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ABSTRACT 
 
Let R  be a ring with identity, and M  is a unitary R-module.  In this paper we introduce and study the 

concepts of pseudo lifting modules and give basic properties, examples and characterizations of these concepts.  

  

 Lifting modules have been studied recently by several authors, such as, K. Oshiro [3]. We call a sub module 

N of an R-module M  a pseudo stable, if NNf ≤)(  for each R-monomorphism  MNf →:  [4]  
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1. INTRODUCTION  
 

 Recall that: an R-module is called lifting if for every sub module N  of M  there exists a sub module 

K  of N such that 
'KKM ⊕=  and 

''
KKN <<I , [6]. 

 

In this paper, we introduce and study the concept pseudo lifting modules.  An R-module M  is called 

pseudo lifting module if for every submodule N  of M  there exists a pseudo stable submodule K  of 

N  such that 
'KKM ⊕=  and 

''
KKN <<I  .  

 

2. DEFINITIONS AND PROPERTIES 
 

 Definition 2.1:  Let M  be a module is called a pseudo lifting module if for every submodule N  of 

M  there exists a pseudo stable submodule K  of N  such that 
'

KKM ⊕=  and 
''

KKN <<I  .  

  
Note: A ring R is called pseudo lifting if R is pseudo lifting R-module. 
 
 2.1 Remarks and Examples: 
 
1- Every pseudo lifting module is lifting module, but the converse is not true. This is shown in the 
following example:  

The Z-module ∞∞ ⊕=
PP

ZZM  is lifting Z-module because M is projective and it is well-known 

that every projective module is lifting [5, Theorem 4-1-16], while M  is not pseudo lifting. 
2- Let the Q as Z-module. Q is not pseudo lifting module. 
 
The following lemma gives some properties of small submodules which are needed later  
 

Lemma 2 :  [5] Let KN ,  and L  are submodules of M .  

1- If KN << and LK << , then .  

2- If  and K  is a direct summand of M then . 

3- If MN <<  and 
': MMf →  is a submodule homomorphism, then )()( '

MfNf <<   

 

2.2. Applications 
 
The following theorem gives another characterization of pseudo lifting modules. 
 

Theorem 3: Let M  be an R-module. The following statements are equivalent:  

1. M is pseudo lifting module  

2. Every pseudo stable submodule N of M  can be written as SAN ⊕= , where A  is a 

LN <<

KNMN ≤<< , KN <<
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             direct summand of M and MS << .  

3. For every pseudo stable submodule N of M , there exists a direct summand K of M  

such that NK <<  and KMKN // << .  

 

Proof :  21 → :  

Let M  be a pseudo lifting module. There exists a pseudo stable submodule K  of N  such that 
'

KKM ⊕=  and KKN <<'
I . So MKN <<'

I  by [lemma 2].  Now, MNN I=  

                                                     
''

)( KNKKKN II ⊕=⊕=  

By modular law. We take KA =  and 
'

KNS I= . Therefore SAN ⊕=  with A  is a pseudo 

stable direct summand of M  and MS << . 

 

32 → :  

Let N  be a submodule of M . By (2) SAN ⊕=  where A  is a pseudo stable direct summand of 

M and MS << , we are done if we can show that NMAN // << .  To see that, suppose that 

AMALAN /// =+ .Then AMALASA ///)( =+⊕ .Therefore, LSLSAM +=++= , 

since LLA =≤ , since MS << .  Hence, AMAN // << . 

 

13 →  :  

Let N  be a submodule of M , there exists a pseudo stable submodule K  of N  such that 
'KKM ⊕=  and KMKN // << . We want to show that 

''
KKN <<I . Suppose that

''
KBKN =+I , where 

'KB ≤ .Therefore, BKNKKKM ++=+= ''
I .Thus

KBKNKKM /)(/
' ++= I KBKKKKN /)(/)( +++= I  .Since 

KNKKKN //)(
' ≤+I  , then KMKKKN //)(

' <<+I .  

Therefore, KMKBK //)( =+ . Thus, BKM += . Since, 
'KB ≤  and 0

' =KK I , then 

0=KB I  and hence , BKM ⊕= . This implies 
'KB = .  Hence, 

''
KKN <<I . 

 
 The following theorem give another characterization of pseudo lifting modules. 
 

Theorem 4 : An R-module M  is a pseudo lifting if and only if for each submodule A of M  there 

is a direct decomposition 21 MMM ⊕=  such that 1MA ⊆  where 1M  is a pseudo stable 

submodule of M  and 2MA +  is small in M .  

 

Proof:      (⇒  )  Suppose that M  is pseudo lifting module . Let A  be a sub module of M . Thus 

there exists a pseudo stable direct summand K of M such that A  is small in K . That is 

1KKM ⊕=  for some sub module 1K  of M .  Also, since A  is small in K  and 1K  is small in 1K , 

then 1KA ⊕  is small in 1KKM ⊕= .  Hence 1KA ⊕  is small sub module of M . 

 

 ( ⇐ )   Let A  be a sub module of M ,  then there is a direct decomposition 21 MMM ⊕=  such 

that 1MA ⊆ . Where 1M  is pseudo stable sub module of M and 2MA +  is small in M . To prove 

that M  is pseudo lifting module we claim that A  is small in 1M . Let K  be a non-zero sub module 

of 1M  hence K  is a sub module of M , since 2MA +  in M .  Then )0()( 2 ≠+ KMA I . Let 

2mak +=  be a non-zero element of K , where Aa ∈  and 22 Mm ∈ , thus 

)0(212 =∈−= MMakm I . Therefore, AKak I∈= , then )0(≠AK I .  

Hence A  is small in M . Thus M  is a pseudo lifting module. 
 
The following proposition gives some properties of small submodule. 
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Proposition 5 :  [1] Let LK ,  and N  be a submodules of an R-module M , then  

1- If MK <<  and 
'

: MMf →  is a homomorphism, then 
'

)( MKf << . 

2- If MNLK ⊆⊆⊆  and NL << , then MK << . 

3- If MK <<  and ML << , then MLK <<+ . 

4- If L  is a direct summand of M  and LK ⊆  with MK << , then LK << .  

 

Remark 6 :  Let M  be an R-module , M  is pseudo lifting if   for every submodule N  of M , 

there exists a pseudo stable submodule K  of  such that  and MKN <<'
I . 

 

Proof :   Let N  be any submodule of M , since M  is pseudo lifting module , so by definition (1) 

there exists a submodule K  of N  such that  and 
''

KKN <<I  , but MK ⊆'
, 

hence MKN <<'
I  

 

Recall that a module M  is semi simple, if every submodule is a direct summand of M ,  [7].  
 
It is clear that (0) is the only small submodule in a semi simple module. 
 
Proposition 7:    Every semi simple module is pseudo lifting module. 
 

Proof:   Let M  be a semi simple module and N  a pseudo stable submodule of M . Since M  is 

semi simple, N  is a direct summand of M , i.e. TNM ⊕= , MTN <<= 0I .  

Hence, M  is pseudo lifting. 
 

Recall that the Jacobson Radical of a module M  (nation J(M)) is the intersection of all maximal 

submodules of M .  
 

Note that the sum of all submodule of a module M  is equal to )(MJ . [2, p.55]. 

 

Proposition 8:    Let M  be a module with 0)( =MJ , if M  is Artinian , then M  is semi simple and 

hence , a pseudo lifting module . 
 

Proof:   Let N  be a pseudo stable submodule of M . Set },:{ MNLNMLS <<+== . It is 

clear that φ≠S  , since SM ∈ .  Now M  is Artinian implies that S  has a minimal element say K .  

Let )( KNUM I+=  , where MU << , KUNKNNKNM II +=+=+=  by the 

minimality of K  , we have KKU =I , i.e , UK ≤ .  Hence, MU = . This implies that 

MKN <<I . Thus, 0)( =≤ MJKN I . i.e  0=KN I .  

Therefore, KNM ⊕=  and thus M  is semi simple. 

  

A module M  is said to be hollow, if every proper submodule is small in M . 
 
 
Proposition 9:   Every hollow modules is pseudo lifting module. 
 

Proof :   Let N  be a pseudo stable submodule of M , then 0⊕= MN  and by Theorem (3), M  is 

pseudo lifting . 
 
The following proposition shows that any direct summand of pseudo lifting module is pseudo lifting. 
 
Proposition 10: Any direct summand of a pseudo lifting module is pseudo lifting. 
 

Proof:   Let M  be a pseudo lifting module.  Suppose that 21 MMM ⊕=  .  

N 'KKM ⊕=

'KKM ⊕=

UNDER PEER REVIEW



We want to show that 1M  is pseudo lifting, let N  be a submodule of 1M , so MN ≤ .  

By Theorem (3), SAN ⊕= , where A  is a pseudo stable direct summand of M  and MS <<   

By Lemma (2) 1MS << .  Now TAM ⊕= , where MT ≤ , since A  is pseudo stable direct 

summand of M .  We are done if we can show that A  is a pseudo stable direct summand of 1M .  

Now )()( 1111 TMATAMMMM III ⊕=⊕== , by the modular law . Thus, A  is a pseudo 

stable direct summand of N .  By Theorem (3), 1M  is pseudo lifting. 
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