theorem 9. It follows from (31), (32) and (33) that

() Boesss < Bosnss < Bsns: (il) lim B, =1im B,,,., =lim 3,,,,,
Proof. See Appendix (1).

5.1.2. Relations among f4,,,,. (i =1,2,3)

Theorem 10. It follows from (35), (36) and (37) that
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) By s < Bosww 1 < B » (ii) 1im B, =1im B,,,, , =1im A,,,,,,
Proof. See Appendix (1).

5.1.3. Relations among /;)Qm i =123)

Theorem 11. It follows from (39), (40) and (41) that

() Boeses < Bruser < Beoes (ii) 1im B,,,,, =1im B,,,,, =lim &,,,,.,
Proof. See Appendix (1).

5.1.4. Relations among ,[Q’QEBM[ (i =123)

Theorem 12. It follows from (43), (44) and (45) that

() Boeows < Boewnss < Bswur- (i) 1im By, , =1lim B,,,,,, = lim B, ¢
Proof. See Appendix (1).

5.2. The Relations between the E-Bayesian Estimates

In this subsection, we shall showed the properties of the E-Bayesian estimates.

5.2.1. Relations among /;7535,- (i =123)

Theorem 13. It follows from (47), (48) and (49) that

() Brass < Brasi < Bras: (ii) lim B,,,, = lim B,,,, = lim 3,,,
Proof. See Appendix (2).

5.2.2. Relations among 5., (i =1,2,3)

EBWi

Theorem 14. It follows from (51), (52) and (53) that

() Besws < Besw < Brsw s (ii) lim B,,,,, =lim A,,,,, =lim 3, ,
Proof. See Appendix (2).

5.2.3. Relations among £, (i =1,2,3)

EBEi

Theorem 15 It follows from (55), (56) and (57) that

() Beses < Beser < Bese: (ii) lim B,,;., = lim B,,,., = lim B,,,.,
Proof. See Appendix (2).

5.2.4. Relations among 3, (i =1,2,3)

Theorem 16. It follows from (59), (60) and (61) that
(i) Blz‘BMS < Al:'BMl < Al:'BM’.Z (ii) Il_llnl BEBQI = ,l_lin;loﬂAEBQZ = ,l_lin;loﬂAEli‘QS

Proof. See Appendix (2).

6. MONTE CARLO SIMULATION

This section conducted a Monte Carlo simulation study to assess the performance of the QE-Bayes
and E-Bayes estimates associated to scale parameter of the Ftechet distribution discussed in the
ealiar sections. The simulation structure can be described in following the steps:
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Step (1): Set the default combinations (true values) of @ and ¢ which are (o =3,c =3),(@¢ =3,c =4)
and (o =4,c =3) respectively. We considered different sample sizes to study their effect on the
resulting estimates.

Step (2): For these cases, we generate « from the uniform prior distributions (1,¢) given in (26), (27)
and (28). For given values of a , we generate g from the power gensity given in (20).

Step (3): For known values of « , samples are generated from the Frechet distribution given in (1).

Step (4): Calculate the QE-Bayes and E-Bayes estimates of scale parameter associated to the
Frechet distribution according to formulas that have been derived.
Step (5): We repeated this process 10000 times and compute the absolute bias (ABias) and mean

square error (MSE) for the estimates for different sample sizes and given values of «, ¢ where

ABias :‘B—ﬁ‘

MSE (8) = 1

10000

stands for an estimator of g . The simulation results are shown in Tables (1-4).

D.(B-prand B

Table 1: Averaged values of ABias and MSEs (within parenthesis) for estimates of the
parameter 5 based on SELF

Sample QE-Bayes E-Bayes

n c=3 a=3 c=4, a=3 c=3 a=4 c=3 a=3 c=4, a=3 c=3 a=4

15 0.1684913 0.2234576 0.1691563 0.3341981 0.3014775 0.447804
(0.0477689) (0.0774759) (0.0371641) (0.1201167) | (0.1041075) | (0.2042198)

0.1800712 0.2480614 0.180813 0.3330296 0.2988633 0.4472106
(0.0523483) (0.0905395) (0.0414832) (0.1193969) (0.1027056) (0.2037076)

0.1453315 0.1824512 0.1458431 0.3365351 0.3058345 0.4489909
(0.0394372) (0.0584776) (0.0293512) (0.1215665) (0.1064767) (0.2052437)

25 0.0910873 0.1189299 0.0918647 0.3503312 0.3215957 0.455914
(0.0182147) (0.026802) (0.012699) (0.1269499) (0.1101182) (0.2098973)

0.0968086 0.1305868 0.0976287 0.3496529 0.3200714 0.4555665
(0.0194406) (0.0300668) (0.013856) (0.1264933) (0.109192) | (0.2095873)

0.0796446 0.0995019 0.0803367 0.3516879 0.3241364 0.4566089
(0.0159626) (0.0219757) (0.0105856) (0.1278658) (0.1116726) (0.2105181)

35 0.0617829 0.0817595 0.0628113 0.3576093 0.3283129 0.4597598
(0.0105762) (0.0151023) (0.0066201) (0.1306952) (0.1123406) (0.2126437)

0.0655625 0.089356 0.0662152 0.3571325 0.3272327 0.4595147
(0.0111282) (0.0165633) (0.00714122) (0.1303631) (0.1116579) (0.2124214)

0.0542237 0.0690987 0.0551908 0.3585629 0.3301133 0.4602499
(0.00955921) (0.0129273) (0.0056654) (0.1313606) (0.1134837) (0.2130887)

50 0.0435082 0.0539605 0.0423655 0.3610573 0.3351018 0.4628626
(0.0063472) (0.0081410) (0.0036152) (0.1322711) (0.1153076) (0.2151287)

0.0460164 0.0589255 0.0448868 0.3607254 0.3343537 0.4626929
(0.0066034) (0.0087691) (0.0038481) (0.1320357) (0.1148186) (0.2149731)

0.0384919 0.0456856 0.0373228 0.361721 0.3363487 0.4632021
(0.0058729) (0.0072045) (0.0031876) (0.1327424) (0.1161252) (0.2154401)

70 0.0305688 0.0378697 0.0297147 0.3644888 0.3399208 0.4647774
(0.0040892) (0.005006) (0.0021313) (0.1341684) (0.1176508) (0.2166191)

0.032296 0.0412683 0.0314518 0.3642536 0.3393908 0.4646569
(0.0042135) (0.0053073) (0.0022438) (0.1339992) (0.1172967) (0.2165079)

0.0271145 0.0322053 0.0262405 0.3649593 0.3408043 0.4650182
(0.0038586) (0.0045555) (0.0019245) (0.1345074) (0.1182423) (0.2168417)

100 0.0204802 0.0258168 0.0208214 0.3666277 0.3427861 0.4659545
(0.0025558) (0.0034437) (0.0012928) (0.1353307) (0.1189337) (0.2175354)

0.0216559 0.0281212 0.0220056 0.3664637 0.3424165 0.4658705
(0.0026127) (0.0035852) (0.0013465) (0.1352114) (0.1186833) (0.2174575)

0.0181294 0.0219761 0.0184519 0.3669556 0.3434019 0.4661225
(0.0024503) (0.0032314) (0.0011939) (0.1355692) (0.1193516) (0.2176913)
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Table 2: Averaged values of ABias and MSEs (within parenthesis) for estimates of the
parameter S based on WBLF

Sample QE-Bayes E-Bayes

n c=3 a=3 c=4, a=3 c=3 a=4 c=3 a=3 c=4, a=3 c=3 a=4

15 0.2445485 | 0.2118284 0.2457175 0.3131652 0.2944054 0.4435615
(0.0828877) | (0.0644792) | (0.0705616) | (0.1076112) | (0.0965068) (0.1921575)

0.2583405 0.2298192 0.2596009 0.3119967 0.2924772 0.4329681
(0.0905312) | (0.0731933) | (0.0778888) | (0.1069442) | (0.0954655) (0.1916645)

0.2169645 0.1818427 0.2179507 0.3155022 0.2976193 0.4347484
(0.0687765) | (0.0514272) | (0.0570778) | (0.1089535) | (0.0982598) (0.1931462)

25 0.1270834 0.1597713 0.1281292 0.3381215 0.3063521 0.4475748
(0.0270365) | (0.0394544) | (0.0210929) | (0.1188791) | (0.1010742) (0.20252627)

0.1333633 0.1725966 0.1344559 0.3374432 [(0.3048277 0.4472273
(0.0288457) | (0.0441281) | (0.0228288) | (0.1184399) | (0.1001965) (0.2022221)

0.1145234 0.1383951 0.1154756 0.3394782 0.3088927 0.4482697
(0.0236589) | (0.0324084) | (0.0178631) | (0.1197605) | (0.1025479) (0.2031348)

50 0.0588874 0.0708815 0.0578253 0.3550838 0.3276207 0.4587893
(0.0081178) | (0.0104859) | (0.0052442) | (0.1280693) | (0.1104694) (0.2114122)

0.0615059 0.0760672 0.0604574 0.3547519 0.3268726 0.4586196
(0.0084668) | (0.0113203) | (0.0055693) | (0.1278384) | (0.1099919) (0.2112558)

0.0536505 0.0622386 0.0525609 0.3557475 0.3288676 0.4591288
(0.0074613) | (0.0092160) | (0.0046356) | (0.1285326) | (0.1112679) (0.2117186)

70 0.0410899 0.0493738 0.0402963 0.3602545 0.3346201 0.4618868
(0.0049395) | (0.0061196) | (0.0029102) | (0.1311371) | (0.1141351) (0.2139577)

0.0428698 0.0528771 0.0420864 0.3600192 0.3340924 0.4617663
(0.0051054) | (0.0065116) | (0.0030642) | (0.1309698) | (0.1137866) (0.2138472)

0.0375314 0.0435351 0.0367163 0.3607254 0.3355035 0.4621277
(0.0046268) | (0.0055211) | (0.0026215) | (0.1314721) | (0.1147171) (0.2141788)

100 0.0276078 0.0335794 0.0280026 0.3636765 0.3390907 0.4639385
(0.0029432) | (0.0039632) | (0.0016614) | (0.1331936) | (0.1164425) (0.2156692)

0.028808 0.0539323 0.0292124 0.3635125 0.3387212 0.4638545
(0.0030185) | (0.0041446) | (0.0017337) | (0.1330754) | (0.1161949) (0.2155916)

0.0252073 0.0296578 0.0255839 0.3640044 0.3397066 0.4641065
(0.0028014) | (0.0036856) | (0.0015257) | (0.1334302) | (0.1168558) (0.2158244)

Table 3: Averaged values of ABias and MSEs (within parenthesis) for estimates of the
parameter S based on ELF

Sample QE-Bayes E-Bayes

n c=3 a=3 c=4, a=3 c=3 a=4 c=3 a=3 c=4, a=3 c=3, a=4
15 0.1042111 0.1053038 0.1044502 0.3552311 0.3329689 0.4620465
(0.0273614) | (0.0264504) | (0.0181903) | (0.1335757) | (0.1189818) | (0.2167166)
0.1140718 0.1194005 0.1143763 0.3540625 0.3310408 0.4614531
(0.0299403) | (0.0301503) | (0.0205505) | (0.1328034) | (0.1177835) | (0.2161871)
0.0844895 0.0818092 0.0845979 0.3575681 0.3361826 0.4632334
(0.0228032) | (0.0211873) | (0.0140681) | (0.1351301) | (0.1209964) | (0.2177778)

25 0.0582275 0.0817361 0.0587642 0.3625409 0.3368394 0.4642531
(0.0124635) | (0.0182351) | (0.0073497) | (0.1353316) | (0.1196469) | (0.2174139)
0.0634616 0.0923771 0.0640331 0.3618626 0.3353151 0.4639057
(0.0132325) | (0.0203984) | (0.0080540) | (0.1348577) | 0.1186722) | (0.2170978)
0.0477593 0.0640011 0.0482137 0.3638976 0.3393804 0.4649481
(0.0110928) | (0.0151424) | (0.0061094) | (0.1362821) | (0.1212822) | (0.2180468)

35 0.0397845 0.0571964 0.0406346 0.3661916 0.3391151 0.4656416
(0.0079382) | (0.0111783) | (0.00416628) | (0.1367517) | (0.1192998) | (0.2180165)
0.0433383 0.0643321 0.0442173 0.3657148 0.3380349 0.4653965
(0.0082980) | (0.0121922) | (0.0044958) | (0.1364112) | (0.1185932) | (0.2177912)
0.0326767 0.0453037 0.0334692 0.3671452 | 0.34091554 0.4661317
(0.0072954) | (0.0097177) | (0.0035847) | (0.1374341) | (0.1204834) | (0.2184674)

50 0.0287701 0.0377528 0.0275501 0.3670308 0.3425829 0.4669359
(0.0050982) | (0.0064365) | (0.0025043) | (0.1365457) | (0.1202614) | (0.2188812)
0.0311749 0.0425107 0.0299675 0.3666989 0.3418348 0.4667662
(0.00527210) | (0.0068819) | (0.0026554) | (0.1363063) | (0.1197596) | (0.2187242)
0.0239607 0.0298228 0.0227154 0.3676945 0.3438298 0.4727534
(0.0047856) | (0.0057956) | (0.0022371) | (0.1370251) | (0.1210965) | (0.2191955)

70 0.0203573 0.0267065 0.0194444 0.3687231 0.3452216 0.4676679
(0.0034771) | (0.0041801) | (0.0015899) (0.137236) | (0.1212236) | (0.2192975)
0.0220341 0.0300052 0.0211308 0.3684879 0.3446915 0.4675475
(0.0035632) | (0.0043980) | (0.0016643) | (0.1370646) | (0.1208637) | (0.2191855)
0.0170038 0.0212088 0.0160717 0.3691936 0.3461051 0.4679088




(0.0033218) | (0.0038654) | (0.00145831) | (0.1375791) | (0.1218246) | (0.2195214)

100 0.0134982 | 0.0182135 | 0.0137862 | 0.3695788 | 0.3464812 | 0.4679705
(0.00227514) | (0.0030522) | (0.0010319) | (0.1374852) | (0.1214525) | (0.2194099)
0.0146499 | 0.0204708 | 0.0149465 | 0.3694149 | 0.3461117 | 0.4678865
(0.0023147) | (0.0031563) | (0.0010681) | (0.1373651) | (0.1211993) | (0.2193316)
0.0111947 | 0.0144511 0.0114652 | 0.3699067 | 0.3470971 | 0.4681385
(0.0022040) | (0.0029015) | (0.0096755) | (0.1377257) | (0.1218749) | (0.2195664)

Table 4: Averaged values of ABias and MSEs (within parenthesis) for estimates of the

parameter 5 based on MELF

Sample QE-Bayes E-Bayes

n c=3, a=3 c=4, a=3 c=3 a=4 c=3 a=3 c=4, =3 c=3 a=4
15 0.0491647 0.0607407 0.0490391 0.3762639 0.3522507 0.4762891
(0.0166377) (0.0174281) (0.0086789) (0.1479883) | (0.1313965) | (0.2296507)
0.0576629 0.0733488 0.0575935 0.3750954 0.3503225 0.4756956
(0.0178866) (0.0195686) (0.0097416) (0.1471626) | (0.1301197) | (0.2291031)
0.0321682 0.0397273 0.0319299 0.3786009 0.3554644 0.4774759
(0.0145853) (0.0145834) (0.0069980) (0.1496485) | (0.1335419) | (0.2307483)

e 0.0281114 0.0477213 0.0284189 0.3747506 0.3520831 0.4725923
(0.0091221) (0.0128666) (0.0043863) (0.1440242) | (0.1296605) | (0.2250759)
0.0329175 0.0574738 0.0332613 0.3740723 0.3505588 0.4722448
(0.0095316) (0.0141649) | (0.00473487) | (0.1435331) | (0.1286373) | (0.2247537)
0.0184978 0.0314672 0.0187342 0.3761073 0.3546237 0.4732872
(0.0084441) (0.0111331) (0.0038309) (0.1450093) | (0.1313765) | (0.2257209)

35 0.0190812 0.0341027 0.0197636 0.374774 0.3499176 0.4715234
(0.0063509) (0.0086042) (0.0027598) (0.1429599) | (0.1264994) | (0.2234604)
0.0224294 0.0408182 0.0231386 0.3742972 0.3488371 0.4712783
(0.0065488) (0.0092413) | (0.00292793) | (0.1426111) | (0.1257687) | (0.2232322)
0.0123856 0.0229103 0.0130138 0.3757276 0.3517177 0.4720135
(0.0060234) (0.0077455) (0.0024924) | (0.01436591) | (0.1277228) | (0.2239173)

50 0.0146339 0.0222144 0.0133398 0.3730042 0.3500644 0.4710092
(0.004312090) | (0.0053000) (0.0018527) (0.1408942) | (0.1253266) | (0.2226677)
0.0169414 0.0267777 0.0156594 0.3726724 0.3493159 0.4708394
(0.00441287) | (0.0055833) (0.0019314) (0.1406497) | (0.1248148) | (0.2225092)
0.0100187 0.0146079 0.0087004 0.3736681 0.3513109 0.4713486
(0.004142744) | (0.0049213) (0.0017277) (0.1413807) | (0.1261822) | (0.2229847)

70 0.0093626 0.0158695 0.0094719 0.3727518 0.3505223 0.4705585
(0.0027891) (0.0036181) (0.0012670) (0.1401996) | (0.1248534) | (0.2219928)
0.0109885 0.0190725 0.0111098 0.3725164 0.3499923 0.4704381
(0.00283526) | (0.0037596) (0.0013061) (0.1400262) | (0.1244878) | (0.2218802)
0.0061109 0.0105312 0.0061962 0.3732226 0.3514058 0.4707994
(0.0027128) | (0.0034282) | (0.0012040) | (0.1405468) | (0.1254639) | (0.2222182)

100 0.00665719 0.0107645 0.0068931 0.3725314 0.3501765 0.4699865
(0.0020952) (0.0027814) (0.0008724) (0.1396574) | (0.1239988) | (0.2212925)
0.0077858 0.0129763 0.0080303 0.3723661 0.3498071 0.4699025
(0.0021184) (0.0028501) (0.0008922) (0.1395363) | (0.1237429) | (0.2212139)
0.0043999 0.0070782 0.0046188 0.3728579 0.3507924 0.4701545
(0.0025644) (0.0026886) (0.0008407) (0.1398999) | (0.1244259) | (0.2214498)

7. CONCLUSION

1-  From simulation study, it is concluded that QE-Bayes estimates performs better than E-Bayes
estimates. That means, the QE-Bayes estimates have minmum ABias and MSE as compared
with the E-Bayes estimates based on different loss functions and by considering various
comination of n,arand c .

2- By comparing the QE-Bayes estimates based on the different loss functions, we can
concluded that the QE-Bayes estimates based on MELF are the most efficient whearse the
QE-Bayes estimates based on WBLF are the least efficient in all cases.

3-  Furthermore, by observing the QE-Bayes estimates based on different combinations of «,c ,

we can deducted that the best results are obtained when «a >c¢ whearse the worst results are
obtained when «a < ¢ for all loss functions.
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From the previous discussion, we concluded that the suggested criteria yield more efficient
estimators as compared with the original E-Bayes method and it easy to performed.

Appendix(1)

Proof of Theorem 9.
(i) From (31), (32) and (33), we get

~ A D 2(n—c-1) c—1
ﬂQEBSl_ﬁQEBS3 :(:jﬁ}*— c—1 :|1n|:1+n—(,‘—1:|_2} (A1)
A A D 2(n—c-1) c-1
ﬂQEBSE_ﬁQEBSl :(mj{[l"- c—1 :|ln|:1+n_c_1:|_2} (A2)
For —1<x <1, we have:In(1+x)=x —£+x—3—i+ —2(—1)“li
9 - 2 3 4 e o k .
Assuming x = when 1<c <n-c, <% <1, we get
n—c-1 n—-c n-c
[ c-1 =D

n—-c—1 2(n-c-1)°
{1+2(n—c—l)}n[l+ c-1 }_2{1+2(n—c—1)}+ €= (=D 5

c—1 n—-c—1 c—1 3n—c-17° 4n-c-1*
Gl VA

TR ]

__ec-1 (c-1?° N =" (=D N =D o c—1

n—c—-1 2m—-c-=1" 3m-c-1° 4mn-c-1)*" 5mn-c-1y n—c—1

2(c -1y B 2(c —-1)° 4 2(c -1)* B 2(c -1)°
3n—-c-1)* 4m-c-1° Sn-c-1)" 6(n-c-1)’

Lol (2 1) el (1 1), el (3 1), e (1 1)
(m—c-D*\3 2) m—c-D'\3 2) (n—c-D*'\5 4) (n-c-1°’\5 3

I N (e V) N =D 2c-1)
B 6(n—c-1" 6(n—c-1° 20(n-c-1)*" 15(n—-c-1y
__ i)l [1— c-l }+ (-1 [9— 8c=D }+ (A.3)
6(n—c-1)>° n—-c—-1| 60(n—-c-1)" n—c-1

According to (A.1), (A.2) and (A.3), we have
3QEBS1 _3QEBSS >0, ﬁQEBSZ _ﬁQEBSl >0
That is ﬁQEBSS < 3QEBSI < 3QEBSZ

(i) From (A.1) and (A.2), we get

17



(=1’ {1_ c-1 }
R R — —
1123([}@3“_ﬂgm):(%jhg} 6(n—c )4 n—c L
c— N (c-1 [9_ 8(c—1)}_m

60(n —c —-1)* n—c—1

(c =1y |:_ c—1 :l

i B A D . 6(n—c-1)° n—c—1
!}E‘}(ﬂQEBsz _ﬁQfﬂsl ): (aj!}g} “o

c-D* [9_ 8(c —1) }r

60(n —c -1)* n—c-—1

According to (A.4) and (A.5), we have
That is hIE Z?QEBSI = lif{} IBQEBsz = lif{} BQEBS}

Thus, the proof is complete.

Proof of Theorem 10.
(i) From (35), (36) and (37), we get

IébBWI_ﬂAEBWJZELj |:1+2(n_c_2):|ln|:1+ el :|_2
© e c-1 c-1 n—c-2

R A (D 2(n—c-2) c—1 |
ﬂQb‘sz ﬂQb‘Bw1_(C+lj{|:l+ c—1 :|111|:1+n_c_2:| 2}

Based on (A.3), we can obtain

{1+2("_c_2)}1n{1+ c-1 }_22 (c-1? [1_ c-1 }
c—-1 n—-c-2 6(n—c—-2)° n—c-2

o, wen),
60(n —c —2)* n—c—2

According to (A.6), (A.7) and (A.8), we have
léQl:'BW 1 ﬁQﬁBw 3> 0, ﬁQﬁBw 2 légww 1> 0

That is ﬁgww 3 < IBQEBWI < IBQEBW 2

(if) From (A.6) and (A.7), we get

-1y {1_ c—1 }
a A D ). J6(n—c-2"| n-c-2
!}E}(IBQEBWI _ﬁQEBW3) = [_jlygg 4 -0
c—1 " (c—D |:9_ 8c—1) }+
60(n—c-2)'| " n-c-2
-1y [1_ c—1 }
(2 A D \. J6(n-c-2°| n-c-2
!gE(IBQEBW 2 _IBQEBW 1 )= (_J!}E} 4 -0
c+1 + (c=1) [9_ 8(c -1 }%—
60(n—c-2)'" n-c-2

18

(A.5)

(A.10)



According to (A.9) and (A.10), we have
That iS IIIE ﬁQEBWl = IIIE ﬁQEBW 2 = IIIE BQEBW 3

Thus, the proof is complete.

Proof of Theorem 11.
(i) From (39), (40) and (41), we get

3 _p o (D[ 20Tl e ]

IBQEBEI IBQEBE3_(C_IJ{|:1+ c—1 :|1n|:1+n_c:| 2} (A11)

~ A _ L 2(n—c) c—1 3

IBQEBEZ ﬁgEBEl_(c+lj{|:l+ c—1 :|1n|:l+n_c:l 2} (A12)

Based on (A.3), we can get

P+39512}nb+511}—2: @_D:[L—C_l}+ @_D44}—8@_D}+“ (A.13)
c—1 n-c 6(n—c) n—c | 60(n-c) n-c

According to (A.11), (A.12 and (A.13), we have
3QEBE1 _BQEBEB >0, BQEBEZ _BQEBEI >0

That is ﬂQEBE} < ﬂQb‘BEl < ﬂQEBE’.’

(i) From (A.11), (A.12) and (A.13), we get

@—D2P_c—{
(A - D ). |6(m-c) n—c
!gg(ﬁQEBEl _ﬁQEBE3) =(_j!}£§ 4 =0 (A14)
c—1 . (c-1 {9_8@—1)}’_.“
60(n —c)* n-c
@—DZP_C—ﬂ
. A A D . 6(n—c)’ n-—c
!}g}(ﬁgfﬂm _ﬁgaafl)z(__j!}g} 4 =0 (A.15)
c+1 G P_su—n}+m
60(n—c)* n-—c

According to (A.14) and (A.15), we have

That is lyliE)EIBQEBEl = llgBﬂQEBEZ = !ﬂﬂQEBEB
Thus, the proof is complete.

Proof of Theorem 12.

(i) From (43), (44) and (45), we get

:BQEBMl _:BQEBMs = (Lj{[l"' 2(n—Cl+ D}ln |:1+ c-1 }—2} (A‘I 6)

c—1 c— n—c+1
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R a2 (D 2(n—c+1) c—1 |
IBQEBMZ IBQEBMl_[C+1j{[l+ c—1 :lln[l-'-n_c_’_l:l 2}

Based on (A.3), we can obtain

{1+2(n—c+1)}ln[l+ c—1 }_2: (c -1y 7[1_ c—1 }
c-1 n—c+1 6(n—c+1)° n—c+1
(c-1" [9_ 8(c 1) }r

60(n —c +1)* n—c+1

According to (A.16), (A.17) and (A.18), we have
3QEBM1 _3QEBM3 >0, 3QEBM2 _3QEBM1 >0

That is ﬁQEBMB < ﬁQEBMl < :BQEBMz

(i) From (A.16), (A.17) and (A.18), we get

(-1 {1_ c-1 }
. . PP —
lir{}(ﬁQEBMl_ﬁQEBM3)=[L1jHIE (n C-{-)4 n—c+ o
7 b= g 8D |,
60(n —c +1)* n—c+1
(c-1y [l— c-1 }
G ; 6(n —c +1)° —c+l1
liHQ(ﬂwm—ﬁmm){%jn@ (n—c )4 P .,
° = Jg 8D,
60(n—c+1)' |~ n-c+1

According to (A.19) and (A.20), we have
Thatis lim 3,,,, =limf3,,,, =limf3,,,,
Thus, the proof is complete.
Appendix(2)

Proof of Theorem 13.

(i) From (47), (48) and (49), we can obtain

A A c—1

ﬁEBS] _ﬂEBS3 == 6aH

5 g (c—1)
ﬂEBSZ _ﬂEBSI = m

According to (B.1) and (B.2), we have
35&?1 _BEBSB >0, 353&2 _35351 >0

That IS ﬂEBS} < EBS1 < EBS2
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(i) From (B.1) and (B.2), we get
Lig}(ﬁmm _ﬁAEBSii ) = (CT_IJ}}H}’{%} =0

. (5 A (c=17 . 1
1 2~ Mess1 =—-I — =0
HIEE(’BEBS- S ) 6(c +1) HILE|:H }

According to (B.3) and (B.4), we have
That is LiIE[?EBm = Lil{}/}msz =Lir2[3£ss3
Thus, the proof is complete.

Proof of Theorem 14.

(i) From (51), (52) and (53), we can obtain

A A c—1

ﬁEBWI _ﬁEBWS = 6aH

5 A (c—1)?
:BEywz - IBEBWI == m

According to (B.5) and (B.6), we have
3EBW1 _stws >0, BEBWZ _3EBW1 >0
That is BEBW} < AEBW] < Auswz

(i) Based on (B.3) and (B.4), we have

That IS lﬁlzlgﬁEBW] :LIEEﬂEBWZ :LIEEﬂEBW3

Thus, the proof is complete.

Proof of Theorem 15.

(i) From (55), (56) and (57), we can obtain

A A c—-1

ﬁEBE] ﬁEHES - 6aH

5 5 (c—1)?
:BEyEz _:BEyEl == m

According to (B.7) and (B.8), we have
35351 _ﬁEBELK >0, 35352 _ﬁEBEl >0
That is 185353 < Aum < Ausb'z

(i) Based on (B.3) and (B.4), we have
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(B.4)



That is LiigﬁEBEI = }_}23[35352 = 952185353

Thus, the proof is complete.

Proof of Theorem 16.

(i) From (59), (60) and (61), we can obtain

ﬂEBM 1

ﬂEBM 27

5 c—1
- B.9
ﬂEB[\/IJ 6aH ( )
B =D B.10
ﬂEB;WI 6aH (c + 1) ( )

According to (B.9) and (B.10), we have

ﬁEBMI

_IBEBM3 >0, IBEBM’.’ _ﬁEBMl >0

Thatis B, < Bewi < Bosrs

(i) Based on (B.3) and (B.4), we have

That IS }_IiggﬂEBMl :}_IiggﬂEBMZ :}_IigeﬂEBM3

Thus, the proof is complete.
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