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Abstract
In this paper, we study the Camassa-Holm equation with quartic nonlinearity. We prove
that the Cauchy problem for this equation is locally well-posed in the critical Besov space B;/lz
orin By, with 1 <p,r < +o0, s > max{1 + 1/p,3/2}. We also prove that if a weaker Bl .-
topology is used, then the solution map becomes Hélder continuous. Furthermore, if the space

variable z is taken to be periodic, we show that the solution map defined by the associated

periodic boundary problem is not uniformly continuous in B3, with 1 <r < 4o00,s >3 /2 or
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1 Introduction

The well-known Camassa-Holm equation (CH for short)
Up — Uggt + ULy = 2UpUpr + Ulggy, (1.1)

was first derived by Fokas and Fuchssteiner in [I] for studying completely integrable general-
ization of the KdV equation with bi-Hamiltonian structure, and later proposed by Camassa
and Holm in [2] as a model for unidirectional propagation of shallow water waves over a
flat bottom, and it is proved that the CH equation is completely integrable and possesses
an infinite number of conservation laws. It is quite different from the KdV equation that
the CH equation has peakon solution and breaking waves, see [2]-[4]. As noted in [5], it is
intriguing to find both phenomena of soliton interaction and wave breaking can exhibit in one
mathematical model of shallow water waves. The CH equation is well investigated in view
of mathematical point and a lot of achievements had been made. For instance, the Cauchy
problem for CH and periodic CH equation were studied in [6]-[§], the global weak solutions
and global conservative and dissipative solutions were obtained in [9]-[13], the peakon and
smooth solitary wave solutions were proved to be orbital stable and interacts like solitons

[14]-[17], on the wave-breaking we refer to [18]-[22].

There are considerable researches having studied the following generalized CH equation
[23]—[23],
Ut — Uggt + AU Uy = 2UzpUpy + Ullggs, (1.2)

they have focused on the stronger nonlinear convection, that is, the nonlinear convection term
Ul 1N has been changed to u™u, in , which makes the structure of their solutions
change a lot. There are many new nonlinear phenomena arise for equation (1.2]), such as
compacton solitons with compact support, solitons with cusps, or peakons, cf. [29]—[37]. Four
simple ansdzs were proposed to obtain abundant solutions: compactons, solitary patterns
solutions having infinite slopes or cusps, and solitary waves in [29]. By using bifurcation
method, peakons and periodic cusp waves were studied in [33]-[35], the explicit expressions

of peakons for ([1.2)) are given in some special cases. In [36] some new exact peaked solitary
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waves were derived. By employing polynomial ansdz the periodic wave and peaked solitary
waves of equation were investigated in [37]. The Cauchy problem of equation was
studied in [38, B9] and the solitary waves for the equation was proved to be orbital
stable for any speed in [23], 40] as n = 2, 3.

Motivated by the previous work on the generalized CH equation, in this paper we aim to
study the Cauchy problem of equation with the initial value date in Besov space and

the continuity properties of the solution map in the case n = 3,

3

Up — Ugpt + QU UL = 2UpUgy + Ulgrs, (1.3)

u(0,z) =ug(z) € By,, v€R, teR". (1.4)

The main difficulties we are encountered with are to prove that the approximate solutions
to the Cauchy problem is uniformly bounded in B;/f and that the approximate
solutions is a Cauchy sequence in B21’/12 due to the fact that involving quartic nonlinearity
is much more complicated than cubic or square nonlinearities. For the method, it is more

convenient to reformulate (1.3]) (1.4) as the nonlocal form:

1 1
Opu + udpu + 9,(1 — 02) ™1 (—au4 + —u? — (ux)Q) =0,
1" T T (1.5)
u(0,x) =ug(z) € By,, v€R, teR".
Denoting A = (1 — 92)~! and
F(u) =0 A(—gu4 + luQ - }(u )?) (1.6)
T 4 2 2 xr 9 .
then (1.5)) can be rewrite as follows:
Ou+ulpu + F(u) =0, z€R, t € RT,
(1.7)

u(0,7) = up(z) € By,
It is easy to verify that F': By . — Bj . is continuous when s > 1 + 117 with 1 < p,r < 0.

Therefore, it is reasonable to expect the existence of local solutions in B,, with s > 1+

%, 1 < p,r < co. However, we will need the products estimate of the type ||fg||B;;1 <
Hf”B;;l HQHB;‘,?’ hence the condition s > 3/2 is required.
Before starting the main results, we explain the notations and conventions used through-

out this paper.
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Notations. In this paper we adopt the following notations:
The notation < denotes the estimates that hold up to some universal constant which may
change from line to line but whose meaning is clear from the context. .#(R) is the space
of rapidly decreasing functions on R and .%’/(R) is its dual space. If the function spaces are
over R, we will drop R in our notations of function spaces if there is no ambiguity. When the
function spaces are over T = R/27Z, we will not omit T in our notations.

ForT'>0,s € R and 1 < p < oo, we define

s (1) = C([0,T]; By, ) N CH([0,T); By, Y),  if r < oo,
P L0, T By o) N Lip([0,T); B3Y), if r = o

Our main results are as follows:

Theorem 1.1. If ug € B%Z, then we have
(1) There is a T,, > 0 such that the problem (1.5 has a unique solution w in E%Q(TUO)
which depends continuously on the initial data ug. Moreover, the solution u satisfies

’ (1.8)

HU(t)HBg’/f S QHUOHB;GQ + 1, fOI‘ 0 S t S Tuo S 39

48C <HU()”33/2 + 1)
2,1

where C > 0 is a constant.

(2) The solution map uy — u(t,-) defined by (1.5) is Hélder continuous as a map from

B(0,R) C 337/12, with the B;/OQO topology, to C([O,f],Bg,l), % <q< % More precisely, if

up,v9 € B(0,R) C B;/lz and u,v are the solutions corresponding to the initial data ug,vo,
respectively, then for % <qg< %, we have

Ju(t) — o(®)llpg, § luo — vollgy, 0= t<T, (1.9)

where T = and o = (3 — q) exp {—CR} with the constant Cr > 0.

7
48C(R+1)3”

Theorem 1.2. Let 1 < p,r < oo, s > max{1l + %, %} and ug € By ., then we have

(1) There is a Ty, > 0 such that the problem (L.5) has a unique solution u in Ej .(Ty,).

The solution map ug — u defined by the problem (1.5)) is continuous from By, into E;:T(Tuo)

for every s’ < s(s' <s if r < oo). Moreover, the solution u satisfies

7
480(HUOHB§,T +1)3’

lu@®)llB;, <2[uollps, +1, for 0<t<Ty <

P —

(1.10)
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where C' > 0 is a constant depending on p,r, s.
(2) If uo,vo € B(0,R) C By .. Let u,v be two solutions corresponding to the initial data

ug, vg, respectively. Then we have

lut) = vl g, < lluo — voll e . 0< ¢ < T, (1.11)
where T = m, q1,q2 and the exponent o satisfy
17 ifs#Q—l—%,max{%, %}<(J1:CI2SS—1, Q1ZQ27£1+%a
a=1< 58— qo, ifs#2+%,s—1:q1<qz<s, (1.12)

1 el 1
qQ =3, 1f3—2—i—p,

max{3, %} <@g <@p=1+ %,
In other words, the solution map ug +— u(t,-) defined by (L.5)) is Holder continuous as a map

from B(0,R) C B, with the BY, topology, to C([0,T], BE.).

p?r’

Remark 1.1. When the space variable x is taken to be periodic with period 27, we consider
the periodic boundary value problem instead of the Cauchy problem (|1.5)), that is

Ou +udzu+ F(u) =0, t >0, v+#0,
(1.13)

u(0,2) = up(z) € B

o 1 €T =R/21Z.

When z € T = R/27Z, since Theorems and also hold for x € T, we know that
the solution map is continuous in B, , and in Bg/lz (even Holder continuous if some suitable

weak topology is chosen). However, when x € T, from the following theorem, we see that it

is not uniformly continuous in B3, with 1 <r <ocoand s >3/2orr =1 and s = 3/2.

Theorem 1.3. When x € T = R/27Z, for the solution map ug — u(t,-) defined by ,
we have the following results:

(1) When 1 < r < oo and s > 3/2, the map ug — u(t,-) is not uniformly continuous
from any bounded subset in Bj, into C([0,T]; B ,.(T)) if r < oo or into L>(0,T; BS (T))
if r = oo for some T > 0. More precisely, there exist two sequences of solutions u;(t) and

v;(t) such that

i)l Bg (1) + llvi(®)ll B3, (1) S 1, (1.14)
lim ||u;(0) — v;(0)[| gy (1) = 0, (1.15)
1—00 )
liminf [|u;() — vi(t)[|py (1) 2 [sint|, 0<t<T. (1.16)
1—00 T
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(2) When s = 3/2, the map ug — u(t,-) is not uniformly continuous from any bound-
ed subset in B;/Q into C’([O,f];BSf(T)) for some T > 0. More precisely, there exist two

sequences of solutions u;(t) and v;(t) such that

|’ui(t)“337/12('11‘) + ||Ui(t)”B§(12(T) < 1 (117)

Jim i (0) =i (Ol g2 gy = 0, (1.18)

lim inf ||ui(t) — vi(t)]] a/2, 2 |sint], 0<t<T. (1.19)
1—00 Bz,l (T)

2 Preliminaries

In this section, we shall recall some basic facts on the Littlewood—Paley theory, Besov spaces
and the transport equations theory that will be used in this paper. We refer to [42]-[45] for
the details of them.

Let x, ¢ be two functions satisfying x,¢ € C(R),0 < x,¢ < 1, x(§) =1 for || < %,
suppx = {€ € R, [¢] < 3} and ¢(€) = x(27'€) — x(€). Then

X+ 627¢) =1, VEeR,

JEN
supp ¢(277-) (\supp 6277 ) =2 if |j— 5| > 2,

supp x(-)[ |supp ¢(277-) =& if j>1.

For u € #'(R), we define the nonhomogeneous dyadic block operators as
A_u = x(D)u =F; 'xFpu,
Aju=¢(27 Dyu = F, ' ¢(277 &) Fou, if j >0,
where F,u is the Fourier transform in x. Then we have
00
u= Z Aju  converges in .’ (R) or in H*(R).
j=—1

We define the low frequency cut-off S; as Sju = Zg;il Aju. Direct computation implies
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that for any 1 < p < oo,

AAu=0, if [i—j|>2, Vu veSR),
Aj(Si_l’U,Ai’U) =0, if |7, —]‘ >5 VYu,ve y’(R),
HAiuHLP < CHUHLP, Vuc€ LP(R),

|Ssullze < Cllullze, ¥ ue LP(R).

Definition 2.1 (Besov spaces). Let s € R, 1 < p,r < +00. The nonhomogeneous Besov

space By .(R) is defined by
B, (R) = {f € #'(R): |Ifllpy, ) < 0}

where ||y, &) = 127° 8 fllrcury = || (18 Fla) 1oy

I
Remark 2.1. When p = 2 and 1 < r < +o0o, the above definition is equivalent to the

following:

|a+eir

T + “1+€2%‘FIUT ’ 7"<OO,
L2(-1,1) j%; e 12(C)

Lz(cj)} ’ r=%0

where Cj = {¢ € R: 2/ <[¢] <271}, In particular, if p = r = 2, then Bj, = H*.

HuHBiT(R) =

|1+ )3 R

sup { H(l + &2 Fu

b
jEN L3(-1,1)

The following Lemma summarizes some useful properties of B ...

Lemma 2.1 ([41]-[45]). Let s € R, 1 <p, r, pj, rj < o0, j =1,2, then
(1) B, ,.(R) is a Banach space and is continuously embedded in .#”(R).

: ) _ 11
(2) Byl = Bp2,, if pr <pa;rp <rp and s3 = 51 — (p—1 — p—2).

B — B2, is locally compact if sp < s1; 71 < ra.

(3) Vs > 0, B, N L% is a Banach algebra. B, , is a Banach algebra & By, — L* &

s>%(or82%andr:1).

(4) V0 € [0,1], s = 0s1 + (1 — 0)so,

1F1lm;, < CUfl 152, v f € Byt B2,

p,r
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(5) VO € (0,1), s1 > s2, s = 0s1 + (1 — 0)sa,

ull s, < 20

Pl_sl_

fully 550 . ¥ e B
(6) If {un}nen is bounded in By, and u, converges to u in .#/(R), then u € B, , and
Jullsg, < Yimminf 155,
Remark 2.2. Recall that we denote P(D) = (1 — 82)~! and we shall use the estimates

IPD)flss, S 1 fllgs2s 10:PD)Fllms, < 1] ger.
In terms of the operator, we say that P(D) = (1 — 92)~! is an isometry from Bj . into Bf,j?
and 0, P(D) is an isometry from Bj . into B5t!.
Now we recall some results in Besov spaces By, of the transport equation. We refer to
[42], 43, 46], 47] for the details.
Lemma 2.2 (a priori estimates). Let 1 < p, r < oo and s > — min {%, 1- %} . Assume that
foeBs,, FeL'0,T;B;,) and 8,v € L*(0,T; B5,) if s > 1+ % or Oyv € LY(0,T; B;{rpﬂ
L) otherwise. If f € L*>(0,T;B;,) N C([0,T];'(R)) solves the following 1-D linear
transport equation:
fi+tvfe=F t>0, zekR, (2.1)
f(()?x) :fov l‘GR, (22)
then there exists a constant C depending only on s,p,r such that the following statements

hold:

(1) For allt € [0,T],

If1lB;, < Ilfollss, + /Ot IIF(T)IIB;,TdTﬂLC/Ot VI(D)lf ()l ,dr, (2.3)
and hence,
1 fllss, < LV () <||f0HBs /Ot ~OVO)||F(r )||B;,rd7> , (2.4)
where
Vo - N 02 (T)| g1 /oo, if 5 <1+ 2

fg [02(7) || p3-2d, if s>1 +% or (s =1+ l and r = 1) :

(2) If f =w, then (1) holds true for all s > 0 with V(¢ fo |vg (7)]| LoedT.
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Lemma 2.3 (Existence and uniqueness). Let p,r, s, fo and F' be as in the statement of Lemma

. Assume that v € LP(0,T; BgO%O) Jor some p > 1, M > 0 and v, € L*(0,T;B3;") if
1 ‘

s> 1+% or s = l—i-%, r=1 and vy € Ll(O,T;Bp/o%ﬂLOO) if s < 1—1-%. Then (2.1)) (2.2))

have a unique solution f € L>(0,T; B, )N C([0,TT]; B;:l) for any ' < s and the inequalities

of Lemma hold true. Moreover, if r < oo, then f € C([0,T]; B, ).
We will use the following estimates frequently.

Lemma 2.4 (Moser-type estimates, see [41, 42} [43], [48]). Letting 1 < p,r < +o0, then we
have the following estimates:
p,r

() Fors >0, Ifgls;, < C (Il gl + 1fle=lgllss,) ¥ fg€ By, N>,

(ii) For a1181§%<82(522 if r=1)ands;+s2 >0,

1
p
1£all s, < Cll s gl s ¥ f € B, g€ B

Lemma 2.5 ([46]). For any f € B;jﬂ, g€ B;{f, there holds the product estimate

_1/2 < - .
£l 522 S 171 129l

Lemma 2.6 ([43]). There is a constant C' > 0 such that for s € R, e >0 and 1 < p < oo,

£l s

1+4¢
[ fllgs, <C T
1 £l Bs o

p,1 — €

1fllBs .. In <e—i— ) , VfeBy.
Now we recall the Osgood lemma cf. [41] [49].

Lemma 2.7 (Osgood Lemma,[41},[49]). Let p > 0 be a measurable function, v > 0 be a locally
integrable function and p be a continuous and increasing function. Assume that, for some

nonnegative real number c, the function p satisfies

t
plt) <c+ / () a(p(t) dt’.

to
t 1 dr
If ¢ >0, then —M(p(t)) + M(c) g/ y(t') dt’ with M :/ Gk
to z KT
1
If c = 0 and p verifies the condition / (T) = +o00, then the function p = 0.
0 Mr

For given solutions u and v, we will need to estimate the difference F'(u) — F(v) in terms

of u — v. We now summarize the estimate as follows:
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Lemma 2.8. Ifu,v € B;/f, we have

3 3
1700~ Py % (Il + 1ol + Nl + ol e ) ol

Proof. By the expression of F'(u) and Lemma we have

4
1P = P2 S = 0"l v+ = 02l oo + [ = 20

< 3 2 2 3 _
< (HUHB%Q  lalBallvl s + el gy [0l s/a + ”“”3355> lu—vll 2
+2 (g + Wl g ) = ol

< <|]u\|3B;2>,/12 + HUH;S,/E + ||U|’B§{12 + HUHBS’{f) lu — U”B;/f

Lemma 2.9 (|50, 51]). Let o,a € R. If A € Z" and A > 1, then

1 2\0/2 ~, \O
2rm(1+X)72 = A7, r < o0,
[sin(Az — )l pg (1) = [l cos(Ax — a)lpg (1) =
1+ X2 2 X7, r=oco.
3 Local well-posedness

In this section, we prove Theorems[I.I]and [I.2] We will give a detailed proof for The Theorem
and in the final remark, we give the modifications which is needed to prove Theorem

To begin with, we construct the approximate solutions.

3.1 Approximate solution

Starting from u; = 0 and by induction, we define a sequence of smooth functions {u, },n € N
by solving the following transport equation iteratively:
Optin41 + UpOzptin+1 = —F(uy), (3.1)
Un+1 (0, CL‘) == Sn+1u0, (32)
where F'(u) is given in (L.6). Since all the data belong to B39, from Lemma and by

induction, we obtain that for all n > 1, the above equation has a global solution w11

belonging to C(R*; B3Y).

10
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3.2 Uniform bounds of the approximate solutions

For n € N, let U, (t) = fg [unll gs/2d7. Since [[up41(0,2) gsr2 < [luoll gs/2, from the estimate
2.1 2.1 2.1

[2.4) of Lemma [2.2] we have
¢
1 (£)]] o2 < eCUn®) mﬂ3m+c/€*““WNwwM|de
By By 0 B2
¢
< eCUn(t) (HUOHB?’/Q + C/ efCUn(T)HaxA(—au4/4 + u2/2 — ui/Q)(T)HB3/2 dT)
3 : 2,1
¢
< 0 (Junll e +0 [ (unllgs + lun(r)y ) )
o 0 BQ,1 32,1

n 4
éfW@@wM%+CAe4mm<WMW@f+Q w>. (33)

3
Let T' > 0 such that 6C <||u0|]33/2 + 1) T < 1, we claim that for any n € N,
2,1

1
Juol 2 +

3\ 1/3
(1 —6C (HUUHB3/2 + 1) t)
2,1

Assume (3.4) is true for n. We now prove that it also holds true for n 4+ 1. Since U,(t) =

Jo lunl gz, by BA), we have

t t 3
(CU-Ct) < axp [ mwm3w2dﬂ}:gexp{c{/'(numugmr{) dﬂ}
r 2,1 T 2,1

3
A (s
2,1 ’
<exp{ C dt

3
(1 —-6C (HUQHBs/z + 1> t’)
2,1

1/6

ol garz < —1, Yte[o,T]. (3.4)

3
1—-6C (HUUHBa/z + 1) T
2,1

= 3 . (3.5)
1-6C <HUO||B3/2 +1> t
2,1
From the above equation, we see clearly that when 7 = 0, U, (0) = 0, we have
CU (D) 1
e~ vntt) < . (3.6)

3\ 1/6
<1 —6C <||uo\|3Bg/12 - 1) t)

11



UNDER PEER REVI EW
Using , , and gives rise to

t 4
[tn 1 (E)]] gase +1 < e“Un) (HUOHBB/Q +1+ c/ e~ CUn(r) <Hun(7)||B3/2 + 1> dT)
2,1 2,1 0 2,1

d|1-— 1
ol g+ 1 7 ( 6C<”“0”Bs’ff+>7>
0

< _ -
- 3 1/6 1 6 3 7/6
<1 —6C <||UOHBS/12 + 1> t) (1 —6C (HUOHBS/E + 1) 7’)

1
ol /2 +

< .
= s\ 1/3
(1 —6C (”UOHBS/Q +1) t)
2,1
3/2

Hence (3.4) is true and {u,} is uniformly bounded in C([0, T]; Byy') for all ¢ € [0, T]. Setting

T for n € N, we can conclude that the solution u, exists for 0 <t < T,

— 7
0 = BC(uoll /27D
2,1

and satisfies the bound
lun (@)l gsr2 < 2lluollgse +1 51, 0<t < Ty (3.7)
B3’y B3y
Furthermore, using the equation (3.1)) yields that for 0 < ¢ < Ty,

[Bvtaal e < e[ Dsttmsal gy + | F () e S 1. (33)

Hence we conclude that {u,} C Eg’/f (Ty,) is uniformly bounded.

3.3 Convergence of the approximate solutions

1/2
2,00

We now show that {u,} convergences in C([0,T,]; By's,)- For m,n € N, from (3.1) we have

815 (Un+m—|—1 - un-l—l) +un+maa: (un—l—m—‘rl - un—‘rl)

= (Un — Unt+m) Oxtins1 + [F(un) — F(tnim)] - (3.9)

Applying Lemma to the above equation, we have that for wy41,m = Untm+1 — Un41 and

0 <t < Ty, there holds
t
[wni1m(®) gz < €U O (Ywpp1m(0)] gre +C [ e COmtm O HY (7)|| o dr )
’ B2,oo ’ BZ,oo 0 B2,oo
Here Up 4 (t) = f(f ||un+m||Bg,/z dr < f(f ||un+m||B:2>,/12d7' < 1 due to (3.7),
HHn’m(T)HB;N = [|(un = tn4m) Ozunir + [F(un) — F(un-l-m)]HB;ﬂ :

12
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Using Lemma Lemma Lemma and (3.7), we find that for some M > ||ugl| B2
there holds

M
Hm < _ < 1 .
| (Dl par2 < Mlum = tngmll gy < llwnmll gy Inf e+ Tammell 27
2,00

Since
st m(O)l 372 S (st = 1) Ol e < €27 ol
we have

M

+ - @@
won.mll 12

t
wntim®lpye $274C [ funmlpys tn [ e dr.
2,00 0 2,00

Let Hpm(t) = [wnt1,m(t)|| 51/2 - From the above estimate, we obtain that
2,00

t
Hostn(®) $27+ [ Hon(9)ln (e+ ) dr, t € [0.Tu).
0

Hy o (7)

As the function 2 In(e + 1) is nondecreasing, we see that Hy,(t) £ sup,,en Hn,m(t) satisfies

t
Hyp(t)y <27 +/ Hy(7)In <e + > dr, te€[0,Ty,].
0

1
H, (1)

Let H(t) = limsup H,(t), taking upper limits both side to the above equation with respect

n—oo

to n we have

H(t) < /0 tﬁ(T) In <e + ffé)) dr.

1
1
Since x1n (e + 1) is nondecreasing and / _—
( ’”) & o xln (e + %)
that H(t) = 0, in other words, {u,} is a Cauchy sequence in C([0,T,]; B;/OQO) By (5) in

dz = +o0, we can infer from Lemma

Lemma 2.1 we see

1
32 S |tntm — UnH;uz .

2,00 2,00

1
2
B

1
2

Bl/2 [Unt+m — unll

2,00

ot — wnllgy , S et —

Hence {un bnen is actually a Cauchy sequence in C([0,T]; By ;) and therefore {u,} converges

to some function u € C([0,T]; By ;).

13
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3.4 Existence and regularity of the solution

Since [[up|| 432 is uniformly bounded by 2[|ugl| 432 + 1, the property (6) in Lemma [2.1) guar-
2,1 2,1

antees that ||lu[| ;32 < 2[[uo| gs/2 + 1, which means that u € LOO(O,TuO;BS’/f). If & <1, we

2,1 2,1 ’

have
[[tn — UHBgfl < lJun — uHB%,I. (3.10)

If 1 < s < 3/2, by interpolation again, we have

0 1-0 0 1-0
i =l < T =l m =l % e = ully ol (310
where 6 = 3—2s". From ({3.10) and (3.11)), we see that u,, — win C([0,T7; ngl) for all 8" < 3/2.
Taking limits to (3.1]) (3.2]), we can deduce that u indeed solves ((1.5). Since r = 1 < oo, from

Lemma 2.3 and (83), we know that u € C([0, T, J; BS,Y) and u; € C([0, T ]; By
3.5 Uniqueness of the solution and Ho6lder continuity of the solution map
The continuity of the solution map can be obtained by following the same steps in [46] and

we omit the details in this paper. Now we focus on the uniqueness of the solution and the

Holder continuity of the solution map. To show this, we need the following Lemma.
Lemma 3.1. If u,v € C([0,T); 2'(T)) (" L*(0, T} B;/f) are two solutions to (1.5 for some

T > 0 with initial data ug, vy € Bgf respectively, then for any s’ € (%, %) and t € [0,T], we

have

0 exp{—CT 3
lu=ollgy,  lluo —wl (55T, 0=7 —s € (0,1, (3.12)
’ 2,00

where C' > 0 is a constant depending on ||ul] and ||vl|

L>=(0,T;B3/%) Le(0,T;B5/%)"

Proof. Since u,v are two solutions to (1.5 with initial data wug,vy € Bg’/f, respectively, we
find that w = u — v satisfies

wy + vopw = —woyu — (F(u) — F(v)), w(0,z) = up — vo. (3.13)

Let U(t) = [ |lva(7) dr, by Lemma [2.2| we have

g1z oo

t
lw(®)ll g7z < llwol| gz eV +/ cCVO=CUD Bl o dr,
2,00 2,00 0 2,00

14
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where F = —(u — v)0yu — [F(u) — F(v)]. Since u,v € L>®(0,T; B3/2) the estimate of u — v

is essential in the derivation of (3.9), we obtain that for all ¢ € [0, 77,

t
M
t < 0 C 1 — | dr. 3.14
H’U)( )HB;,/OQO ~ Hw( )‘|B;{fo + /O Hw(T)HB;’/OQO nje+t Hw<7_)HB;/2 T ( )

Since In (e + &) <In(e +1)(1 —In &) for z € (0, M], from (3.14), we have

@l g Tw Oz tlwl g [wl]] g7z

— 22 1l-In—221]4d t 7).
% % +C v D T, Vtel0,T]

A

Thanks to Lemma [2.7] we obtain

lo®llpe (w5 |
B B
2,00 < 2,00

eM ~ eM

Therefore, we have
cT
lw®)lpyz < Iw©@IEE". (3.15)

If % <s < 2, by interpolation, the embedding 33/2 — B;/OQO, we arrive at

1-6
0 1—- [% 0
lullag, < Hollyys Follgh < Hotfys (Tullgge + ol ) S ol
where § = 3 — . Using (3.15)), we obtain that

0 CcT
lwlgg, 5 el S lw@ILTET. (3.16)

We finish the proof. O

Obviously, the uniqueness of solution is a corollary of Lemma [3.I] Furthermore, for any

initial data ug € B(0,R) C B;/f, by (1.8), we see that the lifespan T, of the corresponding

solution u to (1.5|) satisfies

7 7 ~

Tu> 3> 3éT7
1) 48C (R+ 1)

48C
(1ol +

where T does not depend on u. Therefore, we can find a T > 0 such that for all uy €
B(0,R) C B%Q, the corresponding solution u € C([0,T); B3/ ). Directly from (|1.8) and

Lemma (1.9) is proved and hence we complete the proof of Theorem

15
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Remark 3.1. The proof for Theorem is much easier than the one for Theorem We
can also use the standard iterative process to obtain a solution. One can obtain the uniform
bounds for the approximate solutions {u,}, and then prove that {u,} is a Cauchy sequence
in B;;l by using the same method as in [43]. Similarly, we can verify that the limit function
u is a solution and u € E;,. Furthermore, continuity and Holder continuity of the solution

map can be obtained by following the steps in [50]. The details for Theorem are omitted.
4 Non-uniform dependence

In this section, we will show that the solution map defined by ((1.13)) is not uniformly contin-

uous. We argue in two cases:
1<r<oo, s>3/2 and r=1,s =3/2.

For the first case, we can follow the same steps as in [50] to prove the (1) in Theorem |1.3[and

hence we only give the proof for the critical case.

4.1 Approximate solutions and actual solutions

Following the approach in [52], we choose approximate solutions as
uk’"(t,az) =kn ' +n32cosh, where 0 =nzx —kt, n€Zt, k= —1,1. (4.1)
Substituting «*" into gives rise to the error which is defined to be
E = 0™ + uF o0+ F(uPm), (4.2)
Lemma 4.1. Let E be as in [(1.2), 0 = 1,00. Then we have HEHB;/UQ <n 32,

Proof. |[E| g1z < | Bt +uk’”8xuk’”“Bl/2 + HF(uk’”)HBuz. Via direct computation and
2,0 2,0 2,0

Lemma 2.9, we have

1
——n"%sin(2nx — 2kt) <n 32 (4.3)

2

<

Hatuk,n + uk,naxuk,n RS
B2/o'

1/2
B2,U

16
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—3/2
< (K22 +n73/2)(—n 32k sin 6 + —n "2 sin 26)
By o/
1
+ || —k*n"*sin 20 + ~kn~"/?(sin 30 + sin /)
2 32—3/2
L 9/, : L 5.
+ ||=kn 7/ *(sin36 — sinB) + —n" " sin 40
4 8 B3/2
2,0
—3/2 . [
+ ||—kn sinf — —n~“sin 26
2 B3/2
2,0
1
+ 3 sin 260
B, Y?
<n7¥2, (4.4)
We will complete the proof by putting the estimates (4.3]) and (4.4) together. O
Via Lemma for n > 1 and any t > 0, we have
Huk’"(t,x)HBsm = ||kn™! + n~%/2 cos(na — kt)|| s 1, 0 =1,00. (4.5)
2,0 2,0

4.2 Estimating the differences between approximate solutions and actual
solutions

We consider the following periodic boundary value problem with initial data «*"(0,z), i.e.

ug +udpu = —F(u), t e RT, z €T,
(4.6)

u(0, ) = uF™(0,2) = kn™! + n 732 cos(nz) € B%Q,

From Theorem let up, € C ([O,T];Bg’/lz) be the unique solution to (4.6)), where T' =

3
> 0 can be chosen independent of n by (4.5). Then (1.8) turns

3
48C <Hukvn(0)|’33/2 + 1)
2,1

out to be
thon (8, 2) 72 S 6570, )| oz 1, 0<E<T, neN. (4.7)
2,1 2,1
Letting v = u®" — Uk,n and I = E — Opup nv — [F (uk") —F (ukn)], then v satisfies
o+ uPmow=F, teRt, zeT,
(4.8)
v(0,z) =0, =zeT.

) 1/2 5/2
We now estimate the B2/oo norm and B2/oo norm of v.

17
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Lemma 4.2. When n > 1, for some constant C' > 0, we have
o) gz S0~ 2=PECTH lo(B)] oz Sny for 0<E<T, (4.9)
2,00 2,00
Proof. By Lemma [2.2] and v(0) = 0, we have

t t
, /
02 <C [ ewic [ e 47 | I sy 0

Note that H@muk,anB;g < ||uk7n\|33{12 H’UHB;’/f < Hv“Béf‘ From (4.5), (4.7), Lemma the

above estimate and Lemma we see that

D ()

t t
t < d =32 dr.
P N T e

Applying Lemma (4.5) and @ yields

t
1
ot 5n3/2T+C/ vl gz In | e+ s | dr
[v(®)l 512 ) 0@y I

Repeat the process as in Lemma [3.1] we obtain that for some constant C > 0,

_ 3exp{-CT}
2

Hv(t)HB;/; sn (4.10)

5/2
2,00

5/2
2,00

To estimate the B,'; norm of v, we first estimate the By’ norm of wuy ,(t). For each fixed
n € N, applying the property (2) in Lemma the embedding B;/f — L and @, we

obtain that for t € [0,T7,

||Uk,n(t)||B§/02o - HU’C’"(O)HBS’/;

t t
<C [ WPkl pgrodr + € [ ol [ yn o
0 2,00 0 2,00
t t
< [ lunallgypllonall g @7 < [ ool g o
From the above inequality and Lemma [2.9] we have
[k n(®ll g2 < Mk n (O]l 532 (1+ Cr e“T) S . (4.11)
Thanks to (4.11]), we arrive at
HU(t)HBg/Ozo < ||u’“’”(t)\|B§,/02O + Huk,n(t)HBg/; S n.
Combining these results gives rise to the desired estimates. O

18
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4.3 Proof for Theorem [1.3

We firstly rechoose T' € [0, T such that exp {—CIA“} > 2. Then from (410)), we have
ol gz S 073 Pt=CTh S8, s,
2,00

We will show that for ¢ € [0, f], u_1, and u , are two sequences which satisfy (1.17)—(1.19)).
From (§.7), we see that for k = —1,1, [k () gar2 S Huk’"(O)HBa/Q, which implies ([1.17)).
2,1 2,1

And (1.18)) is given by

[u—1,n(0) — u1,n(0)[| y3/2 = |u=b"(0) — ul’”(O)HBa/z <n b ——0. (4.12)
2.1 2.1

~
n—o0

For (1.19)), we consider

mint - 1,0() — 1009 0 > nin ™ 16) — 1)
3 —-1n —
~ Jim ) — ()

— lim JJub"(t) — ugn(t)

Jim 372+

(4.13)

By Lemma [4.2 and interpolation inequality, we obtain

_3 —
5

1
nz =n~ 10,

Sk

1
ol S

2,00 2,00

1
2

<
ol gy < Il

and therefore we deduce that

Jim () = (0 e = T 0l (8) = w10 (8) 2 = 0.

Therefore, we have that for ¢ € [0, f],

liminf ||u_q ,(t) — ul,n(t)HBiw > liminf [[u= 5" (t) — ub™(t)
n—00 2,1 k—o00

72
S i —3/2 . =1
> hnrr_1>£f <Hn sin(nx) SthBgf In HB%Q)

= lim inf <n_3/2|| sin(nz)|| 532 | Sint|>
2.1

n—o0

2 |sin()]-

Therefore, the solution map defined by (1.13) is indeed not uniformly continuous.

19



UNDER PEER REVI EW

References

1]

2]

[10]

A. Fokas, B. Fuchssteiner, Symplectic structures, their Béaklund transformations and

hereditray symmetries, Physica D. 4 (1981), 47-66.

R. Camassa, D. D. Holm, An integrable shallow water equation with peaked solitons,

Phys. Rev. Lett. 71 (1993), 1661-1664.

A. Constantin, J. Escher, Wave breaking for nonlinear nonlocal shallow water equations,

Acta Math. 181 (1998), 229-243.

C. Kenig, G. Ponce, L. Vega, Well-posedness and scattering results for the generalized
Korteweg-de Vries equation via contraction principle. Commun. Pure Appl. Math. 46

(1993), 527-620.
G. Whitham, Linear and Nonlinear Waves. J. Wiley & Sons, New York, 1980.

G.R. Blanco. On the Cauchy problem for the Camassa-Holm equation. Nonlinear Anal.

46(2001), 309-327.

A. Constantin, On the Cauchy problem for the periodic Camassa-Holm equation, J. Diff.

Eqns. 10 (1997), 218-235.

G. Misio lek, Classical solutions of the periodic Camassa-Holm equation. Geom. Funct.

Anal. 12 (2002), 1080-1104.

Z. Xin, P. Zhang, On the weak solution to a shallow water equation, Comm. Pure Appl.

Math. 53 (2000), 1411-1433.

A. Bressan, A. Constantin, Global conservative solutions of the Camassa-Holm equation,

Arch. Ration. Mech. Anal. 183 (2007), No. 2, 215-239.

20



UNDER PEER REVI EW

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[21]

[22]

A. Bressan, A. Constantin, Global Dissipative Solutions of the Camassa-Holm Equation,

Anal. Appl. 5 (2007), No.1, 1-27.

H. Holden, X. Raynaud, Global conservative solutions of the Camassa-Holm equation—a

Lagrangian point of view. Commun. Partial Diff. Eqns., 32 (2007), 1511-1549.

H. Holden, X. Raynaud, Dissipative Solutions for the Camassa-Holm equation, Discrete

Contin. Dyn. Syst. 24 (2009), 1047-1112.

A. Constantin, W. Strauss, Stability of peakons. Commun Pure Appl Math. 53(2000),

603-610.

A. Constantin, W. Strauss, Stability of Camassa-Holm solitons. J Nonlinear Sci.

12(2002), 415-22.

7.Y. Ouyang, S. Zhen, Z.R. Liu, Orbital stability of peakons with nonvanishing boundary

for CH and CH-vy equations, Phys. Lett. A 372 (2008), 7046-7050.

Y. Li, P. Olver, Well-posedness and Blow-up Solutions for an integrable nonlinearly

dispersive model wave equation. J Differ Equ. 162(2000), 27-63.

A. Constantin, Existence of permanent and breaking waves for a shallow water equation:

a geometric approach, Ann. Inst. Fourier(Grenoble) 50 (2000), 321-362.

A. Constantin, J. Escher, Global existence and blow-up for a shallow water equation,

Ann. Scuola. Norm. Sup. Pisa 26 (1998), 303-328.

A. Constantin, J. Escher, Well-posedness, global existence and blow-up phenomena for a

periodic quasi-linear hyperbolic equation, Comm. Pure Appl. Math. 51 (1998), 475-504.

A. Constantin, J. Escher, Wave breaking for nonlinear nonlocal shallow water equations,

Acta Math. 181 (1998), 229-243.

H. P. McKean, Breakdown of a Shallow Water Equation, Asian J. Math. 2(1998), No.4.

867-874.

21



UNDER PEER REVI EW

23]

[24]

[25]

[26]

28]

[31]

[32]

[33]

J.L. Yin, L.X. Tian, X.H. Fan, Stability of negative solitary waves for an integrable

modified Camassa-Holm equation, J Math. Phys. 51(2010), 053515.

W.G. Rui, B. He, S.L. Xie, Y. Long, Application of the integral bifurcation method
for solving modified Camassa-Holm and Degasperis-Procesi equations, Nonlinear Anal

71(2009), 3459-3470.

Y. Fu, G.L. Gui, Y. Liu, C.Z. Qu, On the Cauchy problem for the integrable modified

Camassa-Holm equation with cubic nonlinearity, J Differ Equ. 255(2013), 1905-1938.

Y.F. Liu, X.Y. Zhu, J.X. He, Factorization technique and new exact solutions for
the modified Camassa-Holm and Degasperis-Procesi equations, Appl Math Comput.

217(2010), 1658-1665.

A M. Wazwaz, Solitary wave solutions for modified forms of the Degasperis-Procesi and

Camassa-Holm and equations, Phys Lett A 352(2006), 500-504.

X.C. Liu, Y. Liu, C.Z. Qu, Orbital stability of the train of peakons for an integrable

modified Camassa-Holm equation. Adv Math 255(2014), 1-37.

L.X. Tian, J.L. Yin, New compacton solitons and solitary wave solutions of fully nonlin-
ear generalized Camassa-Holm equations, Chaos Solitons and Fractals 20 (2004), 289-

299.

A.M. Wazwaz, A class of nonlinear fourth order variant of a generalized Camassa-Holm
equation with compact and noncompact solutions, Applied Mathematics and Computa-

tion 165 (2005), 485-501.

A.M. Wazwaz, New compact and noncompact solutions for two variants of a modified

Camassa-Holm equation, Applied Mathematics and Computation 163 (2005), 1165-1179.

R.A. Kraenkel, A. Zenchuk, Two dimensional integrable generalization of the Camassa-

Holm equation, Physics Letters A 260 (1999), 218-224.

Z.R. Liu, T.F. Qian, M. Tang, Peakons and their bifurcation in a generalized Camassa-

Holm equation, International Journal of Bifurcation and Chaos 11 (2002), 781-792.

22



UNDER PEER REVI EW

[34]

[35]

[37]

[39]

[41]

[42]

[43]

[44]

[45]

[46]

T.F. Qian, M.Y. Tang, Peakons and periodic cusp waves in a generalized Camassa-Holm

equation, Chaos, Solitons and Fractals 12 (2001), 1347-360.

7.Y. Liu, T.F. Qian, Peakons of the Camassa-Holm equation, Applied Mathematical

Modelling 26 (2002), 473-80.

T.X. Tian, X.Y. Song, New peaked solitary wave solutions of the generalized Camassa-

Holm equation, Chaos, Solitons and Fractals 19 (2004), 621-637.

S.A. Khuri, New ansdz for obtaining wave solutions of the generalized Camassa-Holm

equation, Chaos, Solitons and Fractals 25 (2005), 705-710.

Z. Y. Yin, On the Cauchy problem for the generalized Camassa-Holm equation, Nonl.

Anal. 66(2007), 460-471.

O. G. Mustafa, On the Cauchy problem for a generalized Camassa-Holm equation, Nonl.

Anal. 64(2006), 1382-1399.

J. Yin, Q. Xing, L. Tian, Orbital stability and dynamical behaviors of solitary waves
for the Camassa-Holm equation with quartic nonlinearity, Chaos, Solitons and Fractals

76(2015), 40-46.

H. Bahouri, J. Chemin, R. Danchin, Fourier Analysis and Nonlinear Partial Differential

Equations, Springer—Verlag, Berlin, Heidelberg, 2011.

R. Danchin, A few remarks on the Camassa—Holm equation. Diff. Integr. Equ, 14(2001),

953-988.
R. Danchin, Fourier analysis method for PDEs, Lecture Notes, 14 November, 2005.

H. J. Schmeisser, H. Triebel, Topics in Fourier analysis and function spaces, Wiley in

Chichester, New York, 1987.
H. Triebel, Theory of function spaces, Birkh&user, Basel, 1983.

R. Danchin, A note on well-posedness for Camassa-Holm equation, J. Diff. Eqns, 192

(2) (2003), 429-444.

23



UNDER PEER REVI EW

[47]

[48]

[49]

O. Glass, Controllability and asymptotic stabilization of the Camassa-Holm equation,

J. Diff. Eqns. 245 (2008), 1584-1615.

J. Chemin, Localization in Fourier space and Navier—Stokes, in: Phase Space Analysis of

Partial Differential Equations: in: CRM Series, Scuola Norm. Sup.,Pisa. (2004), 53-136.

J. Chemin, Perfect Incompressible Fluids, in: Oxford Lectures Series in Mathematics
and its Applications, Vol. 14, The Clarendon Press, Oxford University Press, New York,

1998.

H. Tang, Y. Zhao, Z. Liu, A note on the solution map for the periodic Camassa-Holm

equation, Appl. Anal., 93(2013), 1745-1760.

H. Tang, Z. Liu, Continuous properties of the solution map for the Euler equations, J.

Math. Phys., 55, 031504 (2014).

A. Himonas, C. Kenig, G. Misiotek, Non-uniform dependence for the periodic CH equa-

tion, Commun.Partial Diff. Eqns. 35 (2010), 1145-1162.

24



	Introduction
	Preliminaries
	Local well-posedness
	Approximate solution
	Uniform bounds of the approximate solutions
	Convergence of the approximate solutions
	Existence and regularity of the solution
	Uniqueness of the solution and Hölder continuity of the solution map

	Non-uniform dependence
	Approximate solutions and actual solutions
	Estimating the differences between approximate solutions and actual solutions
	Proof for Theorem 1.3

	Conflict of Interests
	Acknowledge

