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SOME E-CORDIAL LABELINGS
ON EXTENDED DUPLICATE GRAPH OF COMB GRAPH

Abstract

A graph labeling is a mapping that carries a set of graph elements onto a set of numbers
called labels(usually the set of integers). In this paper we prove the existence of graph labeling
such as E- cordial, total E- cordial, product E-cordial , total product E-cordial, Prime E- cordial
and E;- cordial labeling for the extended duplicate graph of Comb graph by presenting
algorithms.

AMS Subject Classification : 05C78
Keywords: Graph labeling, Comb graph , Duplicate graph.

1. Introduction

Graph labeling is an emerging area of research in graph theory. It was introduced by Rosa
in 1967 . It is an assignment of integers to the vertices or edges or both subject to certain
conditions.In 1997 Yilmaz and Cahit [10] introduced a weaker version of edge graceful called
E-cordial and Ey- cordial.They proved that the following graphs are Es- cordial:stars S, iff
n# 1(mod 3); K,(n>3);Cpy(n> 3).

The concept of product, total product and prime cordial labeling are introduced by
Sundaram, Ponraj and Somasundaram [8] . They proved that the following graphs are product
cordial: trees, unicyclic graphs of odd order; K, , (m,n > 2), P, X P, (m,n > 2) and wheels are not
product cordial.

K.Thirusangu, et al. [7], have introduced the concept of extended duplicate graph and
they proved that EDG(P,,) is E- cordial and also proved that the extended duplicate graph of a
path P, admits E- cordial ,total E- cordial, product E- cordial and total product E-cordial
labeling.
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In this paper, we prove that, the extended duplicate graph of Comb graph admits
E- cordial, total E- cordial, product E-cordial , total product E-cordial, prime E-cordial

and E;- cordial labeling by presenting algorithms.

2 Preliminaries
In this section, we give basic notions relevant to this paper.
Definition : 2.1
Let Pys1 be a path graph with m+1 vertices and m edges.Comb graph is defined as

P+t O (m+1)k; .It has 2m+2 vertices and 2m+1 edges.

Definition : 2.2
Let G(V,E) be a Comb graph. A Duplicate graph of G is DG=(V,E;) where the
vertex set V; = VUV' and VNV'=p and f: V—V' is bijective (for v € V, we write f(v) = v' for
convenience) and the edge set E; of DG is defined as follows: The edge viv; is in E if and only if
both viv;' and v;'v; are edges in E;. Clearly duplicate graph is disconnected.
Definition : 2.3
A graph G(V,E) is said to admit E-cordial labeling if there exists a function
f + E — {01} such that the induced function f* on V defined by
) = {2 f (vi vj) | vi vj eE}(mod 2) satisfies the property that the number of edges labeled
with ‘0’ and the number of edges labeled with ‘1’ differ by at most one and number of vertices
labeled with ‘0’ and the number of vertices labeled with ‘1’ differ by at most one. A graph that
admits E-cordial labeling is called E-cordial. It admits total E-cordial labeling if it satisfies the
property that the number of edges and vertices labeled with ‘0’ and the number of edges and
vertices labeled with ‘1’ differ by at most one.
Definition : 2.4
A Graph G(V,E) is said to admit product E-cordial labeling if there exists a function
f + E — {01} such that the induced function f* on V defined by
i) = {I1.f (vi vj) / vi v € E} satisfies the property that the number of edges labeled with ‘0’ and
the number of edges labeled with ‘1’ differ by at most one and the number of vertices labeled
with ‘0’ and the number of vertices labeled with ‘1’ differ by at most one. A graph that admits

product E-cordial labeling is called product E-cordial. It is said to admit total product E-cordial

2
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labeling if it satisfies the property that the number of edges and vertices labeled with ‘0’ and the
number of edges and vertices labeled with ‘1’ differ by at most one.
Definition : 2.5

A prime E-cordial labeling of a graph G with edge set E is a function
f: E— {1, 2,3, ..q} such that the induced function f: V — N defined as f*(vi) is assigned the
label 1, if ged (f(viv)),f(vivi)) = 1 and O, if ged (f(vivj),f(vivi)) > 1, then the number of edges
labeled with ‘0’ and ‘1’ differ by atmost 1.

Definition : 2.6

Let G be a graph with vertex set V and edge set E. An edge labeling f: E — Z3 where
75={0,1,2} induces a vertex labeling f* : V— Z3 defined by f*(v;) = { X f( viv;j) Ivi v;€E}(mod3)
for all vertex vEV. Fori € Zs , let mj(f) = {e€E/f(e)=1} and
n(H={vev/ f*v)=i}.

If I m; (f) —m;(f) <1 and I n; (f) —n; (DI <1, (1#])) for all 1,) € Z3, it is called E3 - cordial
labeling . A graph G is called E; — cordial if it admits E; — cordial labeling. An E; — cordial
labeling is said to be total E; — cordial labeling of G if for all 1,j € Z3 : | {m; (f) + ni(f)} — {m; (f)
+n; ()} 1<1. A graph G is called total Es3- cordial if it admits total Es- cordial labeling.

3. Main Result

In this section we prove the existence of E-cordial, total E- cordial, product
E- cordial and total product E- cordial prime E-cordial and Es-cordial labeling for the extended
duplicate graph of a Comb graph by presenting algorithms.
Definition:3.1 Structure of extended duplicate graph of comb graph.

Let DG(comb)= (V,E) be the duplicate graph of comb graph.The extended duplicate
graph of comb graph is obtained as follows:(i)Add the edges Vivm+1 and Viyo'Vomes' if
m=1(mod2), (ii) Add v{viy1" and vy Vomee to DG(comb) if m= O(mod 2).Thus the vertex and
edge set are as follows:

V=A{vi,vo.eerinnn Voms2,V1 Vo oo, Vome2'}-

E=E; U E,.

Where Ei= {vivi;1' U vi'viy1 for 1<i<m) U (Vi'Vinsizt U ViVieist' for 1 <i<m+1)}.

E,= {VleH » Vme2'Voms2'} if m = 1(mod2).
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{ ViVim+1' 5 Vms2'Voms2 },0therwise.
Thus the extended duplicate graph of comb graph has 4m+4 vertices and 4m-+4 edges.
It is denoted by EDG( comb).
Algorithm 1 :
Procedure : (E-cordial labeling for extended duplicate graph of comb graph ).
/l assignment of labels to the edges
fori=1 to m do
{ vivin" < 0, vi'viy — 1
}
end for
fori=1 to m+1 do
{ Vivisiet" <~ 0, Vi'Vimyin — 1
}
end for
if m=0(mod 2)
Vivimet! — 1 5 Vme2'Vomez 0
if m=1(mod 2)
Vivme 1 5 Vme2Vome'  «— 0
end procedure

output : Edge labeled extended duplicate graph of comb graph .

Theorem : 3.1

Extended duplicate graph of comb graph , EDG (comb) , m > 2 is E-cordial.
Proof :

From the construction of Extended duplicate graph of comb graph , it is clear that
EDG (comb) graph has 4m + 4 vertices and 4m + 4 edges.

In order to label the edges, define a function f : E — {0, 1} as given in algorithm
1.Clearly the number of edges labeled with ‘1’ is 2m + 2 and number of edges labeled
with ‘0’ is 2m + 2.

Thus the number of edges labeled with ‘0’ and 1’ is differ by atmost one.
For vertices, define the induced map f: V — N such that f*v) = [¥,, . nv) f (uv)] (mod 2)
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Thus the vertex labels are obtained as follows:
For 1<i<m, fiovy) =1, f(v)=0
For 1<i<m+l, fVmis1)=1 , f(Vmsir1) = 0
If m = 0(mod 2)
FOVma) =1 ¢ F*(Vmu) =0
If m = 1(mod 2)
FOVma) =1 ¢ (V) =0

Thus the number of vertices labeled with ‘1’= m+m+1+1=2m + 2

The number of vertices labeled with ‘0’ = m+m+l+1=2m+2
Hence the number of vertices labeled with ‘1’ and ‘0’ differ by atmost one.

Therefore EDG (comb) graph is E-cordial.

Theorem: 3.2

Extended duplicate graph of comb graph, EDG (comb), m > 2 is total E-cordial.
Proof :

By theorem 3.2, we have the number of edges labeled with ‘1’ and ‘0’ are same as 2m +2.

The number of vertices labeled with ‘1’ and ‘0’ are same as 2m + 2 .

Thus the total number of vertices and edges labeled with ‘1’ is 4m+4 and ‘0’ is 4m+4
respectively. Hence the total number of vertices and edges labeled with ‘1’ and the total number
of vertices and edges labeled with ‘0’ are differ by atmost one.

Therefore the Extended duplicate graph of comb graph is total E-cordial

Example : 3.1



150 E- cordial labeling of EDG(comb) graph for m=5 and m=6 are given below.
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Procedure : (product E-cordial labeling for extended duplicate graph of comb graph ).

// assignment of labels to edges
Vio'Vin+l > VmVmsel — 1
fori =1 tom-1do
{ vivig ' — 0 ifi = 1 (mod?2)
{ 1 otherwise
Vi'Viz1 — { 0 ifi = 0(mod?2)

1 otherwise

end for
fori =1 tomdo
{ ViVinsist — { 0 ifi = 1 (mod?2)

1 otherwise

Vi'Vinsis1 — 0 ifi = 0(mod?2)
{ 1 otherwise
end for
if m= 0(mod 2)
Vint1Vome2' — 1
ViVimel” 5 Vel Vome2 5 V2’ Vome2 — 0
if m = 1(mod 2)
Vel Vome2 1
V1Vin+l s> Vme1Vams2' > Va2 Vome2' — 0
end procedure
output : Edge labeled extended duplicate graph of comb graph .
Theorem : 3.3
Extended duplicate graph of comb graph , EDG (comb), m > 2 is product E-cordial.
Proof :
From the construction of extended duplicate graph of comb graph, it is clear that

EDG (comb) has 4m + 4 vertices and 4m + 4 edges.



188 In order to label the edges, define a functionf: E — {0, 1}, using algorithm 2.
189  Clearly,

190  The number of edges labeled with ‘1” = 2m+2.

191 The number of edges labeled with ‘0’ = 2m+2.

192 Thus the number of edges labeled with ‘1’ and ‘0’ differ by atmost one.

193 In order to get the label for vertices, define the induced map f':V — Nsuch that
194 £V =y cnw )]

195 Vertex labels are obtained as follows :

196 For 1<i<m

197 *(vi) = *(Vimsin1) =[ 0 if 1=1 (mod 2)
198 { 1 otherwise

199 ¥ (vi") = *(vmsiv1) = | 1 if i=1(mod 2)
200 {0 otherwise

201

202  If m = 0(mod 2)

203 £ (Vme1) = ¥(Vome2') = 1

204 f*(Vme1) = £ (Vama2) = 0

205 Ifm=1(mod 2)

206 £*(Vime1) = F*(Vame2) = 0

207 f*(Vme1) = £ (Vama2) = 1

m m m

208  Thus the number of vertices labeled with ‘1’ =2+ B + B + > + % =2m+ 2

m m m

209 Number of vertices labeled with ‘0’ =2+ B + > + > + % =2m+ 2

210

211 Thus the number of vertices labeled with ‘1’ and ‘0’ is same as 2m + 2

212 Hence the number of vertices labeled with ‘1’ and ‘0’ differ by atmost one.

213 Therefore EDG (comb) graph is product E-cordial.

214  Theorem: 3.4

215 Extended duplicate graph of comb graph, EDG (comb) , m > 2 is total product
216  E-cordial.

217  Proof:



218 By theorem 3.3, we have the number of edges labeled with ‘1’ and ‘0’ are same as 2m + 2.
219  The number of vertices labeled with ‘1’ and ‘0’ are also same as 2m + 2 .Thus the total number
220  of vertices and edges labeled with ‘1’ is 4m+4 and ‘0’ is 4m+4 respectively.

221 Hence the total number of vertices and edges labeled with ‘1’ and the total number of
222 vertices and edges labeled with ‘0’ differ by atmost one.

223 Therefore the extended duplicate graph of comb graph is total product E- cordial.

224  Example : 3.2

225 Product E- cordial labeling of EDG(comb) graph for m=5 and m=6 are given below.
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Algorithm : 3

Procedure : (prime E-cordial labeling for extended duplicate graph of comb graph ).

/l assignment of labels to edges
viva' — 4 ; ViV «— 6
fori=2tomdo
{ viviel — 4i+2 ifi= 1(mod 2)
4i+3  otherwise
ViVinsitl — 4 if i = 1(mod 2)
JL4i+1 otherwise

}

end for
fori=1tomdo
{ vi'Vis — {4i+3 if i= 1(mod 2)

4i+2  otherwise

10
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Vil Vigial {4i+1 if i = I(mod?2)
41 otherwise
}
end for
if m = O(mod 2)
Vsl Vomez < 1, Vivil" 2, VmVomez 3, VipVoame'  «— 4m+4
if m = 1(mod 2)

! . !. ! 1
Ve Vome2t  — 1, Vvivpr  — 2 5 Vo Vomed' = 3, Vit 'Vomee  —  4m+4

end procedure
output : Edge labeled extended duplicate graph of comb graph.
Theorem : 3.5
Extended duplicate graph of comb graph admits prime E- cordial labeling
Proof :

EDG(comb) graph has 4m+4 vertices and 4m+4 edges

In order to label the edges , define a function f : E — { 1,23,............. 4m+4} as

given in  algorithm 3 .Clearly all the 4m+4 edges are labeled.

Let Vi = {Vmi2,Vm3s - o Vomel, Va2 s Vinad's onees Vome1' } and Vo=V -V,

The induced map f* V — N is defined such that

For all v € V, f*(v)= t if ged(f(e)) =1 wheree € N(v)

otherwise

if f(e) =0 (mod 2) wheree € N(v)

Forallve V,, f¥(v)= {g .
otherwise

By the induced function , the vertex labels are obtained as follows:
For1<i<m+l
f2(vi") = f*(Vingiz1) = 1{ if i=1 (mod2)
0

otherwise

(V) = F* (Vinsint) = 0{ if i=1 (mod2)

1 otherwise

9
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Thus in case of m = 0(mod 2)

The number of vertices labeled with ‘1’ = % + 1+ ? +1+ 22 + ? =2m+2

The number of vertices labeled with ‘1’ = % + % +1+ 22 + % +1=2m+2

In case of m = 1(mod 2)

) ) 1 1 1 1

The number of vertices labeled with ‘1’ = m: + m2+ + m2+ + m2+ =2m+2
. . +1 +1 +1 +1

The number of vertices labeled with ‘1’ = mz + mz + mz + mz =2m+2

By the above two cases, the number of vertices labeled with ‘1’ and ‘0’ is same as
2m+2. Hence the number of vertices labeled with ‘1’ and ‘0’ differ by atmost ‘1’
Therefore EDG (comb) graph is prime E — cordial.
Example: 3.3

Prime E- cordial labeling of EDG (comb) graph for m=5 and m=6 are given below.
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Algorithm : 4
Procedure : ( E; -cordial labeling for extended duplicate graph of comb graph ).

/l assignment of labels to edges

Vivme' — 0, viva' ViV~ 2.
if m=2n
’ [ !. 0
ViVim+l 5 Vm+l V2m+2 5 Vm+2 V2m+2 <
Vms1Voms2 < 2
vi'va — 0 if m=3n+1
1 otherwise
ViVims1' — 0 if m=3n

1 if m=3n+1
2 if m=3n-1

13
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V' Vsl «— 0if m=3n
1 if m=3n-1
2 if m=3n+l1

fori=2tom-1 do

{

ViVis1' — 0 ifie{ 6n,6n-1}
1 if 1€{ 6n-2,6n-3}
2 ifie{ 6n—-4,6n-5}
Vi’ Vigl «— (0 1ifie€{ 6n,6n-5}
1 if i€e{ 6n-4,6n-3}
2 ifief 6n—2,6n-1}

end for
fori=2tom do
{ ViVisit1’ «— (0 ifie{ 6n,6n-5}
1 if i€{ 6n-4,6n-1}
2 ifie{ 6n-2,6n-3}

Vi’ Vintisl — 0 ifie{ 6n—2,6n-3}
1 if ie{6n-4,6n-1}
2 ifie{ 6n,6n-5}

end for
ifm=2n+1
1A [ ’ 0
ViVmsel 5 Vm+1Vome2 5 Vms2 Vom+2 <
vi'vo — {1 if m=3n+1
0 otherwise
Vin' Vintl — 1 if m=3n
2 otherwise

14
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2 otherwise

Vin Vinel' — Oifm=3n-1
1 if m=3n

2 if m=3n+2

fori=2tom-1 do

{ Viviel! - 0 ifie{ 6n-1,6n }
{ if ie{6n-3,6n-2)

2 ifie{ 6n-4,6n-5)

1
Vi’ Vigl «— |0 ifief 6n,6n-5}
1 if ie{6n-3,6n-4}
2 ifie{ 6n-1,6n-2}
end for
fori=2tom do
{ ViVintisl «— | 0 ifief 6n,6n-5}
1 if i€{ 6n-1,6n-4}
2 ifie{ 6n—3,6n-2}
Vi’ Vinsisl «— (0 ifief 6n-3,6n-2}
1 if ie€{ 6n-1,6n-4}
2 ifie{ 6n,6n-5}

}

end for

end procedure

output :Edge labeled extended duplicate graph of comb graph.

Theorem: 3.6

Extended duplicate graph of comb graph, EDG (comb) graph m > 2, admits E; — cordial
labeling.

15
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Proof:
EDG (comb) graph has 4m+4 vertices and 4m+4 edges.
To label the edges, define a function f: E— {0,1,2} as given in algorithm 4.
Denote m; (f) ={e € E/ f(e)=i}.
Clearly the edge labels are as follows:
If m=3n
Number of edges labeled with 0 is 4m+6 / 3 and labeled with 1 and 2 are same as 4m+3/3
Ifm=3n-1
Number of edges labeled with 0,1 and 2 are same as 4m+4/3
Ifm=3n+1
Number of edges labeled with 1 is 4m+2 / 3 and labeled with 0 and 2 are same as 4m+5/3
Now all the 4m+4 edges are labeled.
Thus for all 1,j€ {0,1,2} ; Imi(f) —mi) | <1
The induced function f*:V—{0,1,2} is defined such that
£*(vi) = { X f(vivj) / viv; € E} (mod 3) for all vertex v €V
Denote n; (f) = { veV: f*(v) =i }
By the induced function , the vertex labels are obtained as follows:
f*v) =*(Vm2) =2 5 F(vm2) =0
f*(vo) = 0 if m = (6n-1) or (6n-2) or (6n-3)
{ 1  otherwise
For3<i<m
f*(vi) = [0 ifi€{6n-1,6n-4}
1 ifi €{6n-3,6n-2}
2 if i e{6n,6n-5}
For2<i<m-1
f*(vi") = (0 ifi €{6n-3,6n-2}
1 ifi €{6n-1,6n-4}
2 ifie{6n,6n+1}

16
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For2<i<m
f*(Vmsiv1) = [0 ifi€e {6n-3,6n-2 }
1 ifi €{6n-1,6n-4}
2 ifie{6n,6n+1}

f*(Visiv1’) = (0 if1€{6n+1,6n }
1 ifi €{6n-1,6n-4}
2 ifi€{6n-3,6n-2}
In case of m = 1(mod 2)

f*(vome2) =0

If m=3n

FVma) =1, V) = (Vom2) =2 5 (V) = ()= 0
Ifm=3n-1

£(Vmar) = (V1) = (Vame2) = F*(Vmet) =2, F*(vn) =1
fm=3n+1

HVme) =2 5 £5(v1) = (V1) =05 £ (Vame2) = (Vi) =1
In case of m = 0(mod 2)

f*(Voms2) = 05 F¥(Vomsn) = 2

If m=3n

Prvm) = B ma) =2 1 PRV = P (Vmat) =0
Ifm=3n-1

f*vm) =1 F*Vme) = (1) =0 ; (V) =2
Ifm=3n+1

f*vm) = 05 (Ve = (V) = 1 5 5 (Vi) =2
Thus we have ,
If m=3n
Number of vertices labeled with 0 is 4m+6 / 3 and labeled with 1 and 2 are same as 4m+3/3
Ifm=3n-1
Number of vertices labeled with 0,1 and 2 are same as 4m+4/3
Ifm=3n+1

Number of vertices labeled with 1 is 4m+2 / 3 and labeled with 0 and 2 are same as 4m+5/3

17
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Thus foralli,j € {0,1,2},Ini(f) —ni(f) I<1
Hence EDG (comb ) graph admits E; — cordial labeling
Theorem : 3.7

The extended duplicate graph of comb graph admits total E; — cordial labeling.
Proof :

In theorem 3.6, the number of edges labeled with ‘0’ is 4m+6 / 3 and labeled with ‘1’ and
2’ are same as 4m+3 / 3 for the case m = 3n. The number of edges labeled with 0, 1 , 2 are
same as 4m+4/3 for the case m = 3n — 1. The number of edges labeled with ‘1’ is 4m+2/3 and
‘0’ and 2’ are same as 4m+5/3. It was shown that the number of vertices labeled with ‘0’ is
4m+6 / 3 and labeled with ‘1’ and ‘2’ are same as 4m+3 / 3 for the case m = 3n. The number of
vertices labeled with O , 1 , 2 are same as 4m+4/3 for the case m = 3n — 1. The number of
vertices labeled with ‘1’ is 4m+2/3 and ‘0’ and ‘2’ are same as 4m+5/3 and satisfies for all
1,] €Z3
| {my() + ni(D)}-{my() + (B} 1< 1.

Hence the extended duplicate graph of comb graph is total E; — cordial.
Example: 3.4

Es-cordial labeling of EDG(comb) graph for m=5 and m=6 are given below.
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Conclusion:

In this paper we have presented algorithms and proved that the extended

duplicate graph of Comb graph admits E- cordial, total E- cordial,product E- cordial,total

product E-cordial,prime E- cordial, E3 cordial, and total E3 cordial labeling.
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