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Abstract

In this paper, explicit determinants and inverses of Fibonacci and Lucas skew symmetric Toeplitz
matrices are given by constructing the special transformation matrices.
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1 Introduction

Toeplitz matrices have important applications in various disciplines including image processing, signal
processing, and solving least squares problems [Mukhexjee and Maiti (1988); Grenander and Szego
(1958)]. Itis an ideal research area and hot topic for the inverses of Toeplitz matrices and the special
matrices with famous numbers. Due to the special structre, it is desirable that the inversion of Toeplitz
matrices can be reconstructed by use of a low number of its columns and the entries of the original
Toeplitz matrix. The first result was presented by Trench [Trench (1964)] from its first and last columns
of 77!, on condition that the first element in the first column is not zero. The Trench’s algorithm for the
inversion of Toeplitz matrices is shown with a detailed proof in [Zohar (1969)]. The authors [Gohberg
and Krupnik (1972)] observed that if the last component of the first column is not zero, then 7!
can be recovered from its first and second columns. Labahn [Labahn (1994)] proposed that formulas
for the inverse of layered or striped Toeplitz matrices in terms of solutions of standard equations.
Citations of a large number of results have been made in a series of papers and in the monographs
lohvidov [lohvidov (1982)] and Heining and Rost [Heining and Rost (1984)].

In addition, some scholars showed the explicit determinants and inverses of the special matrices
involving famous numbers. In [Akbulak and Bozkurt (2008)], M. Akbulak and D. Bozkurt treated
originally Fibonacci and Lucas Toeplitz matrices with entries from Fibonacci and Lucas numbers,
and they gave the upper and lower bounds for the spectral norms of the Fibonacci and Lucas
Toeplitz matrix. Jaiswal [Jaiswal (1969)] evaluated some determinants of circulant matrices whose
components are the generalized Fibonacci numbers. Lind considered the determinants of circulant
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and skew-circulant matrices involving Fibonacci numbers in [Lind (1970)]. Lin showed the determinant
of the Fibonacci-Lucas quasi-cyclic matrices in [Lin (2002)]. Circulant matrices with Fibonacci and
Lucas numbers are discussed and their explicit determinants and inverses are proposed in [Shen et
al. (2011)]. The authors provided determinants and inverses of circulant matrices with Jacobsthal and
Jacobsthal-Lucas numbers in [Bozkurt and Tam (2012)]. The explicit determinants of circulant and
left circulant matrices including Tribonacci numbers and generalized Lucas numbers are shown based
on Tribonacci numbers and generalized Lucas numbers in [Li et al. (2014)]. In [Jiang et al. (2014a)],
circulant type matrices with the k-Fibonacci and k-Lucas numbers are considered and the explicit
determinants and inverse matrices are presented by constructing the transformation matrices. Jiang
et al. [Jiang et al. (2014b)] gave the invertibility of circulant type matrices with the sum and product
of Fibonacci and Lucas numbers and provided the determinants and the inverses of these matrices.
And for the RSFPLR circulant matrices and the RSLPFL circulant matrices involving Padovan, Perrin,
Tribonacci and the generalized Lucas numbers by the inverse factorization of polynomial in [Jiang and
Hong (2014)]. It should be noted that Jiang and Zhou [Jiang and Zhou (2015)] obtained the explicit
formula for spectral norm of an r-circulant matrix whose entries in the first row are alternately positive
and negative, and the authors [Zhou and Jiang (2014)] investigated explicit formulas of spectral
norms for g-circulant matrices with Fibonacci and Lucas numbers. The authors [Zheng and Shon
(2015)] proposed the invertibility criterium of the generalized Lucas skew circulant type matrices and
provided their determinants and the inverse matrices. Furthermore, in [Jiang and Hong (2015)] the
determinants and inverses are discussed and evaluated for Tribonacci skew circulant type matrices.

In this paper, we will show the explicit determinants and inverses of the Fibonacci skew symmetric
Toeplitz matrices involving Fibonacci numbers, and Lucas skew symmetric Toeplitz matrices involving
Lucas numbers.

Here the Fibonacci and Lucas sequences are defined by the following recurrence relations, respectively:

Foyi = F, + Foo1 (n>21) where Fo=0, Fi=1,
Lntv = Lpn + Lpoi (n>1) where Lo=2, Li=1
Definition 1.1. An n x n Fibonacci skew symmetric Toeplitz matrix is meant a square matrix of the
form
0 F> Fs Fn_1 F,
—F 0 F Fn o Fn
—F3 —F2 O Fn—3 Fn—2
Tr, = ; (1.1)
-Fn1 —Fn2 —F,3 - 0 F
_Fn —L'n—-1 —L'n-2 _F2 0 nxn
where F», Fs,---, F, are the Fibonacci numbers.
Obviously, this matrix is completely determined by its first row, and T}, = —Tr,.

Definition 1.2. An n x n Lucas skew symmetric Toeplitz matrix is meant a square matrix of the form

0 Lo Ls B Ln1  Lyp
_L2 O L2 et Ln—2 Ln—l
—L3 —Lo 0 e Ln_3 Ln_2
T, = ; (1.2)
_Ln—l _Ln—Q _Ln—S et 0 L2
7Ln 7Ln—1 7Ln—2 e 7L2 0 nxn
where Ly, Ls,---, L, are the Lucas numbers.



Obviously, this matrix is completely determined by its first row, and T}, = —Ty,,.

Lemma 1.1 (Liu and Jiang (2015)). Let M = ( (C} Z ) be a matrix, where a is a real number, V
is a row vector, U is a column vector, A is a nonsingular matrix. Then the inverse of M is the form as
_ 1 —lyat
1_ ‘ ?
M= ( —3A7'U AT+ ia7'uvAaT! ) ’

where { = 4 — VA™U.

Lemma 1.2. Assume that a1, - - - , au, are all positive integers, and the matrix W is the form as
ai 0 ..o
Qs a1
W1 = )
Q1 - .0
Qin AOp—1 - a2 a1 nxn

then its inverse is the form as

B1 0 0
B2 B1

wit=| :

/anl . T 0
Bn anl e 52 ﬁl nxn
where
— i—1 .
Bizw7 M1:1, ]\42:(127

(1)

1—2
M; = asMi—1 + Y (=1 alajaMioa—j, (i=13,4,5,--- ,n).
j=1

2 Determinant and inverse of the Fibonacci skew symmetric
Toeplitz matrix
In this section, we will give the determinant and the inverse of the matrix F,,.

As we know that if n is an odd number, the determinant of an n-dimension skew symmetric matrix is
zero. So in this section we always assume that n is an even number.

Theorem 2.1. Let T, be a Fibonacci skew symmetric Toeplitz matrix. Then we have

det Tr, = Fylai det My, _o([bi]} =5, —1,—1,0,1,1) — by det My, o ([F})i—p_1,—1,-1,0,1,1)] (2.1)



where

n—2
a1 = g Fiioyn—i—1,
i—0

n—4 F ) F
by = _Fn—i— n—i—14'n—1 i n—1
1 ;( 2+7Fn )Y 1+ o Y2 + Y1,
Fh_l IQP%—I .
- i = —Fi_ ) = ,47"'7 _17
bo 2 b 1+ 2 @ 3 n )

yi=1, ys=ys, ys+22+3=0,
i—3
yi=—2yi 1+3yi 2+ Y 2Fqayi oo, (i=4,5,6,-+ ,n—1),

j=1
det My, _o([bs]1=, —1,—1,0,1,1) =
(=1)" 'bp_1 det My,,_3(—1,—-1,0,1,1) 4 det M,,_s([b:]}=5, —1,—1,0,1,1),
det M, o([F)i—p_1,—1,-1,0,1,1) =
(=1)" "' det My_s(—1,—1,0,1,1) + det M, _s([Fi]>_,_1,—1,-1,0,1,1),
det M;(—1,-1,0,1,1) =
det M; _4(—1,—1,0,1,1) — det M; _3(—1,—1,0,1,1) +det M; _1(—1,—1,0,1,1),
(i=5,6,---,n—3),
det M;(—1,-1,0,1,1) = 2, det Ma(—1,-1,0,1,1) =1,
det M3(—1,-1,0,1,1) =0, det Ma(—1,-1,0,1,1) = —1.

Proof. Let T, be ann x n Fibonacci skew symmetric Toeplitz matrix. In the case n > 4, let

1 0
1
Fn_1
T Fn
1 1 -1
As 1 1 -1 '
1 1 -1
01 1 -1
1 0
Yn—1 1
Yn—2 1
Yn—3 1
81: . )
Y3 1
Y2 1
Y1

be two n x n matrices, which are invertible. And

y1=1, ys=y5, Yys+2y2+3=0,
1—3

Yi = —2yi—1 +3yi—2 + Z 2Fj42yi—j—2 (i =4,5,6,--- ,n—1).
j=1



Multiplying T'r, by A; from the left, then multiplying B, from the right, we obtain

where

A1 Tk, By
0

0

0

-F,

a1 Fno1
az —Fg
by b
0 2F5
. 5
2F3
2F,
L 2Fh 4
0 2F,._3

n—2 n—3
a1 = E Fitoyn—i—1, a2 =— E FriciYn—i—1,
i=0 i=0

n—4
Fn_i-1Fna n
by = 7Fn—i— n—i—
1 ;( 2+ v, )Y 1+ e,
_ anl _ . FiFn—l .
bQ = Fn bz - i—1 + 1:,n ) (7' - 3747

Fn72 Fn73
—F3 —Fy
b3
F
2F,
Fy
2F3
2Fn75 2Fn76
2Fn74 2Fn75

and from the last matrix we can easily get,

where

Mn_1(CL17 [Fiﬁ:nfh [bl]:l;ll) =

In order to simply compute the determinant of M, _1(a1, [F])?-,._1, [b:]}='), we use methods of
elementary row transformation to this matrix, then we can obtain M;,l(al, [Fil2 1, b)), itis

det(A1T g, B1) = F, det My 1 (a1, [Fi]F,_1, [b:]i=),

a1 Fna

b1 bo

0 2F,
Fy
2F3
2F,

: 2F, 4

0 2F,_3

Fn72
b3
I

2F,
Fy

2F3

2Fn—5
2Fn74

2Fn—6
2Fn75

—1I'n-3

bn—3

2F,

Fy

—L'n-2

bn—2

2F,

Ly + 1,

bn73

2F,
Fy

(n—1)x (n—1)



the form as,

M,y (ay, (i, b1 =

then we can obtain

det M,/l,l (a1, [Fili—n_1, [bi]

ai

where

n—1
=2

My, —2([bi]

Mn—Q([Fiﬁ:nflv -1,-1,0,1, 1) =

det Mnfz([bL]

~1,-1,0,1,1) =

n—
1=

To obtain determinants of matrices M,,—2([b;
developed them accordance with the last column, and in turn it, we can get recursive formula,

ar Fn1 Fn2 Fnh3 Iy F3 g
by by bs ba bu-s bpn_o b1
0 2 1 0 0
3 2 1
-1 0 1 1
-1 -1 0 1 1
0
0 0 0 -1 -1 0 1 1
?:_11):
5, —1,—1,0,1,1) = by det M, »([F,};_,,_1,—1,-1,0,1,1),
by by bs bn-s bn_o bn1
2 1 0 0
32 1
-1 0 1 1
-1 -1 0 1 1 ,
0
e
0 0 -1 -1 0 1 1
Fni Fuo Fn_s Fi Fy P
2 1 0 0
3 2 1
-1 0 1 1
-1 -1 0 11
0
0 0 -1 -1 0 1 1
7=t —1,-1,0,1,1) and My _o([Fi]?en_1, —1,—1,0,1,1),




det M, _o([b L 2, —1,-1,0,1,1) =

(=1)" 'bp_1 det M,,_3(—1,—1,0,1,1) + det M, _3([b:]7=5, —1,—1,0,1,1),
det M,,_o([F, ]Z 1y — —1,0,1,1):

(—1)""'det M,,_3(—1,—1,0,1,1) + det M,,_3([Fi]3—,,_1,—1,—1,0,1,1),

det M;(—1,-1,0,1,1) =
det M;_4(—1,—1,0,1,1) — det M;_s(—1,—1,0,1,1) + det M;_1(—1,—1,0,1,1),
(i=5,6,--,n—3),

det My(—1,-1,0,1,1) =2, det Ma(—1,—1,0,1,1) =1,

det Ms(—1,-1,0,1,1) =0, det My(—1,—1,0,1,1) = —1.

And observed that

(n—=1)(n—2)

det Ay = det B = (—1) 2 ,

S0 we can obtain det T g, , which completes the proof. O

Theorem 2.2. Let Tr, be a Fibonacci skew symmetric Toeplitz matrix. Then

0 P12 P13 P14 Pln—1 Pin
—p12 0 P23 P24 P2n—1  Plin—1
—p13 —p23 0 P3,4 pP2,n—-2 Pin-2
T;“i _ —p14 —p24 —p3,4 0 e P2n—3 Pln—3 7 (2.2)
—Pl,n—-1 —pP2,n—1 —pP2,n—-2 —pP2,n-3 Tt 0 P12
—P1,n —P1n—-1 —Plm—2 —Pln-3 - —p12 0

that is to say T;j is skew symmetric about diagonal and symmetric about secondary diagonal as
well, where

pi2 = 61in, P13 = O61,n—1 +01in, P23 = 02,n—1 + O2n,

F,_
pin = 011 — ;1513—5147

n

Pmj = 5'm,n+27j + 67n,n+37j - 67n n+4—7, (m - 1 2 Tt 7”7] = 4757' o, = 1)7

1 d1 S
R L TR NS yree
, n—3
015 = damj_3 + Z dit20i5-3, (j =4,5,-+ ,n),
=1
(Sm1207 (m:2,3,"',n), 5m2:w’ (m:2’37”.7n)’
ai
e n—3 , ,
b = I NN st €l Ea (M= 2,3, ),
b i=1
, n—3
Omj = €2Ynt1-mM;j—3 + Z €it2Ynt1-m0ij—3 + On—1-mj-3, (M=2,3,--- ,n; j=4,5,--,n),
i=1



—aoF i1 — a1 F
dlzﬂ d; = d2fn—itl @ 17 (i:2731"'an_1)a

F‘n7 aan
6= —"" (i=23,,n—1),
ai
b _
b=—"F 1 +0by— Viw; o,
ai
Uy = (2Fy, Fy,2F3, -+, 2F,_4,2F,_3)",
b b b b
Vi=(——Fno+bs,——Fn g+bs, -, ——Fs+bpo,——F+bn 1),
al ai al a1

— i—J ) '2‘7 ;g
Wllzaid':{ﬂoj-'—l z<z (27]:1727"'7n_3)7

Bi=(-1)"M;, Mi=1, Ms=2,
i—2 ]
Mi = 2Mi—1 - 3Mi—2 + Z(_l)JQFj+1Mi—j—17 (7’ = 374757 e, — 3)7
j=2
’ 1
Nm = — 5 Nm; (m: 1727"' 7n_3)7
%}

’

1
gm:_ié-’md (m:]-azv ,’I’L—3),
4]

n—3
b
Nm = Z(fi n—1—i +biy2)Bit1—m, (m=1,2,--- ,n—3),

&1=201, & =202+ 30,

m—2
&n =2Bm +3Bm-1+ Y Brm-1-i - 2Fi42, (m=3,4,--- ,n—3),
i=1
1 ..
04,5 = 5i*j+1 + Zgln]7 (7/>.] = 1727 e, — 3)7
ai, az, by, yi, (1=1,2,--- ,n — 1) are the same as in Theorem 2.1.

Proof. Let A, and B2 be two n x n invertible matrices, defined by

where d;

1 dv do ds

1
0 1 €2 €3

1

by 1

VI

1 . By=
1
1
nxn
_ as o —eeFh_ip1—a1 Fy R e R N _
Fpn d; = a1 Fy, y €1 = a1 ) (Z_2a37 y 1 1)

dn72

€n—2

dnfl

€n—1

Let A; and B; be as in the proof of Theorem 2.1, multiplying A:Tr, B1 by A2 from the left and

nxn



by B, from the right, we obtain

A2 A1 TF, B1B2
-F, 0
0 al
0 0o -
0 0

0
0

%Fn—l + b2

2F,
Fy

2F3

2Fn73

b
_i n—2 + bS
I 0
2F,

Fy

2Fn74

this matrix admits a block partition of the form
A AiTr, BiB: =N @M,
where N @ M is the direct sum of N and M. N = diag(—F), a1) is a nonsingular diagonal matrix,

_b _b _b
1402 o Fno+bs bz +ba

2F5
Fy
2F3

2Fn—3

Fi 0

2F5 R

Fﬁ 255
2Fn_4 2Fn—5

Let A = A2.A; and B = B1 B2, then we can get,
Tz =B(N"'eM 1A,

where

and
1 dy
O Yn—1
0 Yn—2
0 Yn—-3

B=1 . .

0 Y3
0 Y2

0 0
1 0
b1
Tay
0 1
A =
0 1 1 -1
0 1 1 -1 0
d2 d3 dn73
€2Yn—1 €3Yn—1 €n—3Yn—1
€2Yn—2 €3Yn—2 €n—3Yn—2
€2Yn—3  €3Yn—3 en—3Yn—3 +1
€2y3 esys +1 en—3Y3
eay2 +1 e3y2 en—3Y2
€2 es3 €n—3

0
0

_%FS + bp—2 g4+ bn—1

Fy 2F,

b
—iF3 + b2

2F,

_Fn—l
Fn

dn72
€n—2Yn—1
en—2yn—2 +1
€n—2Yn—3

€n—2Y3
En—2Y2
€n—2

ai

0

—%F2 + b1
0

Fy

dnfl
en—1Yn—1 +1
€n—1Yn—2
€n—1Yn—3

€n—1Y3
€En—1Y2
€n—1




Observe that the inverse matrix of N is of the form:

N~ =diag(—F, ", a7 ").

—UF, 1+b W .
LetM = ( a1 ) be an (n — 2) x (n — 2) matrix, where Uy = (2Fs, F4,2F3, - -

Uy Wy
2F, 4,2F, 3)", Vi = (—%11 n—2 =+ ba, —%ans +byg,-- —%Fg +bn_1),
F
2F, I3
Fy 2F, Fi
W= | 2P ’
2F, 5 . . . F
2Fn74 2Fn75 e 2F3 F4 2F2 F1

as Iy = 1, so W is an invertible matrix. Use Lemma 1.2 we can obtain the inverse matrix of W7,

B 0 T
B2 B1 0
W171 — /8.3 ﬁQ ,
B s 0
ﬂn—ﬁ} ,Bn—él e ﬂd /82 /81

where

Bi=(—1)"'"M;, My=1, My=2,
1—2
M; =2M; 1 —3M;_o + Z(—l)jQFjJrlMifjfl, (7, =3,4,5,--- ,n— 3)

=2

Then use Lemma 1.1 we obtain,
M= o) — W
—EWtU Wit Awrtooviw )

where ¢ = —Z—ll -1 4 be — VAW U1, and simply we can get (N @ M)™!,

—F 0 0 0 0 e 0 0
n
0 aL 0 0 0 el 0 0
1 1 ’ ’ ’ ’
0 0 g M M2 A Nn—a Mn—-3
0 0 31 o11 012 O1,n—4 01,n—3
’
-1 e )
(NeM) ' = 0 0 2 021 022 02,n—4 02,n—3 ,
0 0 53 731 032 tee T 03,n—4 03,n—3
E
0 0 gn—4 On—4,1 On—4,2 *°° ce On—4n—4 On—4n-3
’
0 0 £n73 On—-3,1 On-3,2 "°° ce On—-3,n—4 On—-3,n-3

10



where

’ 1 ’ 1
Nm = — 7 1NIm, Em:_*£m> (’ITL:LQ,”- ,n—3),
41 Zl
n—3 b
Nm = Z(_G% n—1—i + b’i+2)6i+1f’mv (m = 1721 e, — 3)7

§1=201, & =202+ 30,
m—2

Em = 20m + 3Bm-1+ Z Bm—-1—i-2Fiy2, (m=3,4,--- ,n—3),

=1

1 L. P .
Oij = Bi—j+1 + [fmjy (i, =1,2,---,n—=3), if i —j+ 1 < 1, denote Bi—j+1 = 0.
1

Then multiplying (N @ M) ™! by B from the left, we can obtain

511 512 613 to 51,77,71 61,n
521 622 623 to 52,7171 52,71
531 532 633 te 63,71—1 53,n
BINeM) ' = ) . . . ;
671,71,1 67171,2 677,71,3 ot 6n71,n71 671.71,77,
6n,1 6n,2 671,3 e 5n,n—1 5n,n

-3
1 d1 do ’

=y G2= T Sia= 24D digak,

11 o =g =g + 2 +2&

Sm1 =0, (m=2,3,-- ,n), 5m2zm’ (m=2,3,-,n),

ai
€2y n—3
2Yn+1—-m 4 /
6m3 = Z—l + § €i+2yn+l—m£i + &'nflfwu (m = 27 37 e 7n)7
1 :
=1
n—3

61j = dQ’f]]‘,?, + Z di+20i7j—37 (.] = 47 57 e 7n)7
=1
, n—3
6mj = ern-!—l—m'qj—B + Z €i+2Yn+1-m0i,j—3 + On—1-m,j—3, (m = 2737 Ny ] = 47 5, e 7n)'
=1

In the end, we can obtain T,

0 P12 P13 P14 cee o Pln—1 Pin
—p12 0 23 P24 e P2a—1 Plin—1
—p13 —p23 0 p3,4 st pP2n—2  Pln—2
Tl—”i =B(N® M)_l.A _ —p14 —p24 —pP3.4 0 ce+ P2,m—3 Plin-3
—Pln-1 —P2m-1 —P2n-2 —P2,n-3 0 P12
—Pi,n —P1in—-1 —Pln-2 —Plnu-3 **°  —pP12 0

where

p12 = 01in, P13 = O1,n—1 + 01n, p23 = 62,n—1 + O2n,

F,_
pin =011 — Fn1513 — b4,

Pmi = Omn+2—j + Om,nt3—j — Om,ntd—j, (m =12, ,m5=45--,n— 1)7



which completes the proof. O

3 Determinant and inverse of the Lucas skew symmetric
Toeplitz matrix

In this section, we will give the determinant and the inverse of the matrix T, . And in this section we
always assume that n is an even number, as well.

Theorem 3.1. Let Ty, be a Lucas skew symmetric Toeplitz matrix. Then we have
det Ty, =Ln [5‘1 det Mn—Q([l;i}?z_217 —1,-5,0,5, 1) - l;l det Mﬂ—z([Li]?:nflv -1,-5,0,5, 1)} (31)

where

n—2
dl = g Li+2xn—i—17
=0

n—4

~ Lp—i—1Lly— 3L

b1 = ;(_Ln—i—Q + %)xn—i—l + L. 1I2 + 31’1,

. 3Ln—1 % LiLn-1 .

ba = bzsz'L— 7 = 547"'5 717

2T L v, =)

:L‘1:17 CE3:.IJ§, $3+6$2+7:0,
i—3

;= =61 + Txi 2+ Z2Lj+2$i7j72, (1 =4,5,6,--- ,n—1),
j=1

det M, _o([bi])}=', —1,-5,0,5,1) =

(=1)" " 'bp_1 det My—3(—1,-5,0,5,1) + det My, —s([b:]7=5, 1, —5,0,5,1),
det My, _o([Li)i—p_1,—1,-5,0,5,1) =

3-(=1)"""det My—3(—1,-5,0,5,1) + det My,_3([Li]5—p_1, —1,—5,0,5,1),
det M;(—1,-5,0,5,1) =

det M;_4(—1,-5,0,5,1) — 5det Mi—3(—1,—5,0,5,1) + 5det M;_1(—1,-5,0,5,1),
(i=5,6,---,n—3),

det M,(—1,-5,0,5,1) =6,  det Ma(—1,-5,0,5,1) = 29,
det M3(—1,—-5,0,5,1) = 140, det My(—1,-5,0,5,1) = 673.

Proof. Let T, be ann x n Lucas skew symmetric Toeplitz matrix. In the case n > 4, let

1 0 1 0
1 Tn—1
_£ Tn—2 1

Ln xX 3 1

1 1 -1 n-
d, = U, =
' 11 -1 o :
L A A .,L,B 1
1 1 -1 Ta 1

01 1 -1 21

12




be two n x n matrices, which are invertible. And

Ilzl,

xr; = —6xi_1 +Txi_o+ ZQL]'+2.T1‘7]‘72 (Z =4,5,6,---,n— 1).

xr3 =

2
T2,

i—3

j=1

:L‘g-f—6]:2-|—7207

Multiplying T, by ®: from the left, then multiplying ¥ from the right, we obtain

0 ar Lpn-1 Lp—2 Lp_3 Ly L3
—L, a» —Lo —L3 —Ly —Ln—3 —Lnp_2
0 bl b2 b3 b4 bn73 bn72
0 215 Ly 0
Ly 2L,
1 Te, W1 = 2Ls Ly
204 2L3
2L,—4 2Ln_5 2Ln,_¢ 2L Ly
0 0 2L,—3 2Lp—4 2L,_5 Ly 219
where
n—2 n—3
a1 = Z LiyoTn_i—1, Q2= — Z Ln—i 1%n—i—1,
i=0 =0
B n—4 L ) L
b1 = ;(*Ln—i—z + %)mn—i—l + e 3z1,
= 3Lp-1 oz ‘ LiLn1 ,.
by = L. bi=—L;_1+ L. (’L = 3,4, ,n 1)
and from the last matrix we can easily obtain,
det(®1Tr, V1) = Ly det Mn—l(&lv [Li]?:nflv [Bi]?:_11):
where
a1 Lpn-1  Lp—2 Ly_3 Ly L3 Lo
by b b3 by bn—3 bpn—2 bpn—1
0 2L L1 0 . . 0
Ly 21>
Y a . 2 b, 7,1_1 =
Mnfl(alv [L’L]zznfh [bl]zzl ) 205 Ly
2L4 2L3
. . : . . 0
0 2Lp—3 2Lp_4 Ly 21> Ly

_~Ln—1

Lo

bnfl

0

(n—1)x(n—1)

Then we use methods of elementary row transformation to this matrix for computing the determinant
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of it, thus we can obtain M,, (a1, [Li]?-n_1, [b:]75)}), it is the form as,

El,l Ln—l Ln72 Ln73 e . e L4 L,3
bl b2 b3 b4 e e e bn73 bn72
0 6 1 0 e e e e .
7 6 1
-5 0 5 1
Mnfl(a’h [Li]?:nfh [bl]?:ll) - 1 _5 0 5 1
0
0 0 0 -1 =5 0 5

then we can obtain

det M,y (@1, [Lil}——1, [0i]75) =
ay det M, _o([bi]]=, —1,—5,0,5,1) — by det My, _o([Li);—p_1,—1,-5,0,5,1),

where
bo by b bu-s bu—o bn-1
6 1 0 - 0
76 1
-5 0 5 1
Mo o(bi]r,-1,-5,051)=| -1 -5 0 5 1 :
0
0
0 0 -1 -5 0 5 1
Ln71 Ln72 Ln73 L4 LS L2
6 1 0 0
7 6 1
-5 0 5 1
My—o([Lili—pn_1,-1,-5,0,5,1) = | -1 -5 0 5 1
0
0
0 0 -1 -5 0 5 1
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To obtain determinants of matrices M, _»([b:]"=}, —1,—5,0,5, 1) and M,, _»([L:]? —-1,-5,0,5,1),

i=2 1]i=n—1>

developed them by the last column, and in turn it, we can get recursive formula,
det M, _o([bi]7=5, —1,-5,0,5,1) =
(=1)" " 'bp_1 det M,_3(—1,—5,0,5,1) + det M,,_3([b:]7=5, —1, —5,0,5,1),
det My, _o([Li]i—p_1,—1,—5,0,5,1) =
3. (=1)"""det M,,_3(—1,—5,0,5,1) + det M, _3([Li]5—,,_1,—1,—5,0,5,1),
det M;(—1,-5,0,5,1) =
det M;_4(—1,—5,0,5,1) — 5det M;_3(—1,—5,0,5,1) + 5det M;_1(—1,—5,0,5,1),
(i=5,6,---,n—3),
det My (—1,-5,0,5,1) =6,  det Ma(—1,—5,0,5,1) = 29,
det M3(—1,—-5,0,5,1) = 140, det Ma(—1,-5,0,5,1) = 673.
And observed that

(n—1)(n—2)
R

I

det &1 = det ¥ = (—1)
so we can get Ty, , which completes the proof. O

Theorem 3.2. Let Ty, be a Lucas skew symmetric Toeplitz matrix. Then

0 P12 P13 P14 s Plin—1 Pin
—p12 0 P23 P24 ceo P2n—1 Pla—1
—p13 —p23 0 P34 cor P2n—2  Pln—2
e BV Y
_ﬁl,n—l _ﬁQ,n—l _ﬁQ,n—Q _,52,71,—3 Tt 0 ﬁlQ
—Pi,n —Pl,n-1 —Pljm—2 —Pln-3 -  —P12 0

that is to say Tzi is skew symmetric about diagonal and also symmetric about secondary diagonal,

where

P12 = 81, P13 = Sl,nfl +61n, oz = 52,7171 + bom,

Y O
pin =01 = “—b1s — bua,
ﬁnLj = 57n,n+27j + Sm,n+37j - S7VL,7L+47]" (m - 17 27 e 7n;j - 47 57 N — 1)7

=~ = n—3
. 1 - d - d I
011 = I 012 = P 013 = A + ;diw&,
~ ~ ’ n73 ~
01j = doil; s+ Y dis2Gig-3, (j = 4,5, ,n),

=1
Sml_oy (m:2737"'7n)7 szzm7 (m:2737"'7n)7
ai
~ eox n-3 ~t ~
6m3 = % + Z éi+2$n+1—m£i + €n717m7 (m = 2737 o 777“),
1 i=1
~ ’ n-3
5mj = é2$n+l—m7~]j73 + Z éi+2$n+1—m&i,j—3 + 5'n—1—m,j—37 (m = 27 3, Ty ] = 47 57 ce 7n)7
=1
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< a2 = —G2Llnpyi-i—a1l; .
= dz = = ) = 21 3, y It — 1 )
il (i sor,n—1)

_L —1 .
€ = ol 7(122737"'7”_1)7
4 = —diLn,l + by — VAW 'O,
1

Up = (2L2,L4,2L3, -+ ,2Lp—4,2Ln_3)"

-~ b - b ~ b - b ~
Vi= (7~—1Ln,2 + b3, *;Ln73 + by, ,*%LB + bn—2, 7~*1L2 + bnfl)v

al al ai ai
1ot WP Bijer, i=], . P19
Wl - al,] { 07 Z<], (7/7] ) &y , 1 3)7
Bi=(-1)""M;, My =1, M,=6,
~ ~ ~ 172 . ~
M; =6M;—1 — TM;_o + Z(—1)12L]-+1Mi,j,1, (i=3,4,5,---,n—3),

j=2

! 1.
N = —=Tm, (Mm=1,2,--+ ,n—3),

4y
» 1 -~
m — T = Qm; (m:1a27"' 7n_3)7

%)

n—3 B B _
ﬁm = (_dilL"_l—'L' + bi+2)ﬁi+l—'m7 (m = 1727 e, — 3)7
— 1
& =63, & =063+T17p,
~ ~ ~ m72 ~
gm = 6ﬁm + 7ﬁm+1 + Z ﬁm+17i . 2Li+2, (m = 374, e, — 3)7
i=1
- ~ 1~ o
Oi,j = ﬁi*j+3 + ?67’77]5 (Za] = 1725 e, — 3)5
1

ai, as, 5i7 zi, (1=1,2,--- ,n—1) are the same as in Theorem 3.1.

Proof. Let ®; and ¥, be two n x n invertible matrices, defined by

0 1 1 d > ds dn—2 dp—1
1 1 é eé3 €n—2 €n—1
oo g !

ay

by = 1 R Uy =
1
1
1
7 a 7 —agLlpyr—i—ail; —Lni1—i .

where dy = 72, d; = 2 e & = afl , (1=2,3,--- ,n—1).

Let ®; and ¥, be as in the proof of Theorem 3.1, multiplying &, Ty, ¥ by ®, from the left and
by ¥, from the right, we obtain

16




By®1 Ty, U1 W,
—L, 0 0

0
0 @ 0 ] - 0
0 0 —(% n—1+t b2 —Z—i n—2tbs _%L3+bn72 _%L2+bn71

2L, Ly 0
- Ly 2L,
2L3 L4

: : . . . 0

0 0 2Ly 3 2L, 4 Ly 2L, Ly

this matrix admits a block partition of the form
‘I>2‘I>1TL7,,‘I/1\I/2 = N D M s

where N @ M is the direct sum of N and M, N = diag(—Lx,a:) is a nonsingular diagonal matrix,
and

_b B, b P. b
e Ln—1 + b2 s Lln—2+b3 =

aln-s + ba *%Lzs +bn—2 ;1L2 +bn-1
2L9 L 0 0 0
- Ly 215 L4
M =
2L3 Ly 2L
: : : . . 0
2L, 3 2Ln 4 2L, 5 2L2 Ly
Let ® = &3P, and ¥ = ¥, ¥y, then we get,
T, =¢(N"'eaM o,
where
0 0 0 1
1 0 0 0
5 Ly —
& L ==
0 1 1 —1
= :
0
0 1 -1
0 1 1 —1 0 0
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and

1 dl d2 d3 e dn—S dn—2 dn—l

0 Tn-1 €2Tn—1 €3Tn—1 - €n—3Tn—1 €n—2Tn—1 €n—1Tn—1+1

0 Tn—2 éanfZ éSCL‘an ot é7L73$n72 én72xn72 + 1 énfl-r'rLfZ

0 Zn_3 €2Tn—3 €3Tp—3 '° €pn_3Tp—3+1 €n—2Tn—3 €n—1Tn—3
U=

0 3 €273 ésrz+1 --- €n—3T3 €n—2T3 €n—1T3

0 T2 €2x2 + 1 €3T2 s €n—3T2 €n—2T2 €n—1T2

0 = €271 e3r1 €n—3T1 €n—2T1 €n—171

Observe that the inverse matrix of N is of the form:

N~ =diag(—L, ", a; ).

- _bh b ¥ .
Let M = < a1+ b2 Vi ) be an (n — 2) x (n — 2) matrix, where Uy = (2L2, L4,2Ls, - - -

Ui Wi
2L, 4, 2Ln—3)T, ‘71 = (_%Ln—Q + 53, _%Ln—3 + l~)47 EERI —%Lz + Bn—l),

Ly

21> L

Ly 2L Ly

Wl - 2L3 )
2Lns T
2L,_4 2L,_5 -+ 2Ls L4 2Lo 1Ly

as L, = 1, so W is an invertible matrix. Use Lemma 1.2 we can obtain the inverse matrix of W7,

b1 0 R R
52 51 0
Wt = Bs B2 : 7
Boa o T 0
Brn—3 Pn-a -+ Bz P2 B

where

Bi=(—1)"'M;, Mi=1, Ms=6,

1—2
M; = 6M;—1 — TM;—> + Z(—l)jQLjHMFjA, (1=3,4,5,---,n—3).
j=2
Then use Lemma 1.1 we obtain,
1 —1
N = 7 LT
—émﬁm Wﬁ+éwﬁmmwﬁ ’

I
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where /; = —%Ln—l + by — ViW; 10, and simply we can get (N @ M)~*

— 0 0 0 0 0 0
0o £ 0 0 0 0 0
1 1 " " " !
0 0 7 T 72 T4 -3
0 0 1 011 012 Oln—4 O1,n—3
~ o~ ~/ ~ ~ ~ ~
(NGBM)_1 = 0 0 53 021 022 02,n—4 02,n—3
0 0 &3 031 032 -0t O304 F3,n—3
: K ) ) ) ~
0 0 €n74 On—4,1 On—42 *°° t On—4,n—4 On—4,n-3
> ~ ~ ~ ~
0 0 En—3 On—3,1 On—3,2 e e On—3,n—4 On—-3n—3
where

1 o 1 -
m = —=Tlm, m=—=Em, (Im=1,2,--- n—3),
7 7 3 Zlé ( )

1
n—3 B
~ 1 ¥ =
Tm = Z(—aLnflﬂ' +bit2)Bit1-m, (m=1,2,--- ,n—3),
&1 =651, € = 6P + 751,
~ ~ ~ m72 ~
€= 6Bm + Thmi1 + 3 Bmsrcs 2Lira, (M=3,4,- ,n—3),
=1

~ 1 ~ - o L . ~
Gij = Bi—jt+s + gffﬂb’y (5,§ =1,2,--- ,n—=3),if i —j+1 <1, denote Bi—j4+1 = 0.
1

Then multiplying (N @& M)~* by ¥ from the left, we can get that,

§11 (§12 6513 §1,n—1 él,n
(521 (§22 §23 (E2,n71 §2,n
_ - 031 032 033 cee 03,n—1 03,n
UY(NeM) = . . . ,
57171,1 57’7:71,2 S'rifl,S et Srifl,nfl 5'&71,n
671,1 577.,2 671,,3 e 5n,n—1 §n,n
where
5 5 n—3
- 1 A . ds -
5 = b= D, b= R4S ik,
11 . 12 P 13 7 + ;::1 +2&
5 -, n—3 5
S1j = daflj_s + > _ dit2Gij-s, (j =4,5,---,n),
i=1
Sml = 07 (m = 2737"' ,n)7 Sm2 = 'ME/&? (’ITL - 2737"' 7”)7
1
~ €oT n-3 ~ ~
67113 = % + Z éi+2xn+1*’m§i + ‘gn—l—rrm (m - 2,37 e 7'”)7
1 i=1
B , n—3
Omj = €2Tnt1-mT;j—3 + Z €it2Tnt1-m0i,j—3 + On—1—m,j—3, (M =2,3,--- ,n; j=4,5,---
=1
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In the end, we can obtain T, !,

0 P12 P13 P14 cee o Plin—1 Pin
—p12 0 P23 P24 s P2a—1 Plin—1
—p13 —p23 0 03,4 ceo Pan—2  Pln—2
Tzl _ \II(N ® 1\"/[)—1(1) _ —p14 —p24 —P3,4 0 ce+ P2.,m—3 Pln-3 7
—Pin-1 —P2n-1 —P2n-2 —P2,n-3 - 0 P12
_ﬁln _ﬁl,n—l _ﬁl,n—Q _ﬁl,n—{i e _,512 0
where
P12 = gln, P13 = 51,7171 + Sln, P23 = 82,77,71 + 5271,
- < Ly 1= ~
pin = 011 — Lnl 813 — d1a,
ﬁ’mj :gm,n+2—j +Sm,n+37j _qun+4*j7 (m: 1327'“ an7]:4757 y 1 — 1)7
which completes the proof. O

4 CONCLUSIONS

In this paper, by constructing the special transformation matrices we give the determinant and inverse
of the Fibonacci skew symmetric Toeplitz matrix in section 2, and give the determinant and inverse of
the Lucas skew symmetric Toeplitz matrix in section 3.
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