Existence of global attractor for Caginalp hyperbolic
system phase field with polynomial growth potential.

Abstract

Aims/ objectives: We study the existence of the global attractor for Caginalp hyperbolic phase field
system, with Dirichlet boundary conditions, governed by polynomial growth potential in bounded
and smooth domain. This system is based on a thermomecanical theory of deformable serie, in
which there is no difference between constitutive components.

Note that the global attractor is the smallest compact of the phase space, which is invariant under
the semigroup and attracts all bounded sets contained in the phase space, when time ¢ approaching
infinity. So the global attrator allows to make description of asymptotic behavior about dynamic
system.

Study design: waves propagation study .

Place and Duration of Study: Department of Mathematics (group of research called G.R.A.F.E.D.P),
Technical and Sciences Faculty of Marien NGOUABI University, between January and July 2016.
Methodology: To study the existence of the global attractor about the pertubed damped hyperbolic
system, with initial and homogenous Dirichlet boundary conditions, we process by showing the
dissipativity and the regularity of the semigoup relative to the system and after we split the
semigroup such that we have the sum of two continuous operators, where the first tends uniformly
to zero when the time goes to infinity, and the second is regularizing.

Results: We prove the existence of global attractor, about Caginalp hyperbolic relaxation phase-
field system govern by polynomial growth potential.

Conclusion: All the procedures outlined in the methodology being demonstrated , we can assert the
existence of the smallest compact invariant under the semigroup, which attracts all under bounded
sets of phase space on the dynamic system.
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1 Introduction and Setting of the problem

The Caginalp phase-field system

N (O
tolY} ou
— — A = — —
ot ot’
has been proposed in [1] to model phase transition phenomena, such that melting-solidification
phenomena, about some classes of materials. Here, u = wu(x,t) express a phase-field or order

parameter, 6 is the relative temperature defined as 6§ = %‘;‘, where « = «a(z, t) is the thermal displacement

or primitive of 0. f is the derivative of a double-well potentiel F.

In this paper, we study the following Caginalp system

0%u ou O
0 o O ou

with homogenous Dirichlet boundary conditions
uloa = aloa = 0, (1.3)

and initial conditions
Oa

ou
'LL|7§:() = o, E't:O = Ui, a\t:o = o, E\tzo = 0, (1.4)

which is the hyperbolic relaxation system of the Caginalp phase-field based on type Il (1.1)-(1.4)(see
[2]), where Q is a bounded and smooth domain of class C? inR" (1 < n < 3), 99 the smooth boundary of €,
and ¢ > 0 is a relaxation parameter.

Hypothesis of potential f

fis of class C?, (1.5)
f0) =0, o
—cp < F(S) < f(S)S + c1, c0 >0, ¢c1 >0, seR, (1.7)
with F(s) = [ f(ryar

|f’(8)| < 02(|s|2p + 1), c2>0, p>0, seR, (1.8)
f'(s) > —cs, ¢3>0, s€R, (1.9)

We will precise restrictions on p when n = 3 about certain stapes, when being in an obligation.

Our aim in this paper is to study the existence of global attractor of the hyperbolic relaxation system
(1.1)-(1.4).
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Such studies have already been carried out in many works; in the case of parabolic-hyperbolic
systems (see [2], [3], [5], [6], [7], [9]). We can also mention the recent work of Daniel Moukoko, for
example [8] and [9] in which the hyperbolic system was the subject of a study with regular potential
f(s) = s* — s, and [10] in which the hyperbolic relaxation system was the subject of a study with
singular potential. In [2] Doumbé Bongola brice Landry have studied the same system as well as
in this article, to avaluat the spacial behavior solutions in a semi-infinite cylinder, after prooving the
existence of solutions and attractors, but the relaxation parameter ¢ = 0.

2 Notations

*(.,.) denotes the scalar product on L?(2), and ||.|| the associated norm.

*(.,.)x denotes the scalar product on X, and ||.|| x the associated norm.

*|©2| is a measure of Q.

*H™(Q) = W™2(Q) is Sobolev classic space.

*e" (¢) coincide with [ (Q) x H*(Q)]N{¢|an = 0} if € > 0 and with [H"(Q) x H*~1(Q)]N{¢|on =
0} if e = 0, whenever the traces make sense. Note that when x = 0, we write ¢(¢) instead of £°(¢).
. \|§N(E> with e > 0, is energy norm in ” (e) for the equation (1.1) with Dirichlet boundary counditions,
defined by

16012 ey = 11 (v(8), 57 (D) 12k (o) = N0l Fpmsn + el GEFrm + 1155 1T

*cp is the constant of Poincaré.

3 Preliminary results

We begin by recalling below the two theorems (see [4] Theorem 3.2 and Theorem 3.3) very useful
later.

Theorem 3.1

If (uo, u1, o, a1) € H(Q) x L2(Q) x Hy (Q) x L*(Q) and F(uo)
has a unique solution (u, «) such that u, o € L*(0, T ; H3(Q)),
Qu e L0, T;L*(Q) N L0, T;L*(R)) and 22 € L>(0, T;L*(Q)) N L*(0, T'; Hg (), for all
T > 0.

< 400, then the problem (1.1)-(1.4)

ot

With more regularity we got the second theorem

Theorem 3.2

If (uo, u1, o, c1) € (H2(Q)NHF(Q)) x Hy () x (H*(Q) N Hg (Q)) x Hy (), then the problem (1.1)-
(1.4) has a unique solution (u, «) such that u, o € L°°(0, T'; H*(Q) N Hg (Q)),

5 € L0, T Ho(@)NL*(0, T Hy (), Gt € L=(0, T3 Hy (W) N L*(0, T H* () N H (1)) and
o, 0y € L*(0, T; L*(Q)), forall T > 0.

With relative assumptions respectively to Theorem 3.1 and Theorem 3.2, we have two respective
phase spaces

Dy = e(e) x Hy(Q) x L*(Q)
and
1 =ce'(e) x (H*(Q) N Hy(Q)) x Hg ()

and we have two standard energy norms of the system (1.1)-(1.4), in those phase spaces
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1(Gus s GND, = ICullZe () + ol Fmss + 155 7= for & =0,1.
Then we define a continuous semigroup,
Se(t) : @, — Dy

(Gapra0,00) > (GulD),al0), o ()

for k = 0,1, with (Cu(t), (), %—‘j(t)) such that (u, «) is a unique solution of problem (1.1)-(1.4) and
(€ (0), a(0), 22(0)) = (Cuy, a0, 1) is well defined.

t

4 Main results

In this study, we have two main results; the dissipativity and regularity of the semigroup {S.(¢)}+>0
associated to the problem (1.1)-(1.4), and the existence of the global attractor.

5 Dissipativity and regularity
The dissipativity and regularity of the semigroup {S.(t)}:>0 associated to the problem (1.1)-(1.4)
means that the semigroup {S.(t)}+>0 possesses a bounded absorbing set in a phase space relating

to the problem (1.1)-(1.4), with more regularity.

The following lemma gives the uniform estimates of ||ul| 1, ||| 1 and || 22 || which are independent
of e.

Lemma 5.1. Assume the hypotheses of Theorem 3.1 verified, ¢ < 1 and (u, «) the solution of

problem (1.1)-(1.4) such that (¢.(0), «(0), %—fj(o)) € ®o. Then, the solution (u, ) satisfies the
following estimate

ou da
llu(®) |7 + EIIE@)H2 + la(®)lFn + IIE(t)II2
tou Oa _B(t—r Oa _
+ UG O+ 155 Ol dr < QQ1(6.(0),a(0), 5 O)lw)e ™ +, (6.1)
0
where the positive constant C, 3 and monotonic function QQ are independent of e.

Proof. Multiply (1.1) by » and (1.2) by «, and integrate over 2. We get thanks to (1.7)

ou
& (e +2eGp) +2 [ Pt +lulln < QISR+ A5 E 20l 62)
d Oa 2
lol? + ol + 202 0)) + el < 2l + 26l 27 212217 (53)

Integrating over 2 products (1.1) by %—j and (1.2) by %—‘; and adding the two resulting differential
equalities. We get the estimate

d
pr (HUHHl +e H | +2/ F(u)dz + |[a|7 +|| H )+2II I+ H || +2|| HHl <
cpllull51- (5.4)
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By adding 71(5.2), v2(5.3) and v3(5.4), where ~1, v2 and 3 > 0 such that
T — 20?,72 —cpy3 > 0
293 =27 —2¢p72 > 0,
Y3 —¢Cpy1—27 > 0
we find

d

7 Es+01||uHH1+CzH || +271/F dw+VzIIaIIH1+CaH || +2H ||H1 <C (55)
where the positive constants C; and C' are independent of ¢, and
8 2 8&
Es(t) = m(lu@®)l® +2(8t() u(®)) ) + 2 (eI + lla®lzn +2(5; #), o)

ou da
s (@)l + el 5, O +2/ F(u)dz + [la(t)|lzn + 115 017 ) ,
ot Q ot
for 41 and 2 small enough, there exists C' > 0 independent of e such that
—1 2 8 2
c (||7J(1f)||Hl+e|\(9 O + lla®) 7+ | t(t)\l ) < Es(t)

< Cllu@®l + EII%(HH2 + @)l + |I£(t)ll2)-

We deduce from (5.5) the following estimate

d
d*E3+ﬂE3+C1H*|| +CQH ||H1 <C,

where 8 and C' are positive constants independent of .

Apply Gronwall’'s Lemma, we find

ou Jda
[u() )7 + 6Hg(t)ll2 + @7 + Ha(lﬁ)\l2

da

+ [ UG I + 15 e < QUIG0). (00, G

2 (0)llsn)e™ +C,

where C, g and @ are respectively the positve constants and monotonic function independent of e.
Then we have found the uniform estimates of ||ul| 1, [|e||z: and || 22| independent of e. O

Theorem 5.1. Assume the hypotheses of Theorem 3.1 verified, ¢ < 1, and (u, «) the solution
of problem (1.1)-(1.4) such that ((.(0),a(0), 22(0)) € ®o. Then, the solution (u, o) satisfies the
following estimate
Jda
[[(Cu(t), a(t), E(t))uéo

+ [ UG O+ 15 e ™ dr < QIG(0).0(0). 5

"ot

where the positive constants C, 3 and monotonic function Q are independent of e.

(0))llwg)e™" +C,

Proof. Firstly, we determine the uniform estimate energy of the perturbed damped hyperbolic equation
(1.1) with initial and homogenous Dirichlet boundary conditions. Equation (1.1) can be written as
follow

*u  Ou Oa

ez T gp — Au=—T®) + 5 (1) =hua(®), Gulizo=C, u®)on =0. (5.6)
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By proposition A.2 (see [9]) found from equation (5.6), we have

t
0 —B(t—7 _
GOl + [ 15 dr < CeP (GO + a0l -2)

' O Cpies
A€ [ (hua(m)lmr +1 5 Ol
0

(5.7)

where the positive constants C' and  are independent of e.

To estimate the last term of the second member, we first find the estimate of term ||hu,o(7)[|%-1 +

175 (7)1 51 We have

U, 0 / 1o}
Va1 + 12 ()30 < 1) B + 1 () + 1 () S () s
82
5 Ol (5.8)

The estimate (5.1) gives uniform estimates of ||u|| 51, |||/ 71 and ||%—C; || independent of ¢, these implie

JulZ-r < CllullF < Q(I(¢u(0), (0), %?(O))II%)fﬁt +C (5.9)
oa o oa o O —Bt
Il = ClimII" < QUICL(0),a(0), 5 - (0)lleg)e™™ + C, (5.10)

where C' and @ are respectively positive constants and monotonic funtion independent of e.

With the assumption (1.8), we get the estimate

[u| Ju
W) < e </ i+ | ds> — O (" + ul) (5.11)

implying for any w € Hg (€2),

| (f(w),w) |

IN

c( [ iullolds + [ |u\|w|dx)

Q Q

c ( [ lullolde + uuHHlnwnHl) .
Q

If n = 2 etp > 0, we find through Hélder’s inequality and the continuous embending of H'(Q) in
L*(Q) and in L**(Q),

| (f(w),w) |

IN

C (lull iy llull pallwll e + [l g el )

C(llullzy + Dllull s w1 (5.12)

INIA

If n = 3 and p < 1, we find through Holder’s inequality (for p = 1) and the continuous embending of
H'(Q)in L(Q),

C (lullZallull o llwll s + lull g [l 1)

Cllullzr + Dllull g lw]| - (5.13)

| (f(w), w) |

[VARVAN

With estimates (5.12) and (5.13), we deduce

I @)l7-1 < QUI(¢u(0), a(0), %(0))”%)67& +C. (5.14)
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With the assumption (1.8) and for any w € Hg (£2), we have

ol < e[ g ||w|dz+/| v lulds )
o ([ 11 Gtitulas + 1 5e wln )

If n = 2 and p > 0, we find through Hélder’s inequality and the continuous embending of H'(Q) in
L2(2p+1)(Q)’

IN

ou U
@501 £ € (Il 15 ol + 1 Gl ) < CQIlEs + DIl (6.15)

If n =3 and p < 1, we find through Holder’s inequality (for p = 1) and the continuous embending of
H'(Q) in L%(Q),

ou ou
¢ G0l < € (ol G Mles + 150 Mol ) < CClalfn + DIGH Ml (6.16)

With estimates (5.15) and (5.16), we deduce

1/ (u ) HH 1 _CH H (5.17)

where the constant C' > 0 is independente of e.

Equation (1.2) implies

82704 _ Oa Oa ou
o2~ ot ot ot

We deduce from the above equation, estimates (5.9) and (5.10) and from the uniform estimate of
llall3e, [lull3: and || 42|31, the following estimate

a
1St < o (15 +15 \|H1+na||H1+|\u||H1+|\atuH )

QUI(C(0).a(0) ?)u)n%) Sro (LIS 4151 ) - 618)

The estimates (5.10), (5.14), (5.17) and (5.18) inserted into (5.8) allow to find

P ()l < QUIG(0).a0), GO llog)e™™ +.C (14 1501+ 15 ) 619

IN

s (P11 +

where the constant C > 0 and the monotonic function @ are independente of e.

Insert (5.19) into (5.7). We find from the estimate (5.1)

t Ou _B(t—r
GOl + [ IG5 I ar
0

< oo ([ (QUitcuna) Gronle) + 1) [ (1517 150 ) 0 ar)
< QUG (0),a(0), Fr O o)™ +, (5.20)

where C and @ are respectively the positive constants and the monotonic function independent of e,
but C' is depend on the initial conditions.

106



Combining (5.1) and (5.20) we have

da

1(Gutt).al®), G )3,

+ [ OGO+ 15 e ™ ar < QI(G(0).0(0). 55

5 O)lleg)e™™ +C.(5.21)
O

Corollary 5.1. The semigroup of operators S.(t),t > 0 associated with the problem (1.1)-(1.4) is
dissipative in ®, that's to say, it has a bounded absorbing set in ®g.

This corollary is a straightforward consequence of Theorem 5.1.

Note Br, (€) = {(Cu,at, 22) € ®o/||(Cu, v, 22)|lo, < Ro} with Ry quite large, the absorbing bounded
set of Sc(t) in ®o.

Lemma 5.2. Suppose the hypotheses of Theorem 3.2 verified, ¢ < 1, and (u, «) the solution of
problem (1.1)-(1.4) such that (¢.(0),(0), 22(0)) € Br,(e) N 1. Then the solution (u, «) satisfies
the following estimate

0 0
la@ls + €ll 5 @ + ol + 115 Ol

Jda

5 Ollas)e™™ +C, (5.22)

‘o ou —B(t—7
+ [ U@l dr < QUG 0),a(0),
0
where the positive constants C, 3 and monotonic function Q are independent of e.

Proof. Multiplying (1.1) by —Aw and integrate over 2. We get

d

4 a Ou
dt

19} 0
(Il + 295890 ) + 2l = 207w A0+ 258 8+ 2 P, (629)

The estimate (5.11) allows to find thanks to the Hélder’s inequality and the continuous embending of
HY(Q) in L****D(Q), when n = 2 and p > 0, the following estimate

(f(u), Au)

IA

C (11l a1l 2o | Al + lull | A
CllullZ + Dl a2, (5.24)

A

where C' > 0 is independent of e.

And when n = 3, p < 1 (for p = 1), and taking into account the continuous embending of H! in
LS, we obtain

(f(u), Aw) < Cllullzs || Aull + Cllull|Aull < C(llullFr + Dl [ull 2, (5.25)
where C' > 0 is independent of e.

Thanks to estimates (5.24) and (5.25), and applying young’s inequality, and consdering (., «, %) €
Bg,(¢) we deduce

1
(f(u), Au) < Clllullf + Dllullz fullzz < Cllullmlullgz < Sllulfz +C. (5.26)
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where C' > 0 is independent of e.

Insert (5.26) into (5.23). We get thank’s to (5.1)
d 2 ou 2
o lulle +2e(V 20, Vu) | 4 lulle - < 2‘cpll \|H1+2H IIH1+C (5.27)

where C' > 0 is independent of e.

Multiplying (1.2) by —A« and integrate over Q2. We get

d Oa
a(\|0¢\|§11+\|0¢“§12+2(vg w>)+uauéz < 2eplulin + 26 243 + 2023

IN

C"lu ||H2+2cp|| HH1+2H (5.28)

ot HHl

Integrate over 2 products (1.1) with —A%‘; and (1.2) with —A 22
equalities. We get the estimate

5 » and add the two resulting defferential

a
(R ; i+ ol + 150 ) + 2150 5 + 2158 1 + 2152 e

Oa

< 2( )V, V) 4 2], V5.

(5.29)
The assumption (1.8) allows to find thanks to the Hélder’s inequality, including the continuous embending
of H(Q) in L2@P+1(Q), when n = 2 and p > 0, the following estimate

ou

(' (W Vu, 70|

IN

CI\HIIL2<2p+1>IIVU\|L2<2P+1>HV Z + ¢ Vu IIHV \

IN

Cllull 3 (lullzr2 + 1) (5.30)

12
at HL,
where C' > 0 is independent of e.

And when n = 3, p < 1, and taking into account the continuous embending of H'(Q) in L5(Q)
(for p = 1), we obtain

@V, VI < Ol Vul V2 + Clvulliv 2
< Ol (lulla + D1 2, (531)
where C > 0 is independent of e.
With estimates (5.30) and (5.31), we deduce
@V VIO < Clull lullae + DI s < Cllulle + DI 9 s, (532
where C > 0 is independent of e.
Insert (5.32) into (5.29). We find
d "
& (Wl + G + ol + 152050 ) + 150 s + 1521 < €7l 4, (639
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where C""" and C are positive constants independent of e.

Add up v4(5.27), v5(5.28), v6(5.33) with 4, 5 and v6 > 0 such that
va— 01174 _ 2CW'YG > 0
Y6 — 274 — 2¢py5 > 0,
Y6 —2¢pya —2v5 > 0
We get

d
Bt Cullullz2 + CzH ||H1 + Cslla|F2 + C4H HHl <C Ci,C>0 (5.34)

where

Ja ou

Eq s Va>>+75<uu||zl +2(VoE,

(el + HaH?{z +2(V Vu))

+6([[ullz + 6H ||H1 +lledlz + H o S 3),

for the values of 4 and s small enough, there exists C' > 0 independent of e such that
_ ou Oa
a2 + ella(t)\lil + ()l + Hg(t)\l?p) < Eu(t)

ou Oa
< C(llul®)F= + EHE(t)H?{l + lle(®) 2 + ||§(t)||§{1)~

We deduce from (5.34) the following estimate

d
S Fat BB+ CH Hm <C,

where 8 and C' are positive constants independent of €.
Apply Gronwall’s lemma, we obtain

0 0
la(®) 32 + ell G5 Oz + (@)l + 15 Ol
to _B(t—r 0 _
+/O 157 Mllire ™ dr < QUI(Cu(0), a(0), 57 (0))lay)e™™ + C.

where C, 8 and Q are respectively the positve constants and monotonic function independent of e.
Then we have uniform estimates of ||u|| 2, |||/ 72 and ||%\|H1 independent of e. O

Theorem 5.2. Suppose the hypotheses of Theorem 3.2, ¢ < 1, and (u, «) the solution of problem
(1.1)-(1.4) such that (¢.(0),(0), 22(0)) € Br,y(e) N ®1. Then, the solution (u, «) satisfies the
following estimate

80( 2
(), ate), 22 )3,
+ [ 1GE e dr < Q16 0,00, 2O e )e " + €,

where the positive constants C, 8 and monotonic function QQ are independent of e.

Proof. We first determine the uniform estimate energy of the perturbed damped hyperbolic equation
(1.1) with initial and homogenous Dirichlet boundary conditions. Equation (1.1) can be written as
follow

*u  Ou Oa

ez T gp — Au=—T®) + 5 (1) =hua(®), Guli=o=C u@®)on =0. (5.35)
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According A.1 proposal (see [10]) found from equation (5.35), we have

S (IIZ 1(>+/ 15 (MlF e Pdr < Ce (1 (Gu(0) 121 o) + 1 (0)])
ahua

+C/ (s ()12 + (M5-1)e " ar,
(5.36)

where the positive constants C' and  are independent of e.

Estimate the last term of the second member, starting with finding the estimate of ||hu,o(7)||%1 +
|55 (7) I3 -1 We have

Ohy,a Ja , ou
[P, (1) |I3 o2 (M- < W@ + 5, Ol + 1 () 50 (Ol
+I at2< -1 (5.37)
With the assumption (1.8), we also have,
@I = IV = |F @Vl < e ( [ wiwaas+ [ \wfdz)
< e (/ |u|4p|Vu\2dx+HuH?{1)4 (5.38)
Q

If n =2 and p > 0, we find with the Hélder’s inequality, and through the continuous embending of H*
in L and in LY, the estimate

£l < eallull % I Vullze + callullzn < Cllull: lullze + c2llullf:- (5.39)

Ifn =3 etp <1, we find through Hélder’s inequality (for p = 1), including the continuous embending
of H' in L%, the estimate

2 4 2 2 4 2 2
If @)z < eallullzsl|Vullzs + callullz < Cllullg [ullfre + czllwflz- (5.40)

With estimates (5.39) and (5.40), and condering (Cu,c, 42) € Br,(€) and the uniform estimate of
|||l 72, we deduce

da

1f @) < QUIC(0), a(0), - (0)ller)e™™ +C. (5.41)
Equation (1.2) implies
0 [ole" fole" ou
ﬁ ——E"‘AE'FAQ—U—E

We deduce, thanks to the above equation and from the uniform estimates of ||u||z2, ||a|/z2 and
|22 z1, the following estimate

s < 0 (1D + 150 + s+ s+ 151 )
< (150 + lalfie + ulfes + 150 1 )
Oa _
< QUIG0),a(0), 22 ))lw ) + €0+ 1 2 ). (5.42)
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The estimates (5.17), (5.41) and (5.42) inserted into (5.37) allow to find

ahu,a
ot

Oa

1o (Pl + (M- < Q(II(¢u(0), (0), 5

O)lla)e™ +CU+ [ ). (543)

Insert (5.43) into (5.36). we find from the estimate (5.22)

tou _B(t—~
GO + [ 15 Dlfine ¢ Dar
0

<o o ( [ (@000, Gr o)) 1) i [ r)
< Q16 0),2(0), 2 ) ay)e ™ + €, (5.44)

where C and @ are respectively the positive constants and the monotonic function independent of e,
but C is depend on the initial conditions.

By combining (5.22) and (5.44) we have

a0 ), T2 @)1,

+ [5G Ol + 1550 e < QUIG0).a(0), GO ls )™ +C.
(5.45)

where 8 and C are positive constants, and @ the monotonic function independent of e. a

Corollary 5.2. The semigroup of operator S.(t) associated with the system (1.1)-(1.2) is dissipative
in ®4, ie, it has a bounded absorbing set in ®;.

This corollary is a straightfoward consequence of Theorem 5.2.

6 Existence of global attractor

Theorem 6.1. Suppose the hypotheses of Theorem 5.2, the semigroup Sc(t), t > 0 defined from ®¢
in itself and associated with the problem (1.1)-(1.4) has a global attractor A. which is compact in ®o,
bounded and connexe in .

Proof. Let’s split the semigroup S.(t), as the sum of two continuous operators SZ(t) and S2(t), with
SZ(t) tending uniformly to 0 when ¢ goes to infinity and SZ(¢) being regularizing.
So just consider the decomposition of the solution (u, o) € Br, N @1 as

(u, @) (v, n) + (w, &) such that

SHOG(0),a(0), 520) = (G0, T,
i3

Sez(t)(0707 0) = (Cw(t)7§(t)a E(t)%
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SZk(t) is the operator solving of the linear hyperbolic system

0%y ov on
9%n on on _ v
ﬁ+E*Aat AT] = 71/757 (62)
viego = nlaa = 0,
| . 31/| _
t=0 = Uo, ot t=0 = U1,
| a0, Wymy = a
Nit=0 = 05 Bt t=0 = Qi,
and SZ2(t) is the operator solving of the nonlinear hyperbolic system
0w ow 0¢
W + E — Aw + f( ) - ay (63)
9%¢ J3 o€ B dw
AR e i S A T 64)
wlaa = &oea = 0,
0 0
wlt=o = afi\tzo = ¢&li=o 8?' =0,

and show that the operator S (t) converges uniformly to 0 on every bounded of ®, and operator S?(t)
is regularizing on ;.

Begin by showing that the operator S2(t) converges uniformly to 0 on every bounded of ®o.
Multiplying (6.1) by v and (6.2) by 7, and integrate over Q2. We get

ov
G (WP v 1ol < el G+ 250 65

A

d 0
%(||n|\2+un||zl+2<3—§’7n))+||n|\%ﬂ < 2wl + 20l o F + 2SN (69

Integrate over ) the products (6.1) by 7 and (6.2) by 3 a" . We obtain the two following equalities

4 2 _ oOn v

& (Wi +a % \|)+2\| i )
d _ oy _ o 0w On
(||m|H1+|| )25 2 = -2 5D - 25 5D,

whose sum makes finding the estimate

d
& (W + eGP + s + 152 ) + 2152 + 150 + 205 < ool (67)
Add up y5(6.5), v9(6.6) and ~10(6.7) with v, 79 and 19 > 0 such that
s =279 > 0
Y0 —cpyo —7v8 > O,
Yo —¢pys — 27 > 0
we get
d
E5+Cl\|V||H1+C2H H +03||?7HH1+C4|| H +05H ||H1<0 Ci>0 (6.8)

dt
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where
2 Oov on
Bs = w(lvll” +2e(5; 1) +(lnl* + HnllHl +2(a ;1))
+y0(lvln +6|| || +InllE + || || ),
for the values of vs and 9 small enough, there exists C' > 0 mdependent of e such that
_ ov 0
(Gl e\lg(t)ll2 + ()7 + ||£(t)l\2) < Es(t)
2 ov 2 2 @ 2
< Ol @l + el OIT + IOl + 5, 1)
Thanks to (6.8) we have the following estimate

d

7 E5+,3E5+01H H + Co H HHl <0, (6.9)
where positive constants 3, Cy and C- are |ndependent of €.
Applying Gronwall’s lemma, we get

ov 9]
v ()7 +6Ha(t)\l2 + In@l7 + H%(t)ll2

t Qv 0 —B(t—7 loJe" _
[ UG O+ 15 me ™ dr < QUG 0),a(0), SO o)™, (6.10)
0
where @ is a monotonic function independent of .
The above estimate allows to obtain the uniform estimates of ||v|| g1, ||7]|z: and H || independent

of e.

The uniform estimate energy of the perturbed damped hyperbolic equation (6.1) with initial and
homogenous Dirichlet boundary conditions, is determined as follow.
Thanks to the equation (6.1) , we have

v v on

oz T g ~ A= 5,0 =hn(t), Glizo=C" v(t)loa =0. (6.11)

The proposition A.2 (see [10]) allows to find from equation (6.11), the estimate
tov Bt _
II(Cu(t)H?(e)Jr/ I\E(T)I\Qe PO dr < Ce PG (0) 120 + I1hn(0)[1F-1)
0

' Oh P
+O/ (a1 + 155 O E-1)e 8= g
0

(6.12)
where the positive constants C' and 3 are independent of e.
We begin by findind the estimate of ||h,(7)[|%,-1 + || a;t,,, (7)13,-1. We have
Oh an
(1 () I +IIGT"(T)II?{4 < ”a (M1 + 1l atg( I (6.13)

The estimate (6.10) gives uniform estimates of ||v|| g1, ||7||z1 and ||% || independent of ¢, that implies

Hv\l?ﬁ < CIIVHZlSQ(H(Cu(OLa(O),%?(O)H\%)e’m (6.14)
1270 < CIPUP < QI (0),a(0), T2 (@) llag)e ™, (6.15)
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where C and @ are respectively positive constants and monotonic funtion independent of e.

Equation (6.2) implies
on _ _on

on v
gz~ "o TRa TRV T g

We deduce through the above equation, (6.14), (6.15) and uniform estimate of ||| z1,the following
estimate

(T |\H1+|\n||H1+HuHH1+||at||H )

IN

Q<\|<<u<o>,a(o>,%(o»u%)e‘“+0(|\ 415 ) . @16
The estimates (6.15) and (6.16) inserted into (6.13) allows to find

() res + 1 s < QU000 GEONso)e ™™+ (157 1° + 1 52 ) - .47
Insert (6.17) into (6.12). We find from the estimate (6.10)

t
tov B(t—r
IGO0 + [ 15 @I ar
0

IN

Ce ™+ QU0):a0), SrONlsolee™™ + [ (15F @I+ 15l ) ¢ ar

Q([(€u(0), a(0), %?(O)N\%)e’m, (6.18)
Combining (6.18) and (6.10) we have

[GORTORIONS

IN

t v 0 —B(t—r Oa _
+/O (15 O + 157 OlEn)e™*dr < Q64 (0), a(0), 57 (0) s )"
So the operator S} (t) converges uniformly to 0 on every bounded of ®, when ¢ goes to infinity +-co.

Show that S2(t) is regularizing on ®;.
Multiplying (6.3) by w and (6.4) by £, and integrate over 2. we get

d Ow 0 Ow
& (ol 2600, )+ wlin - < 2cpnf<u>|\2+2c§||a—f||§p+2cp||—||§p, (6.19)

(H&II el + 2, i)) el

IN

QCPHWHHl +2 pH ||H1 +2 pH HHl (6.20)

Multiplying (6.3) by —A 2% and (6.4) by —A %%, and integrate over Q. we get

d _ Odw o€ Ow
a4 (||w|\H2+eHat||H1)+2H8t|\m = 2w, v raw® o2
d 0 ow 0
& (1€l + 155160 ) + 2050 60 + 215 = —2(%w, V50 - 2952 v
The sum of the above equalities allows to find the following estimate

d
dt(||w||Hz+e|\at||H1+|\£\|Hz+|| ||H1)+|| |\H1+|| ||H1+2\| ||Hz
< |f' (W) V) + w7 (6.21)
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Integrate over Q the product of (6.3) by 2 at2 We get the following estimate

Ow
& (15207 + 29w, V9 ) + A 5217 < s+l Sl + 21 . (622

Add up 711(6.19), ’712(6.20), ’y13(6.21) and ’}/14(6.22), where Y11 > 0, Y12 > 0, Y13 > 0 and Y14 > 0
such that

Y11 — 26;27712 —m3 > 0
Y13 — 2¢pY11 — 2012,712 —2m14 > 0,
Y13 — 2¢5711 — 2¢p712 — Comyia > 0.

We find

d
4 By 4 Oyl + o122 o + Collli + Col S + o1 3+ ol T2

< I () Vul® + Gl ()],
we deduce the estimate
d ,
4 By < Gl @)Vl + Gl (6.23)
where
O 0.
B = (ol + 2600, ) + 7 (ugn? +leln + 266, )
Ow
s <||w\|Hz+e|| 2+ llelZe +12 ||H1)+m(u 1?4+ 2V, v 2 >)

For values of y11, y12 and 14 sufficiently small, there exists C' > 0 independent of e such that

OG0, ), To (), < Bold), (624)

The assumption (1.8) makes finding because of (u, ) € Bgr, N ®; that to say u € H*(Q)) with
H?(Q) C L>=(Q), the estimates

1@Vl < e [ ulIVuPdetea [ [Vulde < € (Jullf ol + ulfs) < Cluli
I <€ [ (Il + ) do < C (Jule oy lul® + ) < Clluli.

through estimate (5.1), the above estimates can be write as follow

Q[1(¢u(0), «(0), %?(O)N\d»n)e_ﬁf +C (6.25)

@I < QUIG(0),a(0), 5

t

£ () Vul®

IN

(O)llg)e™ " +C, (6.26)

where C and @ are respectively the positive constants and the monotonic function independent of e.
After inserting (6.25) and (6.26) in (6.23) we find

9B < QUIG0),2(0), %5 (0)) o)™ +C, (6.27)
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Integrating (6.27) from 0 to ¢ € [0, 7] and combining with (6.24), we obtain
0¢

16060, S0l < € [ (QUIG0).a0) GO e + ) ar
< (1) QUG 0), a(0), 22 (O)]lag) + Ct
< Q(H(Cu(ﬂ),a(o),%?(@)II%)+CT
< (1+T)Q(H(Cu(0),a(0),%?(O)N\q»o)
NGl €6, 2B, < (14 T%) QI (0), a(0), 22 O)ay). (6.28)
The estimate (6.28) allows to assert that the operator S.(¢) is regularizing in ®;, and there exists a
bounded and attracting compact set in &. a
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