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Oscillation criteria for second-order nonlinear delay

dynamic equations on time scales

Abstract: In this paper, we are concerned with a class of second-order nonlinear delay dy-
namic equations on time scales. By using the generalized Riccati technique and the integral
averaging technique of Grace-type, four new oscillation criteria are obtained for every so-
lutions of the equations to be oscillatory. Our results not only extend and improve some
known theorems, but also unify the oscillation of the second-order nonlinear delay differential
equation and the second-order nonlinear delay difference equation on time scales.
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1 Introduction

The theory of time scales, which has recently received a lot of attention, was introduced by Hilger [1],

in order to unify continuous and discrete analysis. Several authors have expounded on various aspects of
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this new theory, see [2-4]. A time scale T is an arbitrary closed subset of the reals, and when this time
scale is equal to the reals or to the integers the cases represent the classical theories of differential and
difference equations. Not only does the new theory of so-called “ dynamic equations” unify the theories
of differential equations and difference equations, but also the theory extends these classical cases to
cases “in between”, e.g., to so-called g-difference equations when T = ¢ = {¢* : t € Ny for ¢ > 1} or
T=q%:= q*U{0} and can be applied on different types of time scales like T = AN, T = N? = {2 : ¢ € N}
and T=T, = {t, = > 1_, %, n € No} and the space of the harmonic numbers.

In recent years, there has been much research activity concerning the oscillation and nonoscillation
of solutions of various equations on time scales, and we refer the reader to Bohner [5], Erbe [6,7], and
[8-15]. In this paper we deal with the oscillatory behavior of all solutions of nonlinear second-order delay

dynamic equation

(a(t)(@™ (1)) +q(t) f(x(7(t)) =0, tET, t>to, (1.1)

subject to the hypotheses:
(Hy) T is a time scale (i.e., a nonempty closed subset of the real numbers R) which is unbounded above,
and typ € T with ¢y > 0. We define the time scale interval of the form [tg, 00)t by [to, 00)T = [to, 00) N T.
(H2) v > 1 is the ratio of two positive odd integers;
(H3) a, g are positive real-valued right-dense continuous functions on an arbitrary time scale T.
(Hy) 7 € Cly([to,o0)r, T) is a strictly increasing and differentiable function such that 7(t) < ¢,
7(t) — 00 as t — oo and T := 7(T) C T.

(Hs) f € C(R,R) is a continuous function such that satisfies for some positive constant L,

f(z)

xY

> L for all x #0.

By a solution of (1.1), we mean a nontrivial real-valued function z satisfying (1.1) for ¢t € T. We recall
that a solution z of equation (1.1) is said to be oscillatory on [tg, 00)r in case it is neither eventually
positive nor eventually negative; otherwise, the solution is said to be nonoscillatory. Equation (1.1) is said

to be oscillatory in case all of its solutions are oscillatory. Our attention is restricted on those solutions



x of (1.1) which z is not the eventually identically zero. Since a(t) > 0, we shall consider both the cases

[ (ﬁ)* At— oo 12)
/: (%); At < o0. (1.3)

It is easy to see that (1.1) can be transformed into a second-order nonlinear delay dynamic equation

and

(a(t)z®($)® +q(t) f(x(7(t)) =0, tET, t>to, (1.4)
where y = 1. In (1.1), if f(z) = 27, 7(t) = t, then (1.1) is simplified to an equation
(a(t) (> )2 +qt)z (t) =0, teT, t>t. (1.5)
In (1.4), if a(t) = 1, then (1.4) is simplified to an equation
z28 () + qt) f(x(T(t)) =0, t€T, t>to. (1.6)
In (1.6), if f(z) = x, then (1.6) is simplified to an equation
22 (t) + q(t)x(r(t)) =0, teT, t>to. (1.7)

In 2005, Agarwal, Bohner and Saker [12] considered the linear delay dynamic equations (1.7), Sahiner
[13] considered the nonlinear delay dynamic equations (1.6), and established some sufficient conditions
for oscillation of (1.7) and (1.6). In 2007, Erbe, Peterson and Saker [14] considered the general nonlinear
delay dynamic equations (1.4), setting to obtain some new oscillation criteria which improve the results
given by Sahiner [13]. In 2005, Saker [15] and in 2009, Grace, Bohner and Agarwal [10] considered the
half-linear dynamic equations (1.5), and established some sufficient conditions for oscillation of (1.5). In
2009, Sun, Han and Zhang [8] extended and improved the results of [12-14] to (1.1), meanwhile obtained
some oscillatory criteria of (1.1). On this basis, we continue to discuss the oscillation of solutions of the
equation (1.1), by using the generalized Riccati transformation and the inequality technique, we obtain

some new oscillation criteria of the equation (1.1), our results extend and improve some known results.



The paper is organized as follows: In Sect. 2 we present basic definitions, and theory of calculus on
time scale. In Sect. 3, we give several lemmas. In Sect. 4, we intend to use the generalized Riccati
transformation and the inequality technique, to obtain some sufficient conditions for oscillation of all

solutions of equation (1.1).

2 Some preliminaries

On the time scale T we define the forward and the backward jump operators by
o(t)=inf{s € T:s >t} and p(t) =sup{s € T:s < t}.

A point t € T is said to be left-dense if p(t) = t, right-dense if o(t) = ¢, left-scattered if p(t) < ¢ and
right-scattered if o(t) > ¢. The graininess p of the time scale is defined by u(t) = o(t) —t. For a function

f:T — R, the (delta) derivative is defined by [°!

)

)

_ fe) - 1)
o(t)—t

if f is continuous at t and ¢ is right-scattered. If ¢ is not right-scattered then derivative is defined by

@) = 1) _ . f0) = f()

sott t—s st t—s

provided this limit exists. A function f : T — R is said to be rd-continuous if it is continuous at each
right-dense point and if there exists a finite left limit at all left-dense points. The set of rd-continuous
functions f : T — R is denoted by C,4(T,R). The derivative f© of f and the shift f@ of f are related by

the formula

f7=f+upuf> where f7=foo.

We will make use of the following product and quotient rules for the derivative of the product fg and

the quotient f/g of two differentiable functions f and g

F9)> (1) = F2Og(t) + Fo(®)g™ (1) = FHg> () + F2 Og(o (1)), (2.1)
N\ FAg®) = FHg™ ()
(g) O = = ete)) 22)



For b, c € T and a differentiable function f, the Cauchy integral of f& is defined by
| rewae= 10 o).
The integration by parts formula reads
/ FEMgt AL = fe)g(e) — f(b)g(b) — / f7 (g () Ot (2.3)
b b
and infinite integrals are defined by
o t
/ f(s)As = lim f(s)As.
b t—o00 b
Note that in the case T = R, we have
o) = olt) =t ) =0, 20 = o). [ rwse= [ o
and in the case T = Z, we have

and (if b < ¢)

For more details, see [3,4].

3 Several lemmas

Lemma 3.1 (Bohner et al. [3, Theorem 1.93]) Assume that v : T — R is strictly increasing and

T := o(T) is a time scale. Let w: T — R. If v2(t) and wg(v(t)) exist for t € T*, where

T _ T\ (p(sup T), sup T, if supT < oo,
T, if supT = oo.
Then
(wowv)® = (w~ ov)v?. (3.1)



Lemma 3.2 (Bohner et al. [3, Theorem 1.90]) Assume that z is delta-differentiable and eventually

positive or eventually negative, then

(z(t)")* = 7/0 [ha(o(t)) + (1 = R)a(t)] " 22 (t)dh. (3.2)

Lemma 3.3 (Sun et al. [8, Lemma 2.1]) Assume (H;)-(Hs) and (1.2). Let « be an eventually position

solution of (1.1). Then there exists ¢; € [tg, 00)r such that

z2(t) >0, (a(t)(z®())? <0, t € [t1,00)r. (3.3)

4 Main Results

Theorem 4.1 Assume that the conditions (H;)-(Hs) and (1.2) hold, if there exists a positive

nondecreasing A— differentiable function 6 € C},([to, c0)r, R) such that for every T' € [to, 0o)r

1i{risolip/T [Ld(s)q(s) — n" (1(s))0° ()] As = oo, (4.1)
where
n(r(t)) = ( | o) r%)m) (1.2

Then (1.1) is oscillatory on [tg, 00)T.

Proof Suppose to the contrary that x is a nonoscillatory solutions of (1.1) on [tg,00)r. We may
assume without loss of generality that z(t) > 0 and x(7(t)) > 0 for all ¢ € [t1,00)T, t1 € [to,00)r. We
shall consider only this case, since the proof when x is eventually negative is similar. By Lemma 3.3 we
have 22 (t) > 0 for all ¢ € [ta,00)T, t2 € [t1,00)T, and by Lemma 3.1 and (Hy), there exists T' € [ta, 00)T

such that (z(7(¢)))® > 0 for all t € [T, 00)t. Using (3.2) and (3.3), we have
(2(r())")> = ’Y/O [A((r(£)))” + (1= Ra(r($)] " (z(r (1)) dh

> 7/0 [ (r(£)) + (1 = Wa(r ()] (2(r (1)) dh

= A (1)) (1)



Let v = 7,w = x in Lemma 3.1, we know that T is unbounded above by (Hj), which implies T* = T.

Further, as T = 7(T) = T by (Hy), we can get from Lemma 3.1 that

(2(r(1)))® = &2 (r(£)) > (2).
Thus
((@(r(H))® = (a(r() 2 (r(t)T> () > 0. (4.3)

Define the function W(t) by

Gty > e .

Ay B A YA a1 (e (o) ETOD TN () — () (e (r($) 1)
WA (1) = oo (@S 07)° + ala0) e o) O UL
. alo () (@)D SDalo®)a (1) (1))
= O T ) (&l @) o))" )
. alo (1) (x> 0(1)) 02 (1)
= OO TGy
. a(r ) (e () 550 _ o (FEO)Y
< - zaop(e) + TN CDIE — ramae + a0 (S5 - o)
Now
o7 (0) = alr() + [ B )2 (s
= X\T t 1 %GTS %I'ATS TAS S
—altr) + [ () @)} e e 6
t ! ; A(s)As | (a(r (1 7
z(/T (ew) 7 <>A>((<t>>< )"
and thus

a? (1(t)) ’ 1 t 1 5 A _’Yi 07 (7(t))
(x(r(t)) > < (@) (/T <a(7’(s))> T (s)As) =2 ®) for te[T,o00)r. (4.7)

Using (4.7) in (4.6), we have



Integrating (4.8) from T to ¢, we obtain

t

0< W) S W)~ [ [L3(6a(s) 1 (r(s)5° ()] L,

T

which gives a contradiction using (4.1). This completes the proof. OJ
Remark 4.1 From Theorem 4.1, we can obtain different conditions for oscillation of all solutions of
(1.1) with different choices of 4(t).
Now, when (1.3) holds, we give the condition that guarantee that every solution of (1.1) oscillates.
Theorem 4.2 Assume that the conditions (H;)-(Hs) and (1.3) hold. Let § is as in Theorem 4.1 and

conditions (4.1), (4.2) hold, if for every T € [to, c0)T

/OO {L / HW(u)q(u)Au} " As=oo, (4.9)

v La(s) Jr

o(t) = /too (ﬁ) ’ As. (4.10)

Proof Suppose to the contrary that x is a nonoscillatory solutions of (1.1) on [tg,c0)r. We may

where

Then (1.1) is oscillatory on [tg, 00)T.

assume without loss of generality that x(t) > 0 and x(7(¢)) > 0 for all ¢ € [t1,00)T, t1 € [to,00)r. We
shall consider only this case, since the proof when z is eventually negative is similar. Since a(t)(z* (¢))”
is decreasing for all t € [T, c0)r, T € [t1,00)r, it is eventually of one sign and hence z*(t) is eventually
of one sign. Thus, we shall distinguish the following two cases:

(I) 2®(t) >0 for t > T; and

(II) z®(t) <0 fort > T.

Case (I). The proof when 2 (t) is an eventually positive is similar to that of the proof of Theorem
4.1 and it hence is omitted.

Case (II). For s >t > T, we have

and hence

o2z (49 (a2 ) (411)



Integrating (4.11) from ¢ > T to u > t and letting u — oo yields

= L % s| (a %7IA = — a% LL‘A or e.¢]
z<t>z[/t (:5) A]((t»( (1) = ~6(t)a (O (1) Tor 1€ [T.00)r,

and thus

(@(t)) = —(0(1)) a(t) (@™ (1) = —(6(t))"a(T)(@™(T))" = b(6(1))" for t€ [T,c0)r, (4.12)
with b = —a(T)(z*(T))” > 0. Using (4.12) in equation (1.1), we find

—(a(t)(@® (1)) = La(t)(x(7(1)))" = Lq(t)(«(t))” = bLY (1)q(t) for t € [T, o0)r, (4.13)

Integrating (4.13) from T to t, we have

t

07(s)q(s)As > bL/T 07 (s)q(s)As,

so that 1
202 [ 25 [0 (114)

Integrating (4.14) from T to ¢, we obtain

00 > 2(T) > —a(t) + 2(T) > /Tt {% /T m(u)q(u)mr As— 00 as t— oo

by (4.9), a contradiction. This completes the proof. O
Remark 4.2 Suppose that the condition (1.3) is satisfied, then Theorem 4.2 obtains the sufficient
condition of oscillation for equation (1.1). The usual result is that the conditions (1.3) was established,
then every solution of the equation (1.1) is either oscillatory or converges to zero on [tg, 00)t.
Theorem 4.3 Assume that the conditions (H;)-(H;) and (1.2) hold, if there exists a positive A—

differentiable function ¢ € C.,([to, c0)r, R) such that for every T' € [t, o)1

| t GGONCR O
h{risogp/T qu(s)é(s) T 20(s)75 (s) (n?(s)) As = 00, (4.15)
where 7 is as in (4.2). Then (1.1) is oscillatory on [tg, 00)T.

Proof Suppose to the contrary that x is a nonoscillatory solutions of (1.1) on [tp,00)r. We may

assume without loss of generality that z(t) > 0 and x(7(¢)) > 0 for all ¢ € [t1,00)T, t1 € [to,00)r. We



shall consider only this case, since the proof when z is eventually negative is similar. Proceeding as in

the proof of Theorem 4.1, we obtain (4.3) and (4.5). Using (4.3) in (4.5), we have on [T, co)r that

A alo 2 (o T2 (r(8)) e
WA(0) < ~La(05(0) + 5 EWlo(y) - 22U T e T () (1.16)
By (a(t)(z®(t))")> < 0, we have
a7 () (> (D) > alo@®) @ @®) .o 28(0) > LT a0y (4.17)
(a(r(t))>
Substituting (4.17) in (4.16), we obtain
WA (1) < ~La®(t) + =W (o(t) VOO (o)™ on (1,000
3(a()) (a(r(t)7 (5(a(t)
ie., on [T, 00)T
54 (t) Y6(£) T4 () 1oy
WA (1) < —La(t)s(t) + W (1)) : (W) T Wem)?.  (418)
! 5(a(t) (e () (o (0)
Now inequality (4.7), i.e.
w(r(t) _ar(r(t) [ et a7
) S ) S T

implies on [T, 0o0)r that

x(t)

W)= = @(t)a(t) 7 (:cA(t)) . > (6(t)a(t)) ~ ) 5 (m' (). (4.19)
Using (4.19) in (4.18), we have on [T, co)r that
52 (t) VO(H)TA (¢ -
WA (t) < —Lq(t)8(t) + W(o(t)) — . a(ONTY (W (o (t)))?
(t) q(t)s(t) 5o (0) (o(1)) (G(T(t)));(é(a(t)))Q(n( () T (W(a(t)))
_ (a(7(£)))7 (82 (£))*
= —Lq(t)o(t) + o (A ) (n(o(1)))
V)T () (o (8) 17 W B (a(r ()76 (t)
(o) (a(r(t))* 2\/78(t) T2 () (n(o (1))

10



Integrating both sides of this inequality from T to ¢, taking the lim sup of the resulting inequality as t — oo
and applying condition (4.15), we obtain a contradiction to the fact that W (t) > 0 for ¢ € [T, 0c0)y. This
completes the proof. [

Using the same ideas as in the proof of Theorem 4.2, when (1.3) holds, we can now obtain following
result.

Theorem 4.4 Assume that the conditions (Hy)-(Hs), (1.3), (4.9) and (4.15) hold, let n and 6 be as
in (4.2) and (4.10). Then (1.1) is oscillatory on [tg, c0)r. OJ

Remark 4.3 Our results in this paper improve and extend some theorems in [15] and [10]. Especially,
when f(x) =27, 7(t) = t, the Theorems 4.1-4.4 can convert into Theorems 3.2, 3.1, 3.6 and 3.5 in [10].
The theorems in this paper are new even for the cases T =R and T = Z.

Here, we shall reformulate the above conditions which are sufficient for the oscillation of (1.1) when
(1.2) holds on different time scales:

If T =R, then (1.1) becomes

(a®)(@' (1)) + ) f(x(7(t))) =0, t € [to,0), (4.20)

condition (4.1) and (4.15), respectively, becomes

1

e w16 ([ (5) 0] Jas=o 2

) t B (a(T(S)))%((gl(s))Q (s) 1 1 1—y B
h?f;lp/tl Lq(s)d(s) 40 (s)7'(5) (/Tm) (a(u)) du) ds = oo, (4.22)

conditions (4.21) and (4.22) are new. The Theorems 4.1 and 4.3 are new even for the cases T = R.

and

If T = Z, then (1.1) becomes
A(an(Axn)'V) + an(xn—g) = 07 n= 0) 17 2) Ty (423)

condition (4.1) and (4.15), respectively, becomes

n l—o—1 1\ 7
1 v
lim sup g Lqié; — N\, ( E (a—k) ) = 00, (4.24)

n—oo
l=n0 k=n0 —0

11



(4.25)

and
n 1 l—o 1\ =
. (a—o)7 (Ad)* Ly~ _
hrrlILSOL;p Z Lqd; — e, Z o = 0,
l=ng k=no—o
conditions (4.24) and (4.25) are new. The Theorem 4.1 and 4.3 are new even for the cases T = Z.
Example Considered the second-order nonlinear delay 2-difference equations
2 A 5\ O 8 t 3 2 —
(ﬁ (z (t))S) +t7s <x <§>) <1+x <2)> =0, t€2Z, t>ty:=2. (4.26)
Here
2 _8 5 2 t 5
a(t) =13, qt)=t"53, f(x):xd(l—i—ac), T(t)=§, ’y:§.
The conditions (Hi)-(H4) are clearly satisfied, (Hs) holds with L = 1, next, for ¢ > 2 so that
t > t 3 3
1 R4 ts5 — 25
/ <—) As:/s*%As: 53 — o0 as t— oo,
2 \a(s) 2 25 —1
a2t
= o

1t
/ sT3As
2

3
5

hence (1.2) is satisfied. Now let 6(t) = ¢ for all t > s > 2,
1\" -
:
) TA(S)AS) -5

(@) = ( | (o

then
t 3 3
1 2% — 1 5\ 2
:/ -2 == (s%) As—o00 as t— oo,
9 | S s5 — 235

t
/ [L6(s)a(s) — 17 ((5))5% (5)] Ds
2
so that (4.1) is satisfied as well. Altogether, by Theorem 4.1, the equation (4.26) is oscillatory.
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